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Preface 


This book is based on a course that one of the authors (Klingbeil) has been offering 
at the Technische Universitat Darmstadt, Germany, since 2007. It is addressed 
to graduate students who intend to study accelerator physics and engineering or 
who would like to deepen their knowledge in this area, especially in the field 
of synchrotron and storage ring RF (radio frequency) systems. Furthermore, this 
book should provide a basis for understanding more advanced accelerator physics 
literature. In this context, it is especially suitable for engineering students who 
are interested in a deeper background in physics (e.g., nonlinear dynamics) and 
for physics students who want to become familiar with engineering aspects (e.g., 
closed-loop control). 

There are many excellent books on accelerator physics. Most of them have a 
strong focus on transverse beam dynamics, while this book takes a completely 
different approach. The main topics are RF systems and longitudinal beam behavior, 
and both theoretical background and practical aspects are discussed. However, the 
main objective is to provide a solid theoretical basis for further studies. 

We did not try to present a complete description of the field. Instead, we selected 
several specific topics that in our opinion will lead to a deep understanding of the 
basic facts. 

Much effort was expended to maintain a consistent engineering notation through- 
out the book. In order to achieve this aim, it was sometimes necessary to use symbols 
that differ from those frequently used in some physics disciplines. 

This book was strongly influenced by our work in the Ring RF department 
of the GSI Helmholtzzentrum für Schwerionenforschung GmbH and at the Tech- 
nische Universität Darmstadt. Therefore, writing it would not have been possible 
without many fruitful discussions that we had with our colleagues at GSI, at the 
university, and at other institutions. Specifically, we would like to thank Priv.- 
Doz. Dr. Peter Hülsmann, Dr. Hans Günter Kónig, Dr. Gerald Schreiber (all 
with GSI), Prof. Dr. Jürgen Adamy, and Prof. Dr. Thomas Weiland (both at TU 
Darmstadt). We are also grateful to the former staff of the GSI ring RF group and 
the accelerator division, especially Dr. Norbert Angert, Dr. Klaus Blasche, Dipl.- 
Phys. Martin Emmerling, Dr. Bernhard Franzke, and Dr. Klaus Kaspar. Last but 
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not least, we thank our managing editor Dr. Christian Caron, the external referees 
(especially Dr. Frank Zimmermann), and all those involved at Springer for their 
friendly and efficient collaboration and helpful comments. 

Any errors that may be present in the text are, of course, our own responsibility. 


Dreieich-Offenthal, Germany Harald Klingbeil 
Messel, Germany Ulrich Laier 
Darmstadt, Germany Dieter Lens 


March 2014 
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Diagonal matrix 
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Dv(Fp) Jacobian matrix at P = rg (2) 
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Fsampl Sampling frequency x (2) 

foc DC component of f(t) (2) 
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H(s) 
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H 
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H, open (s ) 
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Hopen,delay 
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Magnetic field vector 

Laplace transform of h(t) 

Hamiltonian 

Value of Hamiltonian 
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Value of Hamiltonian at saddle 
point 
Sensitivity function 
Tangential magnetic field 
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Unit matrix 
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I beam 


I beam,max 
I 
Liot 


Jmn 


Average (DC) beam current 
Maximum beam current 
Inductive current 

Total current 

Capacitive current 

Current from generator to cavity 
Generator current 

Phasor of loea (t) 


Imaginary number j = /—1 

Zeros of Bessel function Jj, (x) of 
first kind 

Zeros of J’ (x) 

Action variable 

Current density vector 

Saturation current density 

Components of current density J 
in Cartesian coordinates 


Index, integer 

Constant, parameter 

Modulus, argument of elliptic 
integrals 

Complementary modulus 
=Ẹ41-k? 

Boltzmann constant 

Propagation constant 

Constant 

Spring constant 

Hamiltonian 

Complete elliptic integral of the 
first kind 

Gain 

Controller gain 

Gain of capacitive divider 

Feedforward gain 


(4, 5) 


(2) 
(4) 


(4) 
(2,3,3) 
(2, 4, 5, 6) 
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(2, 5) 
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(4, 5) 
(2, 4, 6) 
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(2, 3) 
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(7) 
(7) 
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XX 


Kmod 
Kp, Kj, Kp 
K vgain 


Kov. Ky», Key, Ko 
Ky 


L 

l 
Algap 
lpillbox 
Ip 


Modulator gain 

Gains of PID controller 

Gains of driver and tetrode 
amplifiers 

Constants 

Constant 


Index, integer 

Gap length 

Length of pillbox cavity 

Orbit length of reference particle, 
synchrotron circumference 

Lorentz-transformed synchrotron 
circumference 

Orbit length /p + Al, for 
nonreference particle 

Positive real number 

Inductance 

Lyapunov function 

Inductance of parallel equivalent 
circuit 

Inductance of series equivalent 
circuit 


Index, integer 

Mass 

Order of Bessel functions Jm, Yin, 
Im, and Km 

Mode number (within-bunch 
oscillations) 

Polynomial order of numerator 

Rest mass 

Polynomial orders, positive 
integers 

Electron mass 
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(4) 
(3,4,5) 


(5) 
(3) 
(2) 
(2) 
(2) 
(4) 


(4) 


(2,3, 3) 
(2,3,5) 
(4, 5) 


(4, 5) 
(7) 
(2, 5) 
(7) 


(6) 
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my, 
M 
M 


n 


N critical 


Nh 


Nunstable 


N1, N2 


An 


dn 

dr stat 
N 

Ny 

N beam 


Ni bias 


Wy Vy yy "v 
"s 


Unified atomic mass unit 
Matrix 
Constant 


Index, integer 

Number of coordinates q;, 

degrees of freedom, dimension 

of space 

Mode number (coupled-bunch 

oscillations) 

Polynomial order of denominator 

Number of open-loop poles on 

imaginary axis 

Number of cavities for harmonic 

number h 

Number of unstable open-loop 
poles 

Polynomial orders, positive 
integers 

Number of particles in volume 
element AV 

Density of occupied states 

Density of states inside the metal 

Integer, number 

Number of particles per bunch 

Total number of particles in the 
synchrotron 

Number of bias current 
loops/windings 


Index, integer 

Momentum 

Generalized momentum 
Mode number 

Poles and complex conjugates 
Momentum vector 
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(2) 
(2) 
(5) 


(2, 5) 
(2) 


(4, 5) 


(7) 
(7) 


(3) 
(7) 
(7) 
(2) 


(6) 
(6) 
(2, 4, 5, 7) 
(5) 
(5) 


(4) 


(2,3, 5) 
(2, 5, 6) 
(2, 5) 
(4) 

(7) 

(2, 3) 
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Momentum deviation p — pr, 
continuous counterpart of Ap; 

Momentum spread 

Change of reference momentum 
during one turn 
= PRnt+1— PR 

Nonzero complex poles 

Generalized momentum variables 

Open-loop poles 

Momentum = pg. + Ap, of 
nonreference particle (turn n) 

Momentum deviation of 
nonreference particle (turn n) 

Nonzero real poles 

Momentum of reference particle 
during turn n 

Reference momentum, 
continuous version of pg; 

Minimum momentum of 
electrons to leave the metal 

Cartesian components of p 

Poles 

Generalized momentum, 
transformed 

Generalized momenta, 
transformed 

(Time-averaged) power loss 

Phase margin 


Generalized coordinate 

Generalized coordinates 

Charge 

Generalized coordinate, 
transformed 

Quality factor, Q factor of ring 
core material 
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(2, 3, 5) 
(5) 
(3) 


(7) 
(2) 
(7) 
(3) 


(3) 


(7) 
(3) 


(3, 5) 
(6) 
(6) 
(7) 
(2, 5) 
(2) 


(5) 
(7) 


(2, 5) 

(2) 

(1, 2,355) 
(2, 5) 


(4) 
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tO tO tO 
Tou 2. 
© 


x 


p ocp SOS OMS 
BJ 
Sma 
~ 
wm 


INAQ 
7S 


Fi, Fo 
Fpillbox 
TR 


Generalized coordinates, 
transformed 

Q factor of cavity 

Unloaded Q factor of cavity 


Radius, coordinate 

Mean ring core radius 

Lorentz-transformed r 

Position vector = (x, y) 

Initial value 

Vector = (x’, y’) 

Infinitesimal position vector 

Vector, fixed point 

Discrete samples of position 
vector 

Inner radius (anode) 

Beam radius 

Radius of beam pipe 

Outer radius (cathode) 

Inner, outer core radius 

Radius of pillbox cavity 

Bending radius of the reference 
particle 

Bending radius = rg + Ar, of 
nonreference particle (turn n) 

Vectors 

Pendulum length 

Shunt impedance, resistance of 
parallel equivalent circuit of 
cavity 

Total resistance of generator and 
cavity 

Resistance of series equivalent 
circuit 

Surface resistivity 


(2) 


(5) 
(4) 


(4) 

(4) 

(5) 

(1, 2, 7) 
(2, 7) 
(2) 

(4) 

(2) 

(2) 


(6) 
(5) 
(5) 
(6) 
(4) 
(4) 
(3, 5) 


(3) 
(2) 
(2, 5) 
(4, 5) 
(4) 
(4) 


(4) 
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xxiv 


to 

ti, b2, t3, l4 
Ato 

Atn 


A t max,stat 


> NNN 


T 


Complex Laplace variable 
o+ jo 

Coordinate, longitudinal path 
length 

Sample variance, estimator of 
variance 

Positions of cavities 

Synchrotron rest frame 
(laboratory frame) 

Reference frame/rest frame of 
beam 


Time 

Time difference, time deviation 

Amplitude of Af 

Discrete times 

Arrival time of bunch at cavity k 

Gap arrival time trn + At, of 
asynchronous particle (turn n) 

Reference time 

Time of reference particle 
reaching the gap during turn n, 
Ig o = 0 

Time shift, initial time 

Time values 

Initial time deviation 

Time deviation in turn n 

Max. At of separatrix, stationary 
case 

Oscillation period — a 

Time shift 

Absolute temperature 


Continuous counterpart of 
T, ES Tua 
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(2, 7) 


(3) 


(2) 


(3) 
(5) 


(5) 


(1, 2, 4, 5, 6) 
(2,3, 5) 

(3) 

(2) 

(3) 

(3) 


(3) 
(3) 


(7) 
(5) 
(5) 
(5) 
(3) 


(2) 
(2) 
(6) 
(3) 
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A [gap 
Teav 

Ta , Tez 
Ta 


dt 


Sl SI sues 
fo) 


St 
"i 


U 
Uo to) 


Time of flight through gap 
Cavity time constant 
Time constants 
Time delay 
Time constant of derivative part 
Detector time constant 
Time shifts of Dirac pulses 
Revolution period of 
nonreference particle in turn n 
Revolution time of reference 
particle 
RF period 
Revolution time of reference 
particle in turn n 
Closed-loop time constant 
2x 


Period — ao 
2x 


Period of single-sine pulse — um 


Temperatures 


Velocity (absolute value) 

Input signal, function 

Velocity (nonreference particle, 
turn n) 

Reference velocity, continuous 
counterpart of up» 

Reference particle velocity 
(turn n) 

Velocity deviation 

Instantaneous velocity (in S) 

Particle velocity measured in S 

Input vector 

Output of dynamic output 
feedback 

Equilibrium vector 

Deviation from u 

Neighborhood set 

Neighborhood of (Fo, to) 


(4) 
(7) 
(7) 
(7) 
(7) 
(7) 
(2) 
(3) 


(1,3, 5) 


(1) 
(3) 


(7) 
(5) 
(5) 
(6) 


(2) 
(5, 7) 
(3) 


(3) 
(3) 


(2) 
(1,2, 3) 
(2) 
(7) 
(7) 


(7) 
(7) 
(2) 
(2) 
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< 


X4 ox ox ox 


Veap det 
Vinj 

V, X (t ) 
Voeam 
Veap (t) 
Veap 

A Vas 
Voap,ref 
Veen 
Va 

Vo 
Vinax 


Velocity 

Relative velocity of S w.r.t. S 

Velocity field, vector field 

Vector function with higher-order 
terms 

Normal component of velocity 
w.r.t. surface of V 

Components of velocity v 

Moments of particle ensemble 

Constant, steady-state value of v, 

Components of y 

Vector fields, vector functions 

Voltage 

Three-dimensional domain and its 
boundary 

Volume element 

Neighborhood set 

Total accelerating voltage 

Voltage amplitude 

Anode voltage 

DC component of anode voltage 

Heating voltage 

Gap voltage amplitude of cavity k 

Offset voltage 

Control effort (low-level) 

Driver input amplitude 

Amplitude error (low-level) 

Detected amplitude (low-level) 

Voltage amplitude at injection 

Gap voltage of cavity k 

Voltage seen by the beam 

Gap voltage 

Gap voltage amplitude 

Amplitude error 

Reference amplitude 

Generator voltage 

Tetrode control grid voltage 

Tetrode screen grid voltage 

Maximum voltage 
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(2, 3, 4, 5) 
(2) 

(2, 6, 7) 
(7) 


(2) 


(2, 6) 

(5) 

(5) 

(7) 

(2,7) 
(1,2,3,4) 
(2) 


(2) 
(2) 
(3) 
(1,353) 
(6) 
(6) 
(6) 
(3) 
(7) 
(7) 
(7) 
(7) 
(7) 
(5) 
(3) 
(4) 
(4, 5) 
(5, 7) 
(7) 
(7) 
(4) 
(4, 6) 
(6) 
(2) 
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Viet 

Veet, AV., AV, AV as dst 
Vg 

V'(t), V" (t), V" (r) 

Y 


Voltage = Ven + AV, in turn n 
Gap voltage difference in turn n 
Reference voltage 

Reference amplitude (low-level) 
Deviations w.r.t. setpoint 
Reference voltage during turn n 
Derivatives of V(t) w.r.t. time 
Phasor of V(t) 


Vector 

Components of wj, 

Eigenvector of A to Ax 

Energy 

Energy gain, energy deviation, 
energy difference 

Amplitude of AW 

Binding energy 

(Stored) electric energy 

(Stored) magnetic energy 

(Stored) electric energy, 
time-average 

(Stored) magnetic energy, 
time-average 

Fermi energy 

Kinetic energy 

Kinetic energy per unified atomic 
mass unit 

Maximum value of separatrix in 
AW 

Separatrix maximum, stationary 
case 

Potential energy 

Rest energy 

Rest energy per atomic mass unit 

Total energy of reference particle 

Total energy 

Energy deviation 

Potential energy of electron in 
vacuum just outside the metal 
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(3) 
(5) 
(1) 
(7) 
(7) 
(3) 
(5) 
(5) 


(2) 

(2) 

(2) 

(2, 6) 
(1,3, 5, 6) 


(3) 
(6) 
(2, 4) 
(2, 4) 
(2, 4) 


(2, 4) 


(6) 
(2, 3) 
(3) 


(3) 
(3, 5) 


(2, 5) 
(2) 
(3) 
(3, 5) 
(2, 4) 
(2) 
(6) 
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AXtms 

Xstep (t) 
X1... Xp 
xi(t). xo (1) 
X15... X5 


AX, A X3 


X 

X(s) 

X4(0) 

XA(t) 

Xp(t) 

Xa, Xa, Xa 
Xe(s) 

Xk 

Xn 


Space coordinate in S 

Real function 

Deviation x — u 

Space coordinate in S, 
Lorentz-transformed x 

Mean value, sample mean, 
estimator of u 

State vector 

Initial value for t = 0 

Deviation from X 

Equilibrium vector 

Samples 

Particle position in phase space 

Variables of tracking equations 

State vector of dynamic output 
feedback 

Vector with control errors 

Operating point 

Root mean square 

Piecewise constant function 

State variables 

Functions 

States 

Deviations of x1, x3 from the 
operating point 

Random variable 

Laplace transform of x (t) 

Matrix (w;;) of eigenvectors 

Matrix 

Matrix 

Disturbance signals 

Control error 

Random variable 

Spectral components, discrete 
Fourier transform of 
samples x; 

Complex conjugate of Xn 

Laplace transform of state 
vector X(t) 


Formula Symbols 


(2) 
(2) 
(2) 
(2) 


(2, 5) 


(5, 7) 
(7) 
(7) 
(7) 
(2) 
(5) 
(3) 
(7) 


(7) 
(5) 
(2) 
(7) 
(2, 7) 
(7) 
(5) 
(5) 


(2) 
(2, 7) 
(2) 
(2) 
(2) 
(7) 
(7) 
(2) 
(2) 


(2) 
(7) 
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Ym 
Ydelay (t) 
Vk 

Vk 
Ystep(£) 


ye(t) 

J'trans (t) 
yi), y2(t) 
Y 

Y(s) 

Y (9r) 


Yn(s) 
Y,(s) 
Y, 

Yit 
Yerans (s ) 


Space coordinate in S 
Function, beam signal 
Function, ODE solution 
Output signal 
Space coordinate in S, 

Lorentz-transformed y 
Mean value 
Output vector 
Vector with reference values 
Vector with measurement values 
Delayed output signal 
Variables of tracking equations 
Particle position in phase space 
Output response to 

x(t) = Xsep(t) 
Response to step function 
Transient response 
Functions 
Random variable 
Laplace transform of y(t) 
Bucket height reduction factor 


= —AWmax_ 


T AWrnax,stat 
Measured output signal 


Setpoint/reference 
Admittance = 1/Z, 

Total cavity admittance 
Laplace transform of Ytrans (t) 


Space coordinate in S 

Function, ODE solution 

Longitudinal coordinate 

Cylindrical coordinate 

Zeros and complex conjugates 

Space coordinate in S, 
Lorentz-transformed z 

Nonzero real zeros 

Nonzero complex zeros 


(2) 
(2) 
(2, 5) 
(7) 
(2) 


(5) 
(7) 
(7) 
(7) 
(7) 
(3) 
(5) 
(7) 


(7) 
(7) 
(7) 
(2) 
(2, 7) 
(3) 


(7) 
(7) 
(4) 
(4, 5) 
(7) 


(2) 
(2) 
(4) 
(4, 5) 
(7) 
(2, 5) 


(7) 
(7) 


Xxix 


Z1, Z2, Zm, Zv 


Zeros 

Charge number 

Atomic number 

Impedance = joL; + R; 

Longitudinal space charge 
impedance 

Total cavity impedance 

Cavity impedance as Laplace 
transform 

Impedance of free space 


Greek Symbols: Symbol, description, example for chapter (no.) 


a 

a 

Qa, Amin, max 
a (gr) 

a 

Qadiab 

Ae 

P. Pin: Bmax 
P 

Af 

ABn 

Bn 


Bu 
By 
Br 
Brun 


y 


Constant 
Angle of mathematical pendulum 
Parameter and its limits 


Bucket area reduction factor 
AB stat 


Angle amplitude 
Adiabaticity parameter 


Momentum compaction factor 

Parameter and its limits 

Lorentz factor 

Continuous counterpart of AB, 

Beta deviation in turn n 

B of non-synchronous particle 
= Dna + AB, during turn n 

Lorentz factor (for u) 

Lorentz factor (for v) 

Lorentz beta for reference particle 

Lorentz beta for reference particle 
(turn n) 

Argument of elliptic integral 

Lorentz factor 

Continuous counterpart of Ay, 

y of non-synchronous particle 
(turn n) 

Gamma deviation in turn n 

Lorentz factor (for u) 

Lorentz factor (for v) 


Formula Symbols 


(7) 
(2) 
(2) 
(4) 
(5) 


(4, 5) 
(4) 


(4, 5) 


(2, 4) 
(2, 5) 
(2) 

(3, 5) 


(5) 
(5) 
(3) 
(2) 
(3, 5) 
(3) 
(3) 
(3, 5) 


(2) 
(2) 
(3, 5) 
(5) 


(2, 3) 
(3, 5) 
(3, 5) 
(3) 


(3, 5) 
(2) 
(2) 
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YR 
YR „n 


YT 
d(x), 6(t) 
6 


ô 
ô 
Ómax,stat 


Ómax 


A0 
Onk 


O(t) 

K 

K 

À, Àk 
Aq(t). àq 2) 
A(t) 


Anorm 


Lorentz gamma for reference 
particle 

Lorentz gamma for reference 
particle (turn n) 

Transition gamma 

Dirac’s delta distribution 

Skin depth 

Relative momentum deviation 

Damping factor 

1/2 of the bucket height, 
stationary case 

1/2 of the bucket height, general 
case 

Relative momentum deviation 
(turn n) 

Angle of complex ju 

Small quantity = 

Permittivity 

Relative permittivity 

Effective relative permittivity 

Vacuum permittivity 

Function 

Bucket filling factor 


Phase slip factor = o — a 
R 


Phase slip factor (turn n) 

Angle variable 

Angle along the synchrotron ring 

Angle deviation 

Angle of cavity position along the 
ring 

Heaviside step function 

Conductivity 

Constant 

Eigenvalue 

Line charge density 

Function, control parameter 

Wavelength 

Lorentz-transformed line charge 
density 

Eigenvalues of Hessian matrix 

Normalized density function 
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(3, 5) 
(3, 5) 


(3) 
(1, 2, 7) 
(4) 
(5) 
(7) 
(5) 


(5) 
(5) 


(4) 
(2) 
(2) 
(5) 
(4) 
(2, 6) 
(5) 
(3) 
(3, 5) 
(3, 5) 
(2) 
(5) 
(5) 
(3) 


(2, 5, 7) 
(2, 4) 
(5) 

(2) 

(3, 5) 
(5) 

(4) 

(5) 


(2) 
(5) 


xxxii Formula Symbols 


À4.0,DC Lorentz-transformed line charge (5) 
density (DC beam) 

Àq.0,DC Line charge density of DC beam (5) 

n Mean of Gaussian distribution (2) 

H Permeability (2,4) 

H Complex permeability (4) 
= uS jH 

Hi» Hp Permeability parameters of (4) 
parallel equivalent circuit 

Hir Up TET AR Relative permeabilities (4) 

n Relative permeability (4) 

TTA Permeability parameters of series (4) 
equivalent circuit 

HA Differential or incremental (4) 
permeability 

Ho Vacuum permeability (4) 

Ho, H Positive constants (5) 

v Index (7) 

E, & Abbreviations for m and (2) 
9(x'.y/) 

MN TUN 

E Determinant $ Gp (2) 

E Factor, Jacobian (5) 

E Moment of particle ensemble (5) 

Pq (Beam) Charge density (2, 5, 6) 

p Cylindrical coordinate (4, 5) 

p Particle density (2) 

Pq Lorentz-transformed charge (5) 
density 

Pq.0(Z) Charge density function (5) 

Pq,0,.DC Constant charge density (DC (5) 
beam) 

Oo Standard deviation of Gaussian (2) 
distribution 

o Damping parameter of Zi (4) 

Oq Surface charge density (5) 

Pulse width (2) 
Cavity time constant (4) 

AT Sample time (7) 

Tk Time shift of a bunch (5) 

Ty Sampling times (7) 


Q Phase (2, 5, 7) 


Formula Symbols 


p 

Ag 

Qnh.k 

A Qgap (t) 
Agi 
AQsaddle 


Pn 
Pn 


CS,0 
CS. O,stat 


QS stat 


Cylindrical coordinate 

Phase deviation 

RF phase shift at cavity k 

Phase modulation 

Left border of bucket 

Right border of bucket, saddle 
point 

Phase of Fourier coefficients 

RF phase w.r.t. zero crossing of 
gap voltage 

Argument change of Nyquist plot 

Synchronous (RF) phase 

RF phase 

Deviation ggr — Yr of RF phase 
w.r.t. reference 

RF phase amplitude = wrr A? 

Bucket length in Ager 

Area below curve f(x), 
probability 

Scalar potential 

Anode potential 

Magnetic flux 

Flow, continuous map 

Total flux of N ring cores 

Flux through one single core 

Angular frequency, frequency of 
the first harmonic 

Angular cutoff frequency 

Angular revolution frequency of 
reference particle 

Resonant (angular) frequency 

RF frequency = 27 fnr 

Closed-loop bandwidth 

Synchrotron frequency for small 
oscillation amplitudes 

Synchrotron frequency for small 
oscillations, stationary case 

Synchrotron frequency for 
arbitrary oscillation 
amplitudes, stationary case 


xxxiii 


(4, 5) 
(5) 
(3) 
(5) 
(3) 
(3) 


(2) 
(5) 


(7) 

(3, 5) 
(1, 3) 
(3, 5) 


(3, 5) 
(3) 
(2) 


(2, 4, 6) 
(6) 

(2, 4) 

(2) 

(4) 

(4) 

(2, 3, 5, 7) 


(4, 7) 
(1,3) 


(2, 7) 
(1,3, 5) 
(7) 

(3) 


(3, 5) 


(3) 


xxxiv Formula Symbols 


Ws Synchrotron frequency (5) 
— a = 2 7 fs 

Qo = F Fundamental angular frequency (2) 
and period 

Q Special angular frequency (2) 

Q(t), Qo(t) Special time-dependent angular (5) 
frequency 


Operators, General Notations: Symbol, description (A, B are placeholders for 
arbitrary quantities) 


A(t) * B(t) Convolution 

[A, B] Closed interval 

]4. B[ Open interval 

Á Amplitude of periodic function A(t) 

A Lorentz transform of A or mean value of A 
A Vector quantity 

A Phasor 

AA Deviation/difference or Laplace operator 


Complex conjugate of A 

Transpose of matrix A 
A, A, A Time derivatives of A 
4A Phase/angle of A 


Chapter 1 
Introduction 


The motion of a charged point particle is influenced by electromagnetic fields 
according to the Lorentz force! 


> 


F=Q(E+ux8). (1.1) 


Here Q denotes the charge of the particle, and E (T, t) and B(r ,1) are the electric 
field and the magnetic induction vectors, respectively, at a certain time ¢ and at the 
position 7(t) of the charge. In this book, we will alternatively call B the magnetic 
field, since the distinction between B and the magnetic field vector H is obvious. 
The vector ú = ar is the instantaneous velocity of the point charge. 
For the energy gain due to the electromagnetic field, we obtain 


" E d Non 
aw-[Fs-o[Es«o[ (T xB) a, 
c c c \dt 


where C is the flight path of the particle. For the second integral, we obtain 


d? = A 2dr &4W dr 
— x B | -dr = — x B |- — dt = 0, 
c \ dt n \dt dt 


since two factors of the scalar triple product are equal. Therefore, it is impossible to 
use magnetic fields to change the energy of the charged particle.” Magnetic fields 
may be used to deflect particles, but an acceleration in the sense of changing their 
energy by 


l The contribution of the electric field is the Coulomb force, whereas the term “Lorentz force" is 
used to specify the magnetic contribution in a more specific sense. 

?Time-dependent magnetic fields, however, may be used to induce a voltage that allows accelera- 
tion. Also in this case, the accelerating field is an electric field. 


H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 1 
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6_1, 
© Springer International Publishing Switzerland 2015 
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Aw - 9 | Ear = Qv (1.2) 
C 


requires electric fields that lead to a voltage 


> a dr 
y= J E(r,t).dr = J E(r(t),t) - — dt. 
C ti dt 
Please note that we will always define the voltage V to be oriented in the same way 
as the direction of flight. For acceleration, we need V > 0 in case of Q > 0 (e.g., 
protons or other positive ions) and V < 0 in case of Q < 0 (e.g., electrons). 

The simplest choice of an electric field is a time-independent field, i.e., a DC 
field. The total energy that may be reached by DC fields, however, is limited by 
high-voltage sparkovers. 

The next logical step to increase the overall voltage would be to use not 
only one accelerating section but several adjacent ones. This does not solve the 
problem, however, since either the DC voltages will add up to a voltage that again 
leads to sparkovers, or—depending on the grounding concept of the sections—DC 
voltages in the reverse direction will be present, leading to sections with undesired 
deceleration. 

These limits may be exceeded if AC fields are used, especially in the radio 
frequency (RF) range, because the particles may then gain energy several times. In a 
linear accelerator, the beam passes different cavities, which may consist of different 
accelerating cells. In a ring accelerator such as a synchrotron or a storage ring, 
the particles repeatedly gain energy in the same cavity or in the same number of 
cavities, since they arrive at the same place after one revolution. 

When using RF fields, one still has to make sure that the acceleration that is 
realized during one-half of the RF period does not lead to a deceleration during the 
other half of the period. In linear accelerators (LINACS), this may be accomplished 
by so-called drift tubes, which shield the particles against electric fields with the 
wrong polarity (cf. [1]). In synchrotrons and storage rings, the particles will be 
located inside the conducting beam pipe during those time intervals in which the 
field has the wrong polarity. The electric field may be generated in a so-called 
ceramic gap. Such a ceramic gap is a short ceramic tube that interrupts the metallic 
beam pipe. Since its material is nonconducting, a voltage can be induced even 
though the beam pipe is still evacuated. 

Figure 1.1 shows the main elements (cf. [2] for further reading) of a synchrotron 
or storage ring in a schematic way: 


* A metallic beam pipe is evacuated so that flying particles will not hit gas 
molecules. For storage rings with long storage times (e.g., on the order of 
several hours), a better vacuum quality is usually required than is to be found 
in synchrotrons that are used only for comparatively short acceleration phases. 

* An injection system is used to deflect the beam (which comes from a linear 
accelerator or a booster synchrotron) onto its target trajectory. Following the 
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Beam 
injection 


Dipole 
magnets 


MS 
SR 


Fig. 1.1 Schematic drawing of a synchrotron 


acceleration, which may need thousands of revolutions, the beam is extracted 
by a similar system. Injection and extraction are shown only schematically in 
Fig. 1.1. 

* Dipole magnets are used to deflect particles in such a way that a closed orbit is 
realized. Inside a dipole magnet, a constant or slowly varying B field is oriented 
in the vertical direction so that the beam is bent horizontally. Dipole magnets are 
therefore the arcs of a synchrotron. They are also called bending magnets. 

* Quadrupole magnets are used as focusing elements. A quadrupole magnet leads 
to transverse focusing in one direction (e.g., in the radial x direction) and to 
defocusing in the other direction (e.g., in the vertical y direction). Fortunately, 
the net effect of two quadrupoles the first of which produces focusing in the x 
direction (and defocusing in the y direction) while the second produces focusing 
in the y direction (and defocusing in the x direction) is to focus in both directions. 
Therefore, two (a so-called quadrupole doublet) or three quadrupole magnets 
(a quadrupole triplet) are typically combined. One also speaks of magnetic 
quadrupole lenses, since the effect in ion or electron optics is comparable with 
the effect in light optics. 

* In the straight sections of the synchrotron, a set of RF cavities is used to produce 
the electric field, mentioned above, that is required for the desired energy gain 
AW. 


In a synchrotron, there is a specific orbit that is the desired one. Of course, not all 
particles will follow this orbit precisely, because the ideal situation that all particles 
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Fig. 1.2 Phase-focusing principle 


have no transverse offset from this reference orbit cannot be realized. However, we 
may assume that a so-called reference particle will follow the reference orbit. 

When the reference particle gains energy in an RF cavity, it is clear that the 
dipole field B has to be increased to keep the reference particle on the reference 
orbit (path length /g for one revolution). One immediately sees that these conditions 
can be fulfilled only if all parameters—the magnetic dipole field B, the RF voltage 
amplitude, and the RF frequency—fit together. These parameters have to be varied 
synchronously, whence the name “synchrotron.” 

The reference particle (with reference energy Wa) is also called a synchronous 
particle. Typically, the energy gain AW in each revolution is small in comparison 
with the total energy Wr. The desired total energy gain is reached only because of 
the very large number of revolutions. 

We now discuss the effect of the RF cavity on positive charges Q > 0. A 
sinusoidal RF voltage V(t) is sketched in Fig. 1.2. This voltage is specified by 


^ 


V = V sin(gnr), 


where the RF phase is given by 


ew = f orp(t) dé. (1.3) 
0 


In general, the amplitude V and the RF frequency? fxr = SRE are time-dependent 
quantities. 

Let us assume that a certain level Vg of the electric voltage leads to the “correct” 
energy gain, i.e., after passing the RF cavity, the particle has an energy that allows 
it to travel on the desired path in the beam pipe and to "see" the correct voltage Vg 
the next time it arrives again at the RF cavity. In other words, in each revolution, 


3Throughout this book, we always use the notation 
w = 2rf, f =1/T. 


Here f denotes the frequency, T the period, and w the angular frequency. This notation is used for 
every index that may be present. 
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the reference particle will experience an energy gain that allows it to stay on the 
reference path. The energy gain AW of the particle is small in comparison with its 
energy Wg. Also, the relative change in its velocity is small. Therefore, one may 
regard the RF frequency as constant during several periods, so that 


PRF © Orel 


may be written instead of Eq. (1.3). 

The voltage Vg that is required after one revolution usually does not differ much 
from the voltage Vg in the previous revolution. This is why Fig. 1.2 shows almost 
the same voltage after the revolution time 75. The voltage Vg is determined by 


VR = V sin QR, 


where og is the reference phase or the synchronous phase. Please note that in 
LINACs, the synchronous phase is usually defined in a different way, namely with 
respect to the crest instead of the zero crossing of the RF voltage. 

As the figure shows, it is not necessary that the RF frequency frr = 1/ Ter equal 
the revolution frequency fp = 1/7Tmg for the same voltage Vg as in the previous 
revolution affecting the particle. If the number of RF periods that have passed after 
the revolution time 7g has elapsed is a positive integer, the particle will still be 
influenced by the same voltage Vg, and the slope of V(t) also will look identical. 
Therefore, it is sufficient if 


fag =h- fn (1.4) 


holds, where the harmonic number A is a positive integer (in Fig. 1.2, we have 
h = 2). Finally, a particle will reappear at the cavity after h RF periods. 

Now we consider an asynchronous particle that arrives at the RF cavity a bit later 
than the reference particle. It is obvious that this particle will experience a higher 
voltage than the reference particle, leading to a higher energy gain. Therefore, one 
would expect it to arrive earlier at the cavity the next time (later in this book, we 
will point out that this is true only below the so-called transition energy). It will 
therefore move toward the reference particle.^ Analogously, a particle that arrives 
earlier than the reference particle “sees” a lower voltage and therefore gains less 
energy than the reference particle. Hence, it will arrive later the next time. Both 
cases show that there is some stable region around the positive slope of the RF 
voltage where particles may be "focused." This principle is therefore called phase 
focusing or phase stability (cf. [3—7]). 


^Of course, the particle does not move toward the reference particle on the same slope of the voltage 
V(t). After each revolution, it will be located on a different slope. Similar to the triggering of an 
oscilloscope, however, we may project all these slopes onto each other so that a virtual movement 
of the particles becomes visible. 
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Analogous reasoning shows that the area around the negative slope of the RF 
voltage is an unstable region. 

For negative charges, we would arrive at the conclusion that particles will be 
focused around the negative zero slope, whereas the positive slope is an unstable 
region in this case. As mentioned above, this is again true only below the so-called 
transition energy. 

Later in this book, it will be shown that the asynchronous particles will not 
approach the synchronous one asymptotically. Instead, they will oscillate around 
it. This is the so-called synchrotron oscillation, which will be analyzed in detail in 
the main chapters of this book. 

The phase focusing principle shows that a charged particle beam has to be 
“bunched” (i.e., it has to consist of bunches) if it is to be accelerated. In contrast 
to the acceleration case, a DC beam, which means a homogeneous distribution of 
particles in the longitudinal direction (also called a coasting beam) may exist at 
a constant reference energy Wg. Therefore, bunched beams are always possible, 
whereas a coasting beam may exist for a longer time only if the reference energy is 
constant.? 

Various beam diagnostic instruments exist that allow one to evaluate the 
quality of the beam and to track problems [8-12]. Here we mention only some 
nondestructive methods. A beam position monitor (BPM) can be used to determine 
the transverse position of the beam (cf. [8, Sect. 5.4]—various BPM applications are 
discussed in [9]). This is done by evaluating the difference between the measurement 
signals of two opposite plates or buttons (in the horizontal and/or vertical direction, 
BPM A signal). If instead of the difference between the two signals, the sum of the 
signals is used (BPM P signal), one obtains a signal that is not primarily dependent 
on the transverse position of the beam but which represents the beam signal. Of 
course, sufficient bandwidth and sufficient dynamic range are required if the signal 
form is actually to represent the longitudinal bunch shape. 

As an example, Fig. 1.3 shows an oscilloscope measurement of the BPM © signal 
in the synchrotron SIS18 at GSI dated 21 August 2008. The beam consisted of 
40 Ar'8* jonsÓ at an energy of 11.4 MeV/u. An RF voltage of P = 6kVath = 4 
was applied. This means that each pulse shown in the diagram corresponds to one of 
four bunches. If the oscillogram had been recorded for a longer time, the next visible 
pulse would correspond to the same bunch as the first, since this bunch reappears at 
the BPM after one revolution. In general, a maximum’ of h bunches may circulate 
in a synchrotron if it is operated at the harmonic number h. 


>Here we neglect synchrotron radiation, which may be significant in electron synchrotrons but 
which is usually negligible in ion synchrotrons. 

This notation will be explained in Sect. 2.7. 

7As we will see in the main parts of this book, the / stable regions where bunches may exist are 
called buckets. Not all buckets have to be occupied by bunches; one speaks of empty buckets in 
this case. 
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Fig. 1.3 Beam current 
measurement in a synchrotron 


Beam signal (arb. units) 
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Usually, the BPM X signal is not calibrated with respect to the total beam current. 
As a nondestructive way to determine the beam current, one may, e.g., use a beam 
current transformer (BCT) [8, 11]. A DC beam current transformer (DCCT) does 
not provide the bunch shape but only the average current.? 

Another important beam diagnostic procedure is the Schottky measurement 
[12-14]. Here we mention only the longitudinal Schottky measurement for the 
unbunched, i.e., coasting, beam. For this purpose, one analyzes the beam signal 
delivered by a suitable pickup, usually a broadband device, with a spectrum 
analyzer. For an ideal coasting beam with a continuous charge distribution corre- 
sponding to a constant beam current, one would not expect any spectral components 
other than the DC component. In reality, however, the coasting beam consists of 
a finite number of particles (discrete charges), and its noise therefore contains 
spectral components around the revolution frequency and its harmonics, which 
can be observed in the frequency domain. The spectrum is usually evaluated in a 
frequency range centered at several times the revolution frequency. As a result of 
this longitudinal Schottky measurement of the coasting beam, one may determine 
the revolution frequency fr and also its distribution. This is one possible way of 
determining the required RF frequency frr = Afr with sufficient accuracy. 

We do not want to finish our brief introduction without mentioning that the 
operation of a synchrotron or a storage ring requires several further technical 
systems. A centralized control system is needed that controls the different devices 
(magnets, RF cavities, beam diagnostics systems, etc.) in real time. Cooling media 
(at least water and air) and electrical power distribution and conversion systems 
are needed as well. The vacuum system mentioned above is another complex 
subsystem of an accelerator. 

Before we proceed with our main topics, "particle acceleration" and "RF 
systems," we shall summarize several basic points in the next chapter: 


*However, there exist fast beam current transformers that provide the bunch shape. 
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Fourier analysis 
mathematical statistics 
electromagnetic fields 
special relativity 
nonlinear dynamics 


These sections will include only the most important fundamental results that are 
needed in the rest of the book. It is, of course, impossible to aim at completeness, 
since each of these topics could fill several books and be the subject of its own 
university course. 
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Chapter 2 
Theoretical Fundamentals 


In this chapter, we summarize some theoretical fundamentals. We assume that the 
reader is already familiar with these basic facts. The main purpose of this chapter 
is to introduce the notation that is used in this book and to provide a reference. 
Therefore, the explanations are brief, and no proofs are given. 


2.1 Fourier Analysis and Application to Beam Signals 


In this section, several formulas for Fourier series and the Fourier transform are 
summarized. However, we do not discuss the properties of a function that are 
necessary for the existence of the transformation. For those foundations, the reader 
should consult the references cited here. 


2.1.1 Fourier Series 


A real-valued periodic function f(t) with period T may be decomposed into Fourier 
components according to the Fourier series 


oco 


fO= Mo" — witha = x (2.1) 


n-—-—oo 


where the complex coefficients c, are determined by 


m 


1 : 
Cu. = fo) e "do 
20 Jy 


H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 9 
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6_2, 
© Springer International Publishing Switzerland 2015 
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or by 


T/2 


1 . 
Cn = — fA edt, (2.2) 
T J-rj2 


where we made the substitution g = wt. 
With the substitution x = t + T, we obtain 


0 


T 
f(t) e ol gt = J fx = T) e NOx ginoT qx 
=T/2 T/2 


Due to w = Z, the last exponential function equals 1. Furthermore, we have 


f(x — T) = f(x), so that 
0 T T 
f f(t) edt = f F(x) eer" dx = f f(t) e "gr 
-T/2 T/2 T/2 
holds. Therefore, we may use 


T 
Cn = 2 f fA edt (2.3) 
T Jo 


instead of Eq. (2.2). 


2.1.2 Spectrum of a Dirac Comb 


In this book, the Dirac delta distribution is used in a heuristic way without the 
foundations of distribution theory. Therefore, the reader should be aware that the 
results presented still have to be proven mathematically. For example, we use 
the formula 


+00 
J f(x) (x — xo) dx = f(xo), 


even though it does not have any meaning in the scope of classical analysis. 


A strongly bunched beam may be approximated by a sum of Dirac delta pulses 


fO= J 80 -kT), 


kz—oo 
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which is called Dirac comb. For this special sum of Dirac pulses, one obtains the 
following Fourier coefficients (only the Dirac pulse with k — 0 is located inside the 
interval -T/2 € t € +T/2): 


p [7P v 1 
j= ae b(t) e "dt = T (2.4) 
Hence, all coefficients are equal. According to Eq. (2.1), we get 
3 ó(t —kT Ly p 
A De 


This can also be written as 


oco oo 


Pp ó(cot — wkT) = px eot 
>2x V! sl-2rk)= X o. 
k=—oo n=—oo 


2.1.3 Different Representations of the Fourier Series 


The general definition of the Fourier series shows that the c, are defined in such a 
way that both positive and negative frequencies occur. If only positive frequencies 
are to be allowed, one may write Eq. (2.1) as follows: 


oo 
cot >) (cre! + cem = (2.5) 


n=l 


AO) 


oco 


Co + > (Cy [cos(nwt) + j sin(not)] 


n=l 


+ c-n [cos(not) — j sin(not)]). (2.6) 


We obtain the result 


oo 


f(t) = co + »3 [Cen + c-n) cos(not) + j (cn — c-n) sin(not)]. 


n=l 
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By means of the definition 


an = Cy + C-n 


and 
b, = j(Cn — C-n), 
one obtains 
oo 
f(t) = E + a [an cos(not) + b, sin(not)]. (2.7) 
n=l 


Taking ao = 2co and bọ = 0 into account, one may calculate the coefficients c, if 
a, and b, are known: 


an — jbn 


7 (2.8) 


Ch = 
For the special case that c, = 1/7 holds for all n (Dirac comb; see Sect. 2.1.2), 
one obtains a, — 2/T and b, — 0. According to Eq. (2.7), this means that the 
average, i.e., the DC component, of a strongly bunched beam is exactly one-half the 
fundamental harmonic: 


2.9 —kT)- x + XL (2.9) 


Now we return to the general case. Instead of using a, and b,, one may also use 
amplitudes and phases: 


jos E + Y d, cos(not + Gn). (2.10) 


n=1 


A comparison with Eq. (2.7) shows that 


an cos(not) + b, sin(nwt) = d, cos(not + Pn) 


=> a, cos(not) + b, sin(nwt) = d, cos(not) cosg, — d, sin(nwt) sin g,. 
This leads to the following conditions: 


d, COS Qn, (2.11) 
—d, sin Øn. (2.12) 


II 


an 


bn 


II 


2.1 Fourier Analysis and Application to Beam Signals 13 


According to Eq. (2.8), we therefore have 


Qn = & €, (2.13) 
and 
d, = Ja + b2. (2.14) 
Due to 


1 
|en] = 5 Vs Tb, (2.15) 


one obtains 
dn = 2\¢n| (2.16) 


as the physical amplitudes (peak values). By inserting Eqs. (2.11) and (2.12) into 
Eq. (2.8), one gets 


da 5 
€, = el”, 
2 


The same result is obtained by combining Eqs. (2.13)-(2.15). 


2.1.4 Discrete Fourier Transform 


The discrete Fourier transform is a powerful tool for spectral analysis of signals that 
are given in digital form, e.g., on a computer. Therefore, we briefly discuss some 
important features here. 


2.1.4.4 Motivation of the Transformation Formula 


Let us now assume that a real-valued periodic function f(t) with period T = a is 


discretized according to 


fk = f(kAt), 
where k is an integer. The period T is divided into N € IN time intervals 


T 
At = — 
N 
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such that fo = fy holds. Therefore, the N samples fo, fi, ..., fy—1 are sufficient 
to describe the function f(t), provided that N is large enough. We now replace the 
integral in Eq. (2.3) by the Riemann sum 


1 N-1 1 N-1 1 N-1 
C, = kAt eg nok At t UIT eg J2unk/N At —Ó ef 2ank/N 
rf ) Tfi N fi 


This formula is used to define the discrete Fourier transform (DFT) 


N-1 
1 . 
X, = " ) ape T TRN, (2.17) 
k=0 


This obviously yields an approximation of the Fourier coefficients c, of the periodic 
function f(t), provided that the number N of samples x, = f(kAt) is large 
enough. 


2.1.4.2 Symmetry Relations 


Based on Eq. (2.17), we find that 


N-1 N-1 
1 ; ; : 1 ; 
Xp = 7 ) Xk ef 2ank/N e J 2aNK/N = x ù Xk e J 2rnk/N X = X. 


k=0 k=0 


Therefore, all X,, are known if those for 0 < n < N — 1 are specified. One sees 
that for a sample (xo, x1, ..., XN—1), one obtains a sample (Xo, X1,..., Xy 1) as 
the spectrum. 

Since we have assumed that the signal f(t) is real-valued and periodic, the same 
is true for the samples xg. Based on Eq. (2.17), it is then obvious that the symmetry 
relation 


X-n = X; 
holds. We may also combine these two symmetry relations to obtain 
XN-n = X_(n-N) = Xn-N = ES 


Therefore, only about one-half of the coefficients X, with 0 < n < N — 1 have to 
be calculated. 
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Table 2.1 Overview of DFT components of real-valued signals 


Spectral 

Time Sample Frequency component Comment 

0 Xo 0 X» (real) DC component of the signal 
At Xi I = XNAI = + fami Xi Peak value: 2| X; | 

2 ^t X3 2 S e = x foampl X5 Peak value: 2| X; | 

3At X3 = = XA = ar fei X3 Peak value: 2| X;| 

(N —2)At xy. YF = Y = N foam Xx-2-— X; Peak value: 2|X,| 
(N—1)At xy- A = A = A aspi Xn—ı = Xf Peak value: 2| Xi| 

NAt XN x ES + = frampl Xy = Xo Repetition 


2.1.4.3 Interpretation of the Spectral Components 


According to Eq. (2.1), the sample Xo belongs to the DC component of the signal. 
The sample X; obviously belongs to the angular frequency 


1 2x 
M = —. 
T 


Therefore, the spectrum (Xo, X1,..., Xy—1) has a resolution of f = 1/T, where 
T is the total time that passes between the samples xo and xy. It is obvious that 
Xy- belongs to the frequency 


Ned LA E. ds 
T N At At sampl- 


This approximation is, of course, valid only for large samples with N œ> 1. Hence 
we conclude that the frequency resolution is given by the inverse of the total time T', 
whereas the maximum frequency is determined by the sampling frequency fcamp! = 
1/ At. However, due to Xy—, = X;*, only one-half of this frequency range between 
0 and fmax actually contains information. In other words, and in compliance with 
the Nyquist-Shannon sampling theorem, sampling has to take place with at least 
twice the signal bandwidth. 

These properties are visualized in Table 2.1. 

If one makes sure that the N equidistant samples x, of the periodic function 
represent an integer number of periods (so that duplicating (xo, x1, ..., xw—1) does 
not introduce any severe discontinuities), one may obtain good results even without 
sophisticated windowing techniques. 

For the interpretation of the spectrum, please note that the DC component is 
equal to 


Jas mE 


ao 
Joc = 7 5 5 Xo, 


i.e., to the first value of the DFT. 


16 2 Theoretical Fundamentals 


According to Eq. (2.16), the amplitude (peak value) at the frequency p/T is 
given by 


d, = 2\cp| = 2|Xpl. 


The discussion above shows that the sample (Xo, X4,..., Xy—1) contains all the 
information about the spectrum, but that the DFT spectrum is infinite. It does not 
even decrease with increasing frequencies. At first glance, this looks strange, but 
in our introduction to the DFT, we assumed only that the integral over At may 
approximately be replaced by a product with At. We made no assumption as to 
how the function f(t) varies in the interval At. This explains the occurrence of the 
high-frequency components. 

It should be clear from the Nyquist-Shannon sampling theorem that the spectrum 
for frequencies larger than fax /2 cannot contain any relevant information, since the 
sampling frequency is fixed at At © 1/ fmax- 

Therefore, in the next section, we filter out those frequencies to obtain the inverse 
transform. 


2.1.4.4 Inverse DFT 


As mentioned above, the Nyquist-Shannon sampling theorem tells us that we should 
consider only frequencies f, with 


fmax pm 
——— € fx = +—. 
2e rx Í 2 


This corresponds to 


NED og N= 
oq" scam 2T ’ 
or 
Nel. om =í 
———— w < wy < +——w 
2 2 


For the sake of simplicity, we assume that N > 3 is an odd number. If we have a 
look at Eq. (2.1), 


oo 
T0) X qug t 
n-—-—oo 
it becomes clear that only those n with 
N-1 N-1 


SSF a 


2 2 
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lead to the aforementioned frequencies o, = 2z: fy = nw. Therefore, we expect to 
be able to reconstruct the signal based on 


+(N-1)/2 


f(t)- > c, e"? 


n=—(N—1)/2 
We now apply the discretization 


+(N—1)/2 +(N—1)/2 


Kk = f(kAt) = > C, einokAt = 5 Cn MELLE (2.18) 


n=—(N-1)/2 n=—(N-1)/2 


and obtain 


N-1 =f 


" : IN 
». C, PELLE = > "T el N . 
n=(N+1)/2 1=—N/2+1/2 


Here we introduced the new summation index l = n — N. The last formula leads to 


N-1 =l 
^» Cn el 2nnk/N _ p» ci el 2nkl/N . 
n=(N+1)/2 1=—(N—-1)/2 


On the right-hand side, we may now rename / as n again. This shows that the sum 
from —(N — 1)/2 to —1 included in Eq. (2.18) may be replaced by the sum from 
(N + 1)/2to N — I1: 


N-1 
fe = ) Cn gl? mkv 


n=0 


This defines the formula for the inverse DFT (not only for odd N): 


N-1 
Xk = ) X, el n nk/N. 
n=0 


Please note that in the literature, the factor 1/N is sometimes not included in the 
definition of the DFT, but it appears in that of the inverse DFT. Our choice was 
determined by the close relationship to the Fourier series coefficients discussed 
above. Apart from the factor 1/N, the DFT and the inverse DFT differ only by 
the sign in the argument of the exponential function. 
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2.1.4.5 Conclusion 


We have summarized only a few basic facts that will help the reader to interpret the 
DFT correctly. There are many other properties that cannot be mentioned here. 

For large sample sizes equal to a power of 2, the so-called fast Fourier transform 
(FFT) algorithm may be used, which is a dramatically less time-consuming 
implementation of the DFT. 


2.1.5 Fourier Transform 


The Fourier transform X (c) of a real-valued function x (t) depending on the time 
variable f is given by 


Too . 
X(@) = f x(t) e 7"* dt, (2.19) 
—oo 
the inverse transform by 
p] gue : 
x(t) = al X(o) e! do. (2.20) 
2T J 65 


This relation is visualized by the correspondence symbol 
x(t) o—e X(o). 


The Fourier transform is a linear transformation. It is used to determine the 
frequency spectrum of signals, i.e., it transforms the signal x(f) from the time 
domain into the frequency domain. It is possible to generalize the definition 
of the Fourier transform to generalized functions (i.e., distributions), which also 
include the Dirac function [1, 2]. 

Please note that various definitions for the Fourier transform and for its inverse 
transform exist in the literature. The factor x may be distributed among the original 
transformation and the inverse transformation in a different way, and even the sign 
of the argument of the exponential function may be defined in the opposite way. 

Some common Fourier transforms are summarized in Table A.3 on p. 417. 
Further relations can also be found using symmetry properties of the Fourier 
transform. Consider the Fourier transform 


x(t) o—e x6)» [^ s e" ar 


—oo 


If the time ¢ in x(t) is replaced by w, and x(q) is regarded as a Fourier transform, 
its inverse transform is given by 
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1 SS : 1 
x(w) e—o =| x(w) e” do = — X(-t). 
2x Jo 20 


In other words, the inverse transform of x(w) is obtained by replacing c in the 
function X (œw) by —t. 


2.1.5.1 Fourier Transform of a Single Cosine Pulse 


Let 


1 + cos(Qf) for —z < Qt < x, 


2.21 
0 otherwise, ( ) 


x(t) = | 


define a single cosine pulse. This leads to 


Too Ttz/Q 
xe = f x(t) erat f " [1 + cos(Qzr)] e "'dr = 


oo —z/ 
+2/Q f 1 , 1 i 

=f [e Ll PD ijs Ed dt — 
hai 5 2 


gi" 1 ei(Q-w)t ] e (Qo +1/Q 
[EE Pe ci 
—jo 2 j(2—o0) 2 —j(Q-4 o) 


—1/Q 


: : QR? 
sin (r3) E A CENT T A = sin (x5) oP 


(2.22) 


In the last equation, we used the definition 


‘ is for x Æ 0, 
i 1 for x = 0. 


For the sake of uniqueness, we call this function si(x) instead of sinc(x). 


2.1.5.2 Convolution 


The convolution is given by 


Too 


h(t) * x(t) — Í h(t) x(t — x) dz, 


—oo0 
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and one obtains 
x(t) x h(t) = A(t) x x(t) o—e H(o)X(o). 
We consider the special case that 
h(t) 2 3:80 — T.) 
k 

is a sequence of Dirac pulses. This leads to 

Too 

h(t) x x(t) = ~/ &(r — Ty) x(t 1) dt = 3 x(t — Ty). 
k —oo0 


k 


Hence, by convolution with a sequence of Dirac pulses, we may produce a repetition 
of the function x (t) at the locations of the delta pulses. 


2.1.5.3 Relation to the Fourier Series 


We consider the special case 


Too 


X(@) = 5 pk 5(@ — kwo). 


k-—oo 


According to Eq. (2.20), this leads to 


1 Too --oo 1 Too 
t)= — 6 —k jot q = L jkoot. 
x(t) zX[. Pk lo — koo) e^! do P3 
k-—oo k--—oo 
If we set 
PR = 226, 
we obtain the correspondence 
+00 +00 
x(t) = > cz e*t o—e X(@) = 2x 2 ck 6(@ — ko»), 
k-—oo k--—oo 


which is an ordinary Fourier series, as Eq. (2.1) shows. 

Hence, if we calculate the Fourier transform of a periodic function with period 
To — a we get a sum of Dirac pulses that are multiplied by 2z and the Fourier 
coefficients. The factor 27 is obvious because of the correspondence 


1 o—e 2z'ó(o). 
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2.1.6 Consequences for the Spectrum of the Beam Signal 


We first model an idealized beam signal h(t) as a periodic sequence of Dirac 
pulses. Even if the bunches oscillate in the longitudinal direction, periodicity may 
be satisfied if the beam signal repeats itself after one synchrotron oscillation period. 
The sequence of delta pulses will be defined by 


h(t) = 5 50 — Tk) 
k 


as above. Thus, we get a realistic beam signal by convolution with the time function 
x(t), which represents a single bunch: 


y(t) = h(t) * x(t). 


Since h(t) is to be periodic, it may be represented by a Fourier series. As shown in 
the previous section, this leads to the Fourier transform 


Too 
H(o) = 2x y» a ó(o — kwo). 


k-—oo 


The function x(t) describes a single pulse and is therefore equal to zero outside a 
finite interval. Therefore, the spectrum X (w) will be continuous. This shows that 


Y(o) = H(@) X(o) 


=2n 


Y one X(@) 6(@ — kao) 


k=—o0o 


=2n »» eue X (kc) 6(w — kwo) 


k-—oo 


1s a Fourier series whose Fourier coefficients are 


ci? = cO X(koy). (2.23) 


As an example and as a test of the results obtained so far, we analyze the convolution 
of a Dirac comb 


h(t)= M $(t - kTo) 


k-——oo 
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with a single cosine pulse. According to Eq. (2.4), the Fourier coefficients of the 
Dirac comb are 


DOS 


k To : 


Here To denotes the time span between the pulses. For the single cosine pulse 
with time span T = = that was defined in Eq. (2.21), one obtains—based on 
Eq. (2.22)—the Fourier transform 


2n si(rg) 
l= (5) 
According to Eq. (2.23), the Fourier coefficients of the convolution function y(t) = 
h(t) x x(t) are therefore 


o 12x silk #) _ ay silk 8) 


= = l (2.24) 
TOUBOR Depas P 


We will now analyze this result for several special cases. 


* Constant beam current: In this first case, we assume that the different single- 
cosine pulses overlap according to T = 27 , which is equivalent to wọ = 2Q. In 
this case, we obtain gO = 0 for k # 0. For cj, which corresponds to the DC 


component, one obtains 


c = ES 2n z= 
? To Q 


which is the expected result for a constant function that equals 2. 
* Continuous sine wave: In this case, we make use of the simplification Q = a, 
so that y (f) corresponds to a simple cosine function that is shifted upward: 


yt) si(ztk) 
Cp = IE TE: 


We obviously have 
cj? = 1. 
For k = +1, we may use l'Hópital's rule: 


i sin(zk) lim 7 cos(zk) 1 
= m = m —— r = — SS 
zl ko+11—k?  koximz(k—k?) | koci m (1— 3k?) 2 
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All other coefficients are zero. Thus we obtain 


+00 1 1 
i= V(t), jkaot =1 ` j@ot L g-jeot — 1 t), 
y(t) Dg e Tae ubt: + cos(@ot) 
k=—0o 
which is in accordance with our expectation. 
e Dirac comb: For this last case, we first observe that the area under each single- 
cosine pulse defined in Eq. (2.21) is T. If we want to have an area of 1 instead, 
we have to divide the function y(t) by T: 


je = 2. 


Hence, the Fourier coefficients in Eq. (2.24) also have to be divided by 7: 


F(t) ] si (xk 2) 
© Mina 


We now consider the case T — 0 while assuming a fixed value of Tọ. Hence 
wo/ €2 — 0, and we obtain 


which is the expected result for a Dirac comb. 


Finally, our simple beam signal model that was constructed by a combination of 
single-cosine pulses is able to describe all states between unbunched beams and 
strongly bunched beams. In the case of long bunches (continuous sine wave), the DC 
current equals the RF current amplitude. As the bunches become shorter (wọ < 2), 
Eq. (2.24) can be used to determine the ratio between RF current amplitude and DC 
current. 


2.2 Laplace Transform 


The Laplace transform is one of the standard tools used to analyze closed-loop 
control systems. In the scope of the book at hand, we deal only with the one- 
sided Laplace transform [3,4], which is useful because processes can be described 
whereby signals are switched on at £ = 0. Hence, the name “Laplace transform” 
will be used as a synonym for “one-sided Laplace transform.” Such a one-sided 
Laplace transform of a function f(t) with f(t) = 0 fort < 0 is given by 


F(s) = Í - f (t) e^ dt. (2.25) 
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Here s = o + jo is a complex parameter. It is obvious that the Laplace transform 
has a close relationship to the Fourier transform that is obtained foro = 0 if 
only functions with f(t) = 0 fort « 0 are allowed. The real part of s is usually 
introduced to obtain convergence for a larger class of functions (please note that the 
Fourier transform of a sine or cosine function already leads to nonclassical Dirac 
pulses, as we saw in Sect. 2.1.5.3). 

The Laplace transform F(s) of a function f(f) is an analytic function, and 
there is a unique correspondence between f(t) and F(s) if the classes of func- 
tions/distributions that are considered in the time domain and the Laplace domain 
are chosen accordingly [1, 4]. Since the integral in Eq. (2.25) exists only in some 
region of the complex plane, the Laplace transform is initially defined in only 
this region as well. If, however, a closed-form expression is obtained for the 
Laplace transform, e.g., a rational function, it is possible to extend the domain 
of definition by means of analytic continuation (cf. [5, Sect. 2.1]; [6, Sect. 10-9]; 
[7, Sect. 5.5.4]). Therefore, the Laplace transform F(s) should be defined as the 
analytic continuation of the function defined by Eq. (2.25). Apart from poles, a 
Laplace transform F(s) may thus be defined in the whole complex plane. 

Like the Fourier transform, the Laplace transform is a linear transformation. If 
according to 


f(t)o—e F(s), | g(t)o—eG(s), 


we use the correspondence symbol again, the Laplace transform has the following 
properties (n is a positive integer, and a is a real number): 


* Laplace transform of a derivative!: 


d 
- o—e s F(s) — f(04-), 
d f n n—l n—2 df od"! f 
ET o—e s” F(s) 5" f(0+) —s Feed aaa ane (04-). 
* Derivative of a Laplace transform: 
dF d” F 
= foo EO, e foo EO 
s” 


* Laplace transform of an integral: 


f f(t) dt o—e a. 
0 M 


! We use the notation 


fO+) :— lim fe) with | € » 0. 
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* Shift theorems: 
e" f(t) o—e F(s +a), 
f(t —a) o—#e™ F(s) for a»90. (2.26) 
e Convolution: 
f*g-—g*fo—eFY(s)G(s). (2.27) 


* Scaling (a > 0): 


* Limits: 
fO+) = lim (s F(s)), 
foo) := lim. f(t) = lim (s F(s)). (2.28) 


Here f and its derivative must satisfy further requirements [4]. Before using 
the final-value theorem (2.28), for example, one should verify that the function 
actually converges for £ > oo. 


Like the Fourier transform, the Laplace transform may also be generalized in 
order to cover distributions (i.e., generalized functions) [1]. Some common Laplace 
transforms are summarized in Table A.4 on p. 418. 


2.3 Transfer Functions 


Some dynamical systems? may be described by the equation 


Y(s) = H(s) X(s). 


2This will be discussed in Sect. 7.1.1. 
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In this case, X(s) and Y(s) are the Laplace transforms of the input signal x(t) 
and the output signal y(t), respectively. The Laplace transform H (s) is called the 
transfer function of the system. We discuss two specific input signals: 


* Let us assume that the input function x (t) is a Heaviside step function 


0 fort «0 1 
O(t) = > oe, 
© 1 fort > 0, sS 
In this case, the output is 
H 
s 


If we now apply Eq. (2.28), we obtain 
y(oo) = lim H(s) 
as the long-term (unit-)step response of the system. 
* If generalized functions are allowed, we may use x(t) = ô(t) as an input signal. 
In this case, the correspondence 
ó(t) o—e 1 
leads to 
Y(s) = H(s), 
which means that the transfer function H(s) corresponds to the impulse 
response h(t) of the system. The final value of the response y(t) = A(t) is 
then given by 


y(oo) = lim (s H(s)). 


Let us assume that a system component is specified by the transfer function H (s). If 
we calculate the phase response’ of this component according to y(w) = 4 H(ja), 
the group delay can be defined by 


do 
Tg = ———. 
s dw 
3The function A(w) = |H(jo)| is the amplitude response. Phase response and amplitude 


response define the frequency response H ( jo). 
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Taking a dead-time element with H(s) = e~°7 (see shift theorem (2.26)) as an 
example, one obtains the frequency-independent, i.e., constant group delay 


Tg — T acad. 


Hence, the dead-time element is an example of a device with linear phase response. 


2.4 Mathematical Statistics 


The results summarized in this chapter can be read in more detail in [8]. 


2.4.1 Gaussian Distribution 


The Gaussian distribution (also called the normal distribution) is given by the 
probability density function 


(2.29) 


where 4,0 € R with o > 0 are specified. In order to ensure that f(x) is in fact a 
valid probability distribution, the equation 


coo 
f(x) dx 21 


must hold. We show this by substituting 


x— pu du 
u= ; = 
[o] dx o 
This leads to 
+00 oo 1 L3 
f(x)dx = —— e 3" du. 
—oo —oo WV 2x 


By means of standard methods of mathematical analysis, one may show that 


oo Wea 
922 T 
eg ** du = ——, 

0 2a 
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Fig. 2.1 Gaussian 0.4 + 
distribution 
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0.24 


fo 
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(x-w/o 


which actually leads to the result 


+00 


f(x) dx = eo?” du = 1. (2.30) 


1 Too 
J 2x J. 

For a given measurement curve that has the shape of a Gaussian distribution, 
one may use curve-fitting techniques to determine the parameters u and o. A 
simpler method is to determine the FWHM (full width at half maximum) value. 
According to Eq. (2.29), one-half of the maximum value is obtained for 


x=)? 1 1 = 2 
ey L : -> e £) =-In2  -|x-y|-o421n 2. 
Oo 


The FWHM value equals twice this distance (one to the left of the maximum and 
one to the right of the maximum): 


FWHM = o 2 v2 In 2 x 2.35482 o. 
This formula may, of course, lead to less-accurate results than those obtained by the 


curve-fitting concept if zero line or the maximum cannot be clearly identified in the 
measurement data. 


2.4.2 Probabilities 


We now consider the area below the curve f(x) that is located to the left of x = 
u + Ax, where Ax > 0 holds. This area will be denoted by d: 


Ax 
® = ‘ie f(x) dx. 


oo 
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Fig. 2.2 Gaussian 0.4 
distribution 


0.31 


0.24 


fo 


0.11 


0.0- 
-5 -4 -3 -2 -1 O 1 2 3.4 5 


(x-w/o 


It obviously specifies the probability that the random variable X is less than u + 
Ax. By applying the same substitution as that mentioned above, one obtains 


and get 


0.72, 
73" du. 


(Au) = = a e 


The area D that is enclosed between u — Ax and u + Ax (see Fig. 2.2) can be 
calculated as follows: 


D(Au) = (Au) — e$(—Au). 
Due to symmetry, we have 
$(—Au) = 1 — (Au), 
which leads to 


D(Au) = 2 $(Au) — 1. 
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Table 2.2 Integrals of the 


Gaussian probability density Au us. DAWE A 

function 0 0 0 0 
0.5 0.1915 0.5 0 0.3829 
1 0.3413 o 0.6827 
1.5 0.4332 1.5 0 0.8664 
1.6449 0.45 1.64490 0.9000 
1.9600 0.475 1.96000 0.9500 
2 0.4772 20 0.9545 
2.5 0.4938 2.50 0.9876 
2.5758 0.4950 2.57580 0.9900 
3 0.4987 30 0.9973 
3.2906 0.4995 3.20060 0.9990 
3.5 0.4998 3.50 0.9995 


Often, the area co is considered, which is located between jz and u + Ax: 


Lo 
2" du. 


1 1 Au 
(Au) = (Au) = 5 Oo(Au) = Jin Í e 


This shows that D may also be written in the form 
D(Au) = 2 (Au). 


Some examples for these quantities are summarized in Table 2.2. 
As an example, the table shows that the random variable is located in the 
confidence interval between u — 20 and u + 20 with a probability of 95.45%. 


2.4.3 Expected Value 


Let X be a random variable with probability density function f(x). Then the 
expected value of the function g( X) is given by 
+00 
EQ) = f^ sco feo as. 


—oo 


It is obvious that the expected value is linear: 
E(a gi(X) * b go(X)) = a E(gi(X)) + b E(go(X)). 


For g(X) — X*, one obtains the kth moment: 


E(x*)- [7 x* f(x) dx. 


oo 
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By definition, the first moment is the mean of the random variable X. For the 
Gaussian distribution, we obtain 


+00 


l n -IEF d l (cu + n) —}u? d 
Em xe o x= out pe u. 
O0 42x J—oo ~V 21 J—co 
The term ou in the parentheses leads to an odd integrand, so that this part of the 
integral vanishes. 

Using Eq. (2.30), one obtains the mean 


E(X) = 


E(X) =p, 


which is geometrically obvious. 


If we always (not only for the Gaussian distribution) denote the mean by jz, then the 
kth central moment is given by 


coo 
E(x =a) = [^ eu fe) ae. 


The second central moment is called the variance. For the Gaussian distribution, 
we obtain 


E(X -u= 


1 Too ign d 1 +00 
5 f x- uw)? eC) dx = (ou) e-?* du. 
oO T J—oo 


With 


an integration by parts yields 


ee) +00 2 
f u e? du = —2u een + 2 | e" ( — z) du. 
Zoo —oo o 2 


The first term on the right-hand side vanishes, and we get 


oo +00 
2 f id e? du=2 J e du. 
—00 —00 


32 2 Theoretical Fundamentals 
The remaining integral is known from Eq. (2.30): 
xd vA 
J uw e™ 7? dy = v27. 
=00 
Hence we obtain 
E((X — uy) = 0. 


The variance is generally denoted by o? (not only for the Gaussian distribution), 
and its square root, the value c, is called the standard deviation. 


For a random sample with m values x1, x2, ..., Xm, one defines the sample mean 
1 m 
x=— 5 Xk 
m 
k= 


and the sample variance 


2 


rms’ 


For large samples, this value does not deviate much from Ax7,,, where the root 


mean square (rms) is defined as 


] 
A rms = e —X 2, 
Xms 520 x) 


^The root mean square (rms) of a continuous-time signal f(t) in the interval [T;, T>] is defined 
by 


l 5 
Ims = 2(t) dt. 2.31 
f E PO 23D 


If the time interval is divided into m equal subintervals, one obtains approximately 


m 


7 1 5 Io — Ty 
te= ae DSi = 


— | fms = (2.32) 


if f, is regarded as a (time-discrete) sample of f(t) in the kth subinterval. This equation is used 
in general to define the rms value of a set of values fy (k € (1,2,..., m)). 
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2.4.4 Unbiasedness 


The individual values xy of a sample are the observed realizations of the random 
variables X; that belong to the same distribution. Also, 


is a random variable for which one may calculate the expected value. From 
E(X,) = p we obtain 


_ 1 m 
E(X) = — 97 EX) = p, 
k=1 


which means that X is an unbiased estimator of the mean value u of the 
population. We now check whether the sample variance 


m 


1 = 
S? = mci » 05 = Xy 
k=1 


is unbiased as well. We have 


E(S?) = — XO [EXD - 2EQG.X) + E(X?)]. (2.33) 
k=1 


First of all, we need an expression for E(X7). For this purpose, we point out that all 
the random variables X; belong to the same distribution, so that 


o? = E((Xx — uy") = E(Xg) - 24EQG) + i? 
holds. From E(X) = u, we obtain 
o? = E(X)) -w 
and 
E(X 2 o? +p. (2.34) 


Now we analyze the second expression in Eq. (2.33), i.e., the expected value of 
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For independent random variables X and Y, we have the equation 
E(XY) = E(X) E(Y). 


In our case, this is satisfied only for k 4 l, which means for m — 1 terms. The term 
with k = l leads to the expected value E(X 1) derived above. Therefore, we have 


m pA 


EQ) = — EEX) = — [m - Di? + 2 + wy] o i 
[ESI 


(2.35) 
Finally, we calculate the expected value of 
- 1 m m 
2. 
= Y: xax 
k=11=1 
in an analogous way, obtaining 
v2 1 2 2 2 2 2,0 
E(X?) = — (m —m)p +m(o* +u) =p des (2.36) 


The results (2.34)-(2.36) may now be used in Eq. (2.33): 
2 m 2 2 2,90 2, o 
E(S*) = —— | (0 8i (n ries + (u po 
m-—1 m m 


2 
| m 2 Oo \_ 2 
= —— |o- —] =o". 
m—1 m 


This shows that the sample variance is an unbiased estimator of the population 
variance. This is obviously not true for rms values. For large samples, however, 
this difference is no longer important. 


We now calculate the variance of the sample mean X: 


2 2 
E(X — uy) = EG?) - 24EQD + p? = (r + Z) e 
m m 


This shows that an estimate of the population mean from the sample mean becomes 
better as the sample size becomes larger. 


2.5 Bunching Factor 
2.4.5 Uniform Distribution 


According to 


for |x — u| € Ax, 
elsewhere, 


fee) = as 


we now calculate the variance of a uniform distribution: 


+00 
o? = E(X—p)) = | p= f(9) dx = f 


In the last step, we substituted u = x — 44 to obtain 


35 


with the constant Ax > 0, 


uw? f(u+ p) du. 


+Ax Ax 
2 2 1 2 1 
g^ = ue —— du = 2 u du — 
EAT. 2Ax 0 2Ax Ax 3 


1 
> 0 = — Ax. 
V3 
For large samples, we get 
A : A 
Xrms © —— x. 
V3 


2.5 Bunching Factor 


Let us consider a beam signal Jpeam(t) of a bunched beam as shown, for example, in 


Fig. 1.3 on p. 7. The bunching factor is defined as 


B; — I beam 


T beam,max 


(2.37) 


i.e., it is the ratio of the average beam current to the maximum beam current 
(cf. Chao [9, Sect. 2.5.3.2, p. 131] or Reiser [10, Sect. 4.5.1, p. 263]). Obviously, 


the equation 
= 1 Trp /2 
Theam = L— Tbeam(t) dt 
TRF J—Tpp/2 


holds, where Tgp denotes the period. 
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Now one may replace the true shape of the beam current pulse by a rectangular 
one with the same maximum value. For —75p/2 < t < Tgp/2, we then have 


Tocam,max for |l = 7/2, 


Ti eam(£) = 
beam (T) 0 elsewhere, 


where we have assumed that the bunch is centered at t = O. In this case, one has to 
choose a pulse width t in such a way that the same average beam current is obtained: 


Theam = —— Tocam,max- 
RF 


Under these conditions, we obtain the expression 


t 


ee 
TRF 


for the bunching factor. 


We now assume that the beam current pulse has the shape of a Gaussian distribution. 
This is, of course, possible only if the pulses are significantly shorter than the period 
time Ter. Under this condition, the beam current will be close to zero before the next 
pulse starts. 

Making use of Eq. (2.29), one may write Ipeam(f) in the form 


me 
beam (1) =K — ela) for — Tgp/2 «t« Tre/2. 
oO 
We have 


+00 
f locam (f) dt = K. 
—oo 
The average beam current is obtained using the above-mentioned approximation: 
_ TRF/2 K 
Theam EE Toeam (f) dt x —. 
Tre J—-Tkr/2 TRF 


For the maximum current, we obtain 


Theam, max = —— =, 
o N22 
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beam 


Fig. 2.3 Gaussian beam signal 


so that the bunching factor 


By e 


TRF 


is obtained. The equivalent length t of a rectangular pulse is therefore 
tT =0 V20 x 2.50. 


The two slopes of the rectangular pulse are therefore located at about +1.25 o. This 
leads to the conversion between the Gaussian bunch and the rectangular signal that 
is visualized in Fig. 2.3. 


2.6 Electromagnetic Fields 


We summarize in this section a few basic formulas that may be found in standard 
textbooks (cf. [11—17]). We begin with Maxwell's equations in their integral form. 
In the following, A denotes a two-dimensional domain, and V a three- 
dimensional domain. For a domain D (two- or threedimensional), 0D denotes 
its boundary (with mathematically positive orientation, if applicable). 
Maxwell’s first equation (Ampére's law) in the time domain is 


$ Hd Í (J+ D) Jd. (2.38) 


where H is the magnetizing field, J the current density, and D the electric 
displacement field. 
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Maxwell's second equation in the time domain (Faraday’s law) reads 


$ Ëa =- Bax (2.39) 
9A A 


Here £ is the electric field, and B is the magnetic field. 
Maxwell’s third equation states that no magnetic charge exists: 


$ B-dA=0. (2.40) 
oV 


The electric charge Q inside a three-dimensional domain V is determined by 
Maxwell's fourth equation (Gauss's law): 


$ D-dA= f p, dV = Q. (2.41) 
oV V 


Here, p, denotes the charge density. 
The current through a certain region A is given by 


r= [Pad 
A 


and the voltage along a curve C is defined by 


v-[ Es. 
C 


Please note that we use the same symbol for voltage and for threedimensional 
domains, but according to the context this should not lead to confusion. 

In material bodies, the simplest relationships (linear isotropic media with relax- 
ation times that are much smaller than the minimum time intervals of interest) 
between the field vectors are 


EN 


D — «E, B —- uH, J —xE. 


The material parameters are the permittivity e, the permeability u, and the conduc- 
tivity x. In vacuum, and approximately also in air, we have 


€ = €&€, H = uo. 
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At least for fixed nonmoving domains A, we can write Eq. (2.39) in the form 


where 
On = | B-dA 
A 
is the magnetic flux through the domain A. This form is suitable for induction 
problems. 


Based on the integral form of Maxwell’s equations presented above, one may 
derive their differential form if integral theorems are used: 


ee po (2.42) 
curl E = —B, (2.43) 
div D = py, (2.44) 
div B = 0. (2.45) 


Taking Eq. (2.44) into account, the divergence of Eq. (2.42) leads to the continuity 
equation 


div + ó, = 0. (2.46) 


We will discuss the physical meaning of this equation in Sect. 2.9. 
In certain cases (here we assume that domains are filled homogeneously with 
linear isotropic material), Maxwell's equations may be solved by means of the 


vector potentiaP 4, defined by 
B — curl A, (2.47) 
and the scalar potential ®, defined by 
Fea a4- pede, (2.48) 
both connected by the Lorenz gauge condition 


div A = —ped. (2.49) 


Please note that we have used the symbol dA for the area element and A for two-dimensional 


domains. The absolute value of the vector potential would be A = Vi | as well, but the meaning 
should be clear from the context. 
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Using these definitions, one obtains the wave equations 


x ts - 
AÁ- —A- -uJ, (2.50) 
C 
ic 
Ad- 6 --P. Q.51) 
Cc € 
Here 
: (2.52) 
C= " 
JLE 


denotes the speed of light in the material under consideration. The speed of light in 
vacuum is 


1 
J Oe 


For static problems, there is no time dependence of the fields, and according to 
Maxwell’s equations, electric and magnetic fields are therefore decoupled. In this 
case, the vector potential and the scalar potential also do not depend on time. 

Equations (2.48) and (2.51) for homogeneous media thus reduce to 


Co = (2.53) 


E= —grad ® 
and the Poisson equation 
Ad E (2.54) 
€ 


respectively. This equation has to be solved for electrostatic problems. 


2.7 Special Relativity 


The primary objective of this section is to introduce the nomenclature that is used 
in this book. This nomenclature is close to that of the introductory text [17] (in 
German). In any case, the reader should consult standard textbooks on special (and 
general) relativity (cf. [11, 13, 18-20] in English or [14, 21—28] in German) for an 
extensive introduction. However, the remainder of the book can also be understood 
if the formulas presented in this section are regarded as given. 

The speed of light co in vacuum has the same value in every inertial frame. 
Therefore, the equation of the wave front 


x + y? +2 = Gt (2.55) 
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in one inertial frame S (e.g., light flash at  — 0 at the origin of S) is transformed 
into a wave front equation 


P+ P47 = cr 


that has the same form in a different inertial frame S. Such transformation behavior 
is satisfied by the general Lorentz transformation. If one restricts generality in 
such a way that at £ = 0, the origins of the two inertial frames are at the same 
position and that one frame S moves with constant velocity v in the z-direction 
relative to the other frame S, then one obtains the special Lorentz transformation 


=x; (2.56) 
y-y (2.57) 
— yt 
pert ct =, (2.58) 
EC 
0 
_ t— 3x 
i i (2.59) 
= 
co 


The inverse transformation can be generated if the quantities with a bar (e.g., y) 
are replaced by the same quantities without the bar (e.g., y) and vice versa. In that 
case, v = —v has to be used (if $ moves with respect to S with velocity v in the 
positive z direction, $ will move with respect to S in the negative z direction), and co 
remains the same. This concept for generating inverse transformation formulas may 
also be applied to electromagnetic field quantities, whose transformation behavior 
is discussed below. 

The square root in the denominator of Eqs. (2.58) and (2.59) is typical of 
expressions in special relativity. Therefore, the so-called Lorentz factors are 
defined: 


E m 


Special relativity may be built up by defining so-called four-vectors and four- 
tensors. For example, the space coordinates are combined with the time “coordi- 
nate" in order to define the components of a four-vector that specifies the position 
in space-time: 


(0) = (x,y,z cot) with i € {1,2,3, 4}. 
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Specific values of this four-vector can be interpreted as events. In combination with 
the special choice (signature) 


100 0 
010 0 
001 0 
000-1 


(gix) = (g^) = (gi) = (g^) = 


for the metric tensor (i,k € {1,2,3,4}), one obtains the desired transformation 
behavior of the wave front equation, because 


00; = g;,6'0* = 0, 
which reproduces Eq. (2.55), is a tensor equation with a tensor of rank 0 (scalar) on 
the right-hand side. Here we use the Ricci calculus and Einstein's summation con- 
vention. The special Lorentz transformation given above can now be reproduced by 
0! = ai*, 
which corresponds to the matrix equation 
(8) = (aj) - (6) 


if the transformation coefficients 


10 0 0 
-;, |01 0 0 
(aj) — 0 0 yv —pyy, 

00-8,» y» 


are chosen (i 2 row, k = column). 

Similarly to the construction of the position four-vector, the vector potential and 
the scalar potential in electromagnetic field theory may be combined to form the 
electromagnetic four-potential A according to 


(A!) = (Ax. Ay, Az, ®/c0)". 


This, for example, allows one to write the Lorenz gauge condition (2.49) for free 
space in the form 


Al|; 20 
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of a tensor equation, where the vertical line indicates a covariant derivative, 
which—in special relativity—corresponds to the partial derivative because the 
metric coefficients are constant. 

The four-current density 7 is defined by 


(TŻ) = (Jx, Jy, Jz, paco)", 
so that the tensor equation 
de 


represents the continuity equation (2.46). The transformation law obviously yields 


x = Jy, (2.60) 

Lo ds (2.61) 

7 = Vy (I z voa) , (2.62) 
= y 

Pq = yv (r — zi) G (2.63) 
Co 


With v = vé; defining the parallel direction ||, this may be written in the generalized 
form 


die dis (2.64) 

A = vv (4-50). (2.65) 

- yer 

Pq = Vv (r = 7) : (2.66) 
0 


The electromagnetic field tensor may be defined as 


0 B, —B, —Ex/co 

; -B. 0 B, -E,/& 
Bik = Zz x y 

D B, —B, 0 -EWco 
Ex [co Ey/co E./co 0 


while its counterpart for the other field components in Maxwell’s equations may be 
defined as 


0 H, —H, —coDx 

iky _| —H; 0 Ay —coDy 

Ure H, —Hy, 0 —coD, 
CoD, coDy coD, 0 


, 
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where i specifies the row, and k the column. The introduction of these four-vectors 
and four-tensors allows one to write Maxwell's equations as? 


He, ==, (2.67) 
Bt), = 0, (2.68) 


so that their form remains the same if a Lorentz transformation from one inertial 
frame to a different one is performed. This form invariance of physical laws is called 
covariance. The covariance of Maxwell’s equations implies the constancy of co in 
different inertial frames, since co is a scalar quantity, a tensor of rank 0. Because B/^ 
and H'* are tensors of rank 2, they are transformed according to the transformation 
rule 


m m 


Taking the second transformation rule as an example, this may be translated into the 
matrix equation 


(^) = (aj) - (0^) - (aj). 


A long but straightforward calculation then leads to the transformation laws for the 
corresponding field components: 


A, = yv (Ay F vD»), (2.69) 
Hy = yy(Hy —vD,), (2.70) 
H. = H,, (2.71) 
so By 
Dy = y | Dx- ZH, |, (2.72) 
Co 
" By 
Dy — yv D, T — H, , (2.73) 
) 6 
D, = D,. (2.74) 


The asterisk is an operator that generates the dual tensor B*, 
Brik = 1 ings, 
2 ms 


of the tensor B. Here e" denotes the complete asymmetric tensor of rank 4. 
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The generalized form is 


The remaining transformation laws are obtained analogously: 


y 
= Yv (s. + 55) E 
Co 


v 
, = Yv B, = — Ex š 
Co 
= B,, 
= y (Ex — BycoBy), 
j— yy (GE, + BycoBx), 
= Ez, 
> vx Ey 
= Yy B, — 2 , 
Co 
= Bi, 
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(2.75) 


(2.76) 


(2.77) 


(2.78) 


(2.79) 


(2.80) 


(2.81) 
(2.82) 
(2.83) 
(2.84) 


(2.85) 


(2.86) 


(2.87) 


(2.88) 


In the scope of this book, there is no need to develop the theory further. Nor 
do we discuss such standard effects as time dilation, Lorentz contraction, and 
the transformation of velocities. However, we need some relativistic formulas for 


mechanics. 


The definition of the Lorentz force (1.1) is valid in special relativity—it corre- 
sponds to a covariant equation (the charge Q is invariant; it is a scalar quantity). 


Also, the equation 
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with the momentum definition 


p=mu 
based on the velocity 
. dr 
u = — 
dt 


still holds. However, the mass m is not invariant. Only the rest mass 7n, is a tensor 
of rank zero, i.e., a scalar: 


mo 
m = —— = My. 


2 

Lu 
h-5 
0 


Please note that we strictly distinguish between the velocities v and u and also 
between the related Lorentz factors. The velocity v — v e; is defined as the relative 
velocity of the inertial frame S with respect to the inertial frame S, i.e., the velocity 
between these two reference frames. The velocity ú is the velocity of a particle 


measured in the first inertial frame S. Consequently, it is the velocity of the same 
particle in the inertial frame S. If it is clear what is meant by a certain Lorentz factor, 
one may, of course, omit the subscript. 

The total energy of a particle with velocity u is given by 


Wot = m cà = yumoce. (2.89) 


Consequently, the rest energy is obtained for 4 = 0, which leads to y, = 1: 


2 
Wiest = MoCo. 


Therefore, the kinetic energy is 


Wkin = Wiot = Wrest = moco (Vu X 1). 


Using the Lorentz factors, one may write the momentum in the form 
p mu = mocouyu. 
leading to the absolute value 


p = mu -mocofly,. (2.90) 
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Here we used the definition 
poc (2.91) 
co 

If we have a look at Eqs. (2.89)-(2.91), we observe that y is related to the energy, the 
product By to the momentum, and f corresponds to the velocity. It is often helpful 
to keep this correspondence in mind when complicated expressions containing a 
large number of Lorentz factors are evaluated. One should also keep in mind that 
when one of the expressions f, y, By is known, the others are automatically fixed 
as well. 

This is why we can also convert expressions for relative deviations into each 
other. For example, we may calculate the time derivative of 


1 
y ——— (2.92) 
/1- p? 
as follows: 
. -2Bf 30 
y--— = py'B 
20 - gy? 
y 2 „Ê 
> = = f'y =. 
y B 
Here we can use the relation 
y - py =1, (2.93) 
which follows directly from Eq. (2.92): 
? ^2 yb 
com t es dics 
y B 


Expressions of this type are very helpful, because they can be translated as follows: 


AW 2 ^u 
dii. EN = fj 
Wen (y^ - 1) 


This conversion is possible if the relative change in the quantities is sufficiently 
small. In the example presented here, one can see directly that a velocity deviation 
of 1% is transformed into an energy deviation of 3% if y = 2 holds. 

As a second example, we can calculate the time derivative of Eq. (2.93): 


d(By) _ 
dt — 

Y go 1 d(By) 
^y i (By) dt ` 


2yy — 2(By) 0 
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Table 2.3 Conversion of relative deviations 


AB — AB =l Ay — _1 Ay _,,-—2AG6y) = 1 Ay. 
B p AB 2 AB Loe Py Ay) Her d 
To -(g-wiQyyUEy-- = par (tyr 
Ay) — ,,2 AB = po — Ay) LY Ay 

By B y By y+1 y—1 

^ ^ ^ —1Y A(fy ^ 

<r = y(y +1) 48 = 4 =(1+y7') by) _ 23 

. AWoa — Ay Ap _ A(By) AWkin — Ay 

Note: Wa — y p fy Wis “y= 


Relations like these are summarized in Table 2.3. 

In accelerator physics and engineering, specific units that contain the elementary 
charge e are often used to specify the energy of the beam. This is due to the fact that 
the energy that is gained by a charge’ Q = z,e is given by formula (1.2), 


AW = QV = zev. 


An electron that passes a voltage of V = 1 kV will therefore lose or gain an energy 
of 1 keV, depending on the orientation of the voltage. We have only to insert the 
quantities into the formula without converting e into SI units. In order to convert an 
energy that is given in eV into SI units, one simply has to insert e = 1.6022-10 !? C, 
so that 1 eV = 1.6022 - 10? J holds. 

Also, the rest energy of particles is often specified in eV. For example, the 
electron rest mass me = 9.1094- 107°! kg corresponds to an energy of 510.999 keV. 

As we saw above, the energy directly determines the Lorentz factors and the 
velocity. Therefore, it is desirable to specify the energy in a unit that directly 
corresponds to a certain velocity. Due to 


2 2 2 
Wy, = mcg — MoCo = Moco hy — 1). 


a kinetic energy of 1 MeV leads to different values for y if different particle rest 
masses mọ are considered. This is why one introduces another energy unit for ions. 


An ion with mass number A has rest mass 


mo = Aum, 


7For ions, zq is the charge number. For electrons, one has to set z} = —1, while for protons and 
positrons, z, — 1 has to be defined. 
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where m, = 1.66054-10 ?" kg denotes the unified atomic mass unit (as mentioned 
below, A, differs slightly from A). Therefore, one obtains 
W, in 
Wiinu = " = mace(y = 1). 


T 


If the value on the right-hand side is specified now, y is determined in a unique way, 
since 7 and co are global constants. As an example, an ion beam with a kinetic 
energy of? 11.4 MeV/u corresponds to y = 1.0122386 and B = 0.15503. We do 
not need to specify the ion species. 
Ions are usually specified by the notation 
?Element^*., 

Here A is the (integer) mass number, i.e., the number of nucleons (protons plus 
neutrons); Z is the atomic number, which equals the number of protons and 
identifies the element. For example, 


2387 728+ 
92 U 


indicates a uranium ion that has A— Z = 146 neutrons. Different uranium isotopes’ 
exist with a different number of neutrons. The number of protons however, is the 
same for all these isotopes. Therefore, Z is redundant information that is already 
included in the element name. In the last example, the uranium atom has obviously 
lost 28 of its 92 electrons, leading to the charge number z, = 28. 

The unified atomic mass unit m, is defined as 1/12 of the mass of the atomic 
nucleus (7C. For different ion species and isotopes, the mass is not exactly an integer 
multiple of m, (reasons: different mass of protons and neutrons, relativistic mass 
defect due to binding energy). For ?*U, for example, one has A, = 238.050786, 
which approximately equals A — 238. 


2.8 Nonlinear Dynamics 


A continuous dynamical system of first order may be described by the following 
first-order ordinary differential equation (ODE): 


dx 
— = v(x,t). 
ug c HN 


*read: MeV per nucleon. 

?A nuclide is specified by the number of protons Z and the number of neutrons A — Z. The 
chemical element is determined by the number of protons only. Different nuclides belonging to the 
same chemical element are called isotopes (of that element). 
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The state of a dynamical system of order n is represented by the values of n variables 
X1, X2, ..., Xn, Which may be combined into a vector F = (x1, X2,...,Xn). Hence, 
a dynamical system of order n is described by the system of ordinary differential 
equations 


T = 37,1). (2.94) 


One should note that the system of ODEs is still of order 1, but of dimension n. 
Such a system is called autonomous when v(7, t) does not depend on the time!” r, 
ie., when 


90,0) = 9(7) 


holds. The next sections will show that Eq. (2.94), which may look very simple at 
first sight, includes a huge variety of problems. 


2.8.1 Equivalence of Differential Equations and Systems 
of Differential Equations 


Let us consider the rith-order linear ordinary differential equation 


d" y d'y 
wo] 
dt” +a i( ) dt’—! 


Te ane + ao(t) y(t) = b(t) 


with dimension 1. One sees that by means of the definitions 


X% = y, 
dy 
n=, 
^ — di 
_ d'y 
Xn = dt^ ' 
it may be converted into the form 
Xj = x» 
Xo = X3, 
Xn = b(t) — ao(t)x1 — ay (t)x2 — +++ — asa (t)Xn, 


10The variable f is not necessarily the time, but we will often call it the time in order to make the 
interpretation easier. 
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which is equivalent to the standard form 


UU ous 

mm v(r, t). 

If b and all the a; do not depend on time (ODE of order n with constant coefficients), 
then y will also not depend on time explicitly, so that an autonomous system is 
present. 

Although the vector field v is called a velocity function, it does not always 
correspond to a physical velocity. As already mentioned, the variable £ is not 
necessarily the physical time. However, we will use this notation because the reader 
may always interpret these variables in terms of the mechanical analogy, which may 
help to understand the physical background. 


The above-mentioned equivalence is also valid for nonlinear ODEs of the form 


d" d d" 
fon LI eg , 
dt^ dt dt"! 


where!! F € C!. Also here, we may use 


x1 = y, 
dy 
X2 = eum 
dt 
d"-! 
Xn = 2 
dg”! 
to obtain the standard form 
ži = Xo, 
X2 = X3, 
Xn = F(t, X1, X2, , Xn) 
d — ey 
e En = v(r,t) 


ln this book, C* denotes the class of functions that are k-times continuously differentiable: C 0 
is the class of continuous functions, C! the class of continuously differentiable functions. 
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An autonomous system results when F and v do not explicitly depend on the time 
variable t. 


2.8.2 Autonomous Systems 


Hereinafter, we will consider only autonomous systems if a time dependence is not 
stated explicitly. 


2.82.1 Time Shift 


An advantage of autonomous systems is the fact that if a solution y(t) of 


d" y dy d"- 1 y 
SF lt, — 
dt” dt di^-l 


is known, then z(t) = y(t — T) will also be a solution if T is a constant time shift. 
This can be shown as follows: 

The solution y(t) is the first component of the vector F(t) that satisfies the 
differential equation? 


dF. 
T = v(r). 


Therefore, z(t) is the first component of the vector 
Tain(t) = F(t — T). 
We obtain 


dí — dt|,_> 


= wr) r = (aia). 


One sees that r;uis (t) satisfies the system of ODEs in the same way as 7 (t) does. Due 
to the equivalence with the differential equation of order n, z(t) will be a solution as 
well. 


This explains, for instance, why sin(wt) must be a solution of the homogeneous 
differential equation 


jto*y=0 


'2Tn the text, we will not explicitly distinguish between systems of ordinary differential equations 
and ordinary differential equations, since this difference should be obvious based on the notation. 
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if one knows that cos(ct) is a solution. This ODE is autonomous, and these two 
solutions differ only by a time shift. 


2.8.2.2 Phase Space 


The phase space may be defined as the continuous space of all possible states of a 
dynamical system. In our case, the dynamical system is described by an autonomous 
system of ordinary differential equations. 

The graphs of the solutions F(t) of the differential equation are the integral 
curves or solution curves in the n-dimensional phase space. Such an integral curve 
contains the dependence on the parameter t (which is usually but not necessarily the 
time). A different parameterization therefore leads to a different integral curve. 

The set of all image points of the map t > F (t) is called the orbit. An orbit does 
not contain dependence on the parameter f. A different parameterization therefore 
leads to the same orbit, since the same image points are obtained simply by a 
different value of the parameter t. 

Different orbits of an autonomous system are often drawn in a phase portrait, 
which may be defined as the set of all orbits. 


2.8.3 Existence and Uniqueness of the Solution of Initial Value 
Problems 


The standard form 


d? _. 
a YE) 


has the advantage that it can be solved numerically according to the (explicit) Euler 
method: 


Fett = Pk + At - (Fe) 


tk = to +k At. 
It is obvious that by defining the initial condition 
fo = T (to), 
the states 


Tk x F (tk) = F (to + kAt) 
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of the system at different times can be derived iteratively for k > 0 (k € IN). The 
states of the system may be calculated for both future times f > fo and past times 
t < to in a unique way by selecting the sign of At. However, this is possible only in 
a certain neighborhood around fp, as we will see in the next sections. 

It is obvious that by defining Fo, n scalar initial conditions are required to make 
the solution unique. 


2.8.3.1 Existence of a Local Solution 


The existence of a solution is ensured by the following theorem: 


Theorem 2.1 (Peano). Consider an initial value problem 


d? .. " N 
— —J(f.t F(to) = 
a v(r, t) (fo) — ro 


with a continuous v : D — R” on an open set D C R"*!. Then there exists 
O (To, to) > O such that the initial value problem has at least one solution in the 
interval [to — o, to + a]. 


(See Aulbach [29, Theorem 2.2.3].) 


Remark. We may easily see that v must be continuous. If we choose v = O(t) 
(Heaviside step function) in the one-dimensional case, we immediately see that the 
derivative o is not defined at  — 0. Therefore, in the scope of classical analysis, 
we have to exclude functions that are not continuous. In the scope of distribution 


theory, the solution r = t O(ft) is obvious. 


2.8.3.2 Uniqueness of a Local Solution 
Uniqueness can be ensured if the vector field v satisfies a Lipschitz condition or if 
it is continuously differentiable. 


Definition 2.2. The vector function v(7,¢) : D > R” (D C R"*' open) is said 
to satisfy a global Lipschitz condition on D with respect to F if there is a constant 
K > 0 such that for all (71, t), (72,1) € D, the condition 


Ive. t —-»(0.0]| < K |n - 5| 
holds. Instead of saying that a function satisfies a global Lipschitz condition, one 
also speaks of a function that is Lipschitz continuous. 
(Cf. Aulbach [29, Definition 2.3.5] and Perko [30, p. 71, Definition 2].) 


Definition 2.3. The vector function Y(7,) : D — IR" (D C IR"*! open) is said to 
satisfy a local Lipschitz condition on D with respect to F if for each (Fo, to) € D, 
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there exist a neighborhood Ue, 16) C D of (Fo, to) and a constant K > 0 such that 
for all (1, t), (T2. t) € Us, 19), the condition 


[PELD -»(0.0| < K |n - 7| 


holds. Instead of saying that a function satisfies a local Lipschitz condition, one also 
speaks of a function that is locally Lipschitz continuous. 


(Cf. Aulbach [29, Definition 2.3.5], Wirsching [31, Definition 3.4], and Perko [30, 
p. 71, Definition 2].) 

In other words, the function satisfies a local Lipschitz condition if for every point, 
we can find a neighborhood such that a "global" Lipschitz condition holds in that 
neighborhood. 


Example. The function f(x) = x? is locally Lipschitz continuous, but it is not 
Lipschitz continuous. 


Theorem 2.4 (Picard-Lindelóf). Consider the initial value problem 
He na 5 " 
— = at to) = 
di v(T, t) r (to) = ro 


with continuous Y : D — R” (D C R"*! open). Suppose that the vector function 
Y(r, t) is locally Lipschitz continuous with respect to T. Then there exists a (To, to) > 
0 such that the initial value problem has a unique solution in the interval [tg — a, 
to + ar]. 


(See Aulbach [29, Theorem 2.3.7].) 

Every locally Lipschitz continuous function is also continuous. 

Every continuously differentiable function satisfies a local Lipschitz condition, 
i.e., is locally Lipschitz continuous (Aulbach [29, p. 77], Arnold [32, p. 279], 
Perko [30, lemma on p. 71]). 

Therefore, the Picard-Lindelóf theorem may simply be rewritten for contin- 
uously differentiable functions instead of locally Lipschitz continuous functions 
(Perko [30, p. 74]: “The Fundamental Existence-Uniqueness Theorem,” Gucken- 
heimer/Holmes [33, Theorem 1.0.1]). 


2.8.3.5 Maximal Interval of Existence 


One may try to make the solution interval larger by using the endpoint of the solution 
interval as a new initial condition. If this strategy is executed iteratively, one obtains 
the maximal interval of existence. It is an open interval (cf. [30, p. 89, Theorem 1]). 
The maximal interval of existence does not necessarily correspond to the full real 
time axis. Further requirements are necessary to ensure this. 
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2.8.3.4 Global Solution 


A continuously differentiable vector field v is called complete if it induces a global 
flow,'? i.e., if its integral curves are defined for all t € IR. 

Every differentiable vector field with compact support is complete. 

The following theorem shows that certain restrictions on the “velocity” v(7) are 
sufficient for completeness: 


Theorem 2.5. Let the vector function Y(T) with v : D — R” (D C R” open) be 
continuously differentiable and linearly bounded with K, L = 0: 


[PO] s Kx [Fl * L. 
Then the initial value problem 


dF... P à 
— — r r(t = f] 
di v(r) (fo) — ro 


has a global flow. 


(Cf. Zehnder [34, Proposition IV.3, p. 130], special form of Theorem 2.5.6, Aulbach 
[29].) 

According to Amann [35, Theorem 7.8], the solution will then be bounded for 
finite time intervals. 

Like many other authors, Perko [30, p. 188, Theorem 3] requires that v(7) satisfy 
a global Lipschitz condition 


PED- ED] < K |n. — r] 


for arbitrary 71, r2 € IR". For ř2 = 0, this leads to linear boundedness, as one may 
show by means of the reverse triangle inequality, but it is a stronger condition. 


Example. The ODE 


y=it+y’ 
is obviously satisfied for 
sint . cos? t + sint 5 
y = tan t = —— y = —————— = l + tant. 
cost cos? t 


This solution may be found by separation of variables. An arbitrary initial condition 
y(0) = yo may be satisfied if the shifted solution 


y = tan(t + 7) 


13The exact definition of a flow will be given in Sect. 2.8.6 on p. 61. 
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is considered. In any case, however, the solution curve reaches infinity while ¢ is 
still finite. The “vector” field v(y) = 1 + y? is not complete, and it is obviously not 
linearly bounded. 


If we simplify the results of this section, we may summarize them as follows: 


* The existence of a local solution is ensured by continuity of v. 

* Local Lipschitz continuity ensures uniqueness of the solution. If v is continuously 
differentiable, uniqueness is also guaranteed. 

* If linear boundedness of v is required in addition, a global solution/global flow 
exists. 


For the sake of simplicity, we will consider only complete vector fields in the 
following. 


2.8.3.5 Linear Systems of Ordinary Differential Equations 


For linear systems of differential equations with 


dr 
— = A-f, T (to) = ro, 
d (fo) = ro 


where A is a quadratic matrix with real constant elements, we may use the matrix 
norm: 


[96] = [4-7] x tat |] = x [7] - 


Therefore, the conditions of Theorem 2.5 are satisfied, and a unique solution with a 
global flow exists. One may specifically use the Frobenius norm 


of a vector, so that 


[4-7] < Ale [7] 


holds. 
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2.8.4 Orbits 


Two distinct orbits of an autonomous system do not intersect. In order to prove this, 
we assume the contrary. Suppose that two distinct orbits defined by r; (1) and F2(t) 
intersect according to 


7\(t1) = r(t). 


Please note that the intersection point may be reached for different values t; and 
t; of the parameter t, since we require only that the orbits (i.e., the images of the 
solution curves) intersect. As shown in Sect. 2.8.2.1, 


Tain(t) = ri(t + ti — 02) 
is also a solution of the differential equation. Therefore, we have 
Fspitt(t2) = F11) = ra(t2). 


Hence Fshi (t) and F2(t) satisfy the same initial conditions at the time t2. This means 
that the solution curves Fnit (t) and 72(t) are identical. 

Since F,(t) is simply time-shifted with respect to Fsnit(t) = F2(t), the images, 
i.e., the orbits, will be identical. This means that two orbits are completely equal if 
they have one point in common. 

In other words, each point of phase space is crossed by only one orbit. 


2.8.5 Fixed Points and Stability 


Vectors F = Fp for which 
v(r)-0 


holds are called fixed points (or equilibrium points or stationary points or critical 
points) of the dynamical system given by 


> 


dr .., 
dr = v(r). 


This nomenclature is obvious, since a particle that is initially located at 


F (to) = TF 
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Fig. 2.4 Stability (left) and asymptotic stability (right) of a fixed point 


will stay there forever: 


T(t) = rg fort > tọ. 


Definition 2.6. A fixed point of an autonomous dynamical system is called an 
isolated fixed point or a nondegenerate fixed point if an environment of the fixed 
point exists that does not contain any other fixed points. 


(Cf. Sastry [36, Definition 1.4, p. 13], Perko [30, Definition 2, p. 173].) 
We now define the stability of fixed points according to Lyapunov. 


Definition 2.7. A fixed point is called stable if for every neighborhood U of rr, 
another neighborhood V C U of ry exists such that a trajectory starting in V at 
t = fo will remain in U for all £ > tọ (see Fig. 2.4). Otherwise, the fixed point is 
called unstable. 


Please note that it is usually necessary to choose V smaller than U, because the 
shape of the orbit may cause the trajectory to leave U for some starting points in U 
even if 7p is stable. 


Definition 2.8. A stable fixed point 7 is called asymptotically stable if a neigh- 
borhood U of fp exists such that for every trajectory that starts at £ = fo in U, the 
following equation holds: 


too 


(See, e.g., Perko [30, Definition 1, p. 129].) 


Definition 2.9. A function L(7) with L € C! and L : U — R (U C R” open) is 
called a Lyapunov function for the fixed point rg of the autonomous system 
dr 


a V(r) vyec!(D) D c R'open 
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if 

LË) = 0 
and 


LiF) > 0 for r e U\{Fs}, 


L=Y-grad L <0 for reUMrg) 


hold in a neighborhood U C D of rg. 
A Lyapunov function is called a strict Lyapunov function if 


L —y-grad L <0 for reUMrg 


holds. 


(Cf. Perko [30, p. 131, Theorem 3], La Salle/Lefschetz [37, Sect. 8], Gucken- 
heimer/Homes [33, Theorem 1.0.2].) 


Theorem 2.10. [fa Lyapunov function for a fixed point rg of an autonomous system 
exists, then this fixed point Fg is stable. If a strict Lyapunov function exists, then this 
fixed point rg is asymptotically stable. 


(Cf. Perko [30, p. 131, Theorem 3].) 
It is easy to see that this theorem is valid. For two-dimensional systems with the 
particle trajectory F (t) = x(t) e + y(t) y, we obtain, for example, ^ 


dL  OLdx | OLdy 


¿= = 
dt ox dt i dt 


= v- grad L. 


If this expression is negative, the strict Lyapunov function will decrease while the 
particle continues on its path. Since the minimum of the Lyapunov function is 
obtained for Fp, it is clear that the particle will move toward the fixed point. 

Similar reasoning applies for a Lyapunov function that is not strict. In this case, 
the particle cannot move away from the fixed point, because the Lyapunov function 
does not increase. However, it will not necessarily get closer to the fixed point. 


14 According to the definition, the Lyapunov function depends on the location (x, y). The chain 
rule that is applied here implies that we are following the trajectory 7 (t), so that L depends only 
on the time f. 

The gradient of L points in the direction in which L increases. Therefore, the scalar product 
y+ grad L becomes negative if v has a component in the opposite direction (decreasing L). 
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2.8.6 Flows of Linear Autonomous Systems 


Having shown above that a linear autonomous system possesses a global flow, we 
shall now compute this flow. If an autonomous system of order n is linear, we may 
describe it by 


S endo 

— z= r 

de. 
with 

9?) = A-7, 


where A is a quadratic n x n matrix with real constant elements. The ansatz 


leads to 


or 


(A — AD) -w — 0. 


For nontrivial solutions w Æ 0, the condition 


det(A — AI) = 0 


is necessary, which determines the eigenvalues À. For the sake of simplicity, we 
now assume that all n eigenvalues are distinct and that there is one eigenvector 
belonging to each eigenvalue (A is diagonalizable in this case). The overall solution 
of the homogeneous system of ODEs may then be written in the form 


F(t) = 3 Cy e, (2.95) 
k=1 


where w+ denotes the eigenvector that belongs to the eigenvalue à = A, and where 
the C; are constants. For the initial condition at £ = 0, we therefore have 


To = r (0) = > Ck Wk. 
k=1 
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According to Eq. (2.95), the solution is obviously asymptotically stable if and only 
if 


RefAz} <0 (2.96) 


holds for all k € {1,2,...,}, since only then does 
lim F(t) 20 
too 


hold for arbitrary initial conditions. In this case, F = 0 is an asymptotically stable 
fixed point. 


Now we raise the question whether further fixed points exist. This is the case for 
(7) = A-F=0 
with 
P £0, 
i.e., only for 
det A= 0. 


In Sect. 2.8.8, we will see that this is the condition for a degenerate, i.e., nonisolated, 
fixed point (see Definition 2.6, p. 59). 


Let us now determine a map that transforms an initial value 7 into a vector r (f) that 
satisfies the linear autonomous system of ODEs 


dr 
T -230)24A.f. 
qy O 


The overall solution 


n 
F(t) 2 3 Cy we 


k=1 
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with eigenvectors 


Wk|1 
E W, 
Ww = k2 

Wkn 


may, due to 


n 
xi (t) = 3 Ci wy; e^", 


k=1 
be written as the matrix equation 
Ait 
Wit Wo] *** Wal Cie 
3 W12 W22 *** Wn2 Ce?! 
r(t) = : 
Ànt 
Win W2n Wnn Cne 
We define 
Wil W21 *** Wal 
W12 W22 *** Wn2 
X4(0) — 


(matrix of the eigenvectors), 


Ci 
=|], 
Ch 
and 
e^t 0 0 
" 0 e^? 0 
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Hence we have 
F) = X4(0)- D^(t)-c. 
For t = 0, we obtain 
7(0) = X4(0)- DÀ(0)-€ = X4(0)- I -č = X40) c. 
Due to 
Di) — 1, 
the definition 
X4(r) = X40) - DA(t) (2.97) 
makes sense. Finally, we obtain 
F(t) = X40X4() 'F(0). 
Using the matrix exponential function 
e^ = X4(0X4(0) !, (2.98) 
one also writes 
F(t) = e'^ FO). (2.99) 


This equation obviously determines the global flow (Guckenheimer [33, 
Eqn. (1.1.9), p. 9]) if the following definition is used: 


Definition 2.11. A (global) flow is a continuous map 9 : Rx D — D, which 
transforms each initial value r(0) = ro € D (D C R” open) into a vector F(t) 
(t € IR) satisfying the following conditions: 


$9 —id, ie, Do(Fo)=7o forall ro € D, 


Patno = a o Ph, ie OQOj,4,(09)-9;,(0,(r)) forallfoe D, ti, € R. 


Here we have defined d; (F) :— ®(t, F). 


(Cf. Wiggins [38, Proposition 7.4.3, p. 93], Wirsching [31, Definition 8.6], 
Amann [39, p. 123/124].) 

The interpretation of this definition is simple: If no time passes, one remains at 
the same point. Instead of moving from a first point to a second one in the time span 
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t; and then from this second one to a third one in a time span fi, one may go directly 
from the first to the third in the time span £4 + t2. 


Remark. 


* A flow (also called a phase flow) is called a global flow if it is defined for all 
t € R (as in Definition 2.11), a semiflow if it is defined for all t € IR*, anda 
local flow if it is defined for t € J (open interval J with 0 € 7). 

* Forsemiflows and local flows, Definition 2.11 has to be modified. 

* [n the modern mathematical literature, a dynamical system is defined as a flow. 
In our introduction, however, the dynamical system was initially described by an 
ODE, and the corresponding velocity vector field induced the flow. 


Final remark: If the matrix A does not possess n linearly independent eigenvectors, 
then no diagonalization is possible, in which this case generalized eigenvectors 
may be used (cf. Guckenheimer [33, p. 9]). These are defined by 


(A — AI)? - w — 0, 
(A — AIy^7! - 40, 


and may be used to transform any quadratic matrix A into Jordan canonical form 
(cf. Burg et al. [40, vol. IL, p. 293] or Perko [30, Sect. 1.8]). As the formula shows, 
eigenvectors are also generalized eigenvectors (for p — 1). 


2.8.7 Topological Orbit Equivalence 


In this section, we shall define what it means to say that two vector fields are 
topologically orbit equivalent. Of course, the term topological orbit equivalence 
will include the case that the two vector fields can be transformed into each other by 
a simple rotation. 

In order to simplify the situation even further, we assume that the two vector 
fields are given by 


9(75)- A- (2.100) 


DU 


and 
V2(F2) = B-T, (2.101) 


where A and B are quadratic matrices. 
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v2 (T2) 


vi(Ti) 


Fig. 2.5 Rotation of a vector 
field 


If one vector field can be obtained as a result of rotating the other one, there must 
be a rotation matrix M such that 


=M- =M-A-F (2.102) 


holds. Now v» depends on F1. In order to make v» dependent on 7», we must rotate 
the coordinates in the same way as the vector field (see Fig. 2.5): 


ry = M-.n. (2.103) 
Hence, we obtain 
»-2M-A:M 5. 
Since M is invertible as a rotation matrix, the matrix 
B-M-.A.M^! 


describes the well-known similarity transformation that may also be written in the 
form 


B-M=M.-A. 
A similarity transformation, however, is usually written in the form 
B=M"!.A-M, 


so that we have to define M = M~ here. 


Now we observe that two orbits can be identical even though the corresponding 
solution curves are parameterized in a different way. 
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A flow for Eq. (2.100) will be denoted by 
ri(ti Tio), 
and a flow for Eq. (2.101) by 
T2(t2, F20). 


In order to transform the orbits of these flows into each other, the starting points 
must be mapped first: 


F20 = M - r0. 


Our requirement that different parameterizations be allowed for both solution curves 
may be translated as follows: For every time f,, there is a time f such that 


T2(t2, T20) = M - ri(fi. F10), 
and therefore 
F(t, M -T10) = M - ri(ti. F10) 


holds. This formula must be included in the general definition of topological orbit 
equivalence if rotations are to be allowed as topologically equivalent transforma- 
tions. 

The previous considerations make the following definition transparent: 


Definition 2.12. Two C! vector fields ¥;(7,) and ¥2(72) are called topologically 
orbit equivalent! if a homeomorphism h exists such that for every pair F10, tı, there 
exists f» such that 


DË (h(F0)) = AO? Gi) (2.104) 


holds. Here, the orientation of the orbits must be preserved. If in addition, the 
parameterization by time is preserved, the vector fields are called topologically 
conjugate. In this definition, ® denotes the flow that is induced by the vector 
field v. 


(Cf. Sastry [36, Definition 7.18, p. 303], Wiggins [38, Definition 19.12.1, p. 346], 
Guckenheimer [33, p. 38, Definition 1.7.3].) 


Sometimes, the abbreviation “TOE” is used for the property “topological orbit equivalence” 
(cf. Jackson [41 ]). 
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Fig. 2.6 Examples of 
topological orbit equivalence 


I> 


I> 


Remark. A homeomorphism is a continuous map whose inverse map exists and is 
also continuous. The fact that a homeomorphism is used as a generalization of the 
rotation matrix, used as an example above, leads to the following features: 


* Not only linear maps are allowed, but also nonlinear ones. 

* The requirement that the map be continuous guarantees that neighborhoods of a 
point are mapped to neighborhoods of its image point. Therefore, the orbits are 
deformed but not torn apart. Two examples for topological orbit equivalence are 
shown in Fig. 2.6. 


The fact that the validity of Eq. (2.104) is required for each initial point ensures that 
all orbits are transformed into each other. Hence, the entire phase portraits will be 
equivalent. 

The preservation of the orientation may be checked by means of a continuously 
differentiable function t» (719, t1) with EA > 0 (cf. Perko [30, Sect. 3.1, Remark 2, 
p. 183/184]. 

Please note that different authors use slightly different definitions. In cases of 
doubt, one should therefore check the relevant definitions thoroughly. 


Let us now consider the case that a vector field v(T) = A -F is given by a real n x n 
matrix A and that we want to check whether this vector field is topologically orbit 
equivalent to a simpler vector field. Often, diagonalization is possible. This case will 
be discussed in the following. 


Remark. 


* [n case diagonalization is not possible, it is always possible to transform the 
matrix into Jordan canonical form. 

* Diagonalization of an n x n matrix is possible if and only if for each eigen- 
value, the algebraic multiplicity (multiplicity of the zeros of the characteristic 
polynomial) equals the geometric multiplicity (number of linearly independent 
eigenvectors). 
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* Diagonalization of an n x n matrix is possible if and only if it possesses n linearly 
independent eigenvectors. 
* Diagonalization is possible for every symmetric matrix with real elements. 


Consider a matrix A for which diagonalization is possible. We will show now that 
the diagonal matrix ^ 


B-—X4(0)!-A-X4(0) (2.105) 
does in fact lead to a topologically orbit equivalent vector field. Here, M = M! = 
X 4 (0) denotes the matrix of the n eigenvectors of A. These are linearly independent, 
since diagonalization of A is possible (cf. Burg/Haf/Wille [40, vol. II, p. 280, 


Theorem 3.52]). 
According to Eqs. (2.98) and (2.99), the flows are given by 


$7 (Fig) = X4(t1) X4(0) Fio 
for A and by 
72 (729) = Xp (t2) X (0)! roo 


for B. In our case, the homeomorphism A is given by the matrix M. We therefore 
obtain 


P (h9)) = P12 (M -Ti) = Xg(12)X5(0)7 X40) - Fio. 
On the other hand, 
h(®}! Fio)) = M + 9j Gio) = X40) X4(1:)X4(0) - Fio 
holds. We see that these expressions are equal for every initial vector rio if 
Xs(t2)X5(0) X4(0) = X4(0) ! X4(r)X4(0) *, 
Or 


Xp(t5)Xp(0) = X4(0) X(t), 


'6Please note that X 4 (0) is the matrix of eigenvectors of A such that Eq. (2.105) actually represents 
the diagonalization step. 
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is valid. Due to Eq. (2.97), we know that 
X4(n) = X40) D40) 
and 
X p(t) = X5(0)- D (t2) 
hold, so that the equation 
Xs (0) - D$ (1) X5(0) = X4(0) ! X4(0) - D4(n) = Din) 


has to be verified. Since B is a diagonal matrix, the Cartesian unit vectors are 
eigenvectors, so that 


Xg(0)=1 
is valid. Therefore, we have only to check whether 
D3(b) = Dá(n) 
is true. Since the eigenvalues of A and B are equal due to diagonalization, we obtain 
Dit) = D5 (h). 


Here we had only to set t = tı. We have shown that diagonalization leads to 
topologically orbit equivalent vector fields. 


2.8.8 Classification of Fixed Points of an Autonomous Linear 
System of Second Order 


The considerations presented above indicate that a similarity transformation 
B=M'-A-M 


always leads to topologically orbit equivalent vector fields. Every similarity trans- 
formation leaves the eigenvalues unchanged (cf. Burg/Haf/Wille [40, vol. II, p. 272, 
3.17]). This leads us to the assumption that the eigenvalues of a matrix at least 
influence the topological properties of the related vector field. Therefore, the 
eigenvalues are now used to characterize the fixed points. 
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We calculate the eigenvalues of a two-dimensional matrix 
ay, a 
amen 
a21 422 
with constant real elements. This leads to 


(aii — A)(a22 — A) — ai2a21 = 0 


—A- À(ai + dx) + aan — 412021 = 0 


=> A? — 1 trA + det A = 0. (2.106) 
Hence, we obtain 
ao EA e [OO Lan A- B VC (2.107) 
with 
B= = QD ped. (2.108) 


We now try to distinguish as many cases as possible: 
1. Both eigenvalues are real (C > 0). 
(a) Both are positive 


(i) A, >A.>0 
Gi) à=: 5:0 


(b) Both are negative 

(i) Ài < Aa «0 

(ii) At = Ao <0 
(c) One is positive, one is negative: AjA2 < 0 
(d) One equals 0 (A; = 0): 


(i) Ar > 0 
(ii) Ao < 0 
Gii) Ax = 0 
2. Imaginary eigenvalues: C < 0, B = 0,A2 = —A, 
3. Complex eigenvalues: C < 0, A, = A5 


(a) B = Re{A} <0 
(b B = Re{A} > 0 
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Hence we have found 11 distinct cases. If one eigenvalue is zero, then Eq. (2.106) 
leads to 


det A = 0. 


As we will show now, this means in general that one row is a multiple of the other 
row, which contains the special case that one or both rows are zero. 
If we now assume that the second row is a multiple of the first one, 


ay a 
A= u an j) 
k 11 k 12 
we obtain the following condition for the eigenvalues: 


(aii — À) (kaiz — A) — kanan = 0 
=> A - Man + kai) = 0. 
This shows that at least one eigenvalue is zero. The same can be shown for the case 


that the first equation is a multiple of the second one. Since one eigenvalue is 0, the 
relation 


det(A — A7) =0 
leads to 
det A = 0. 


In conclusion, the following statements for our two-dimensional case are equiva- 
lent: 


e det A — 0. 
* Onerow of A is a multiple of the other row. 
* Atleast one eigenvalue is O. 


The following general theorem holds: 


Theorem 2.13. The following statements for a quadratic matrix A are equiva- 
lent: 


* The quadratic matrix A is regular. 

* All row vectors (or column vectors) of A are linearly independent. 
* det A Z 0. 

* All eigenvalues of A are nonzero. 

* Ais invertible. 
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In our two-dimensional case, the statement that for det A — 0, one row is a multiple 
of the other one means that the equation v(T) = A-r = 0 is satisfied along a line 
through the origin or even everywhere. Hence, we have an infinite number of fixed 
points that are not separated from each other. In this case, we speak of degenerate 
fixed points (see Definition 2.6 on p. 59). This case will henceforth be excluded!" 
(case 1.d), so that the number of relevant cases is reduced from 11 to 8. According 
to the behavior of the vector field in the vicinity of the fixed point Fp = 0, the fixed 
points are named as follows: 


1. Both eigenvalues are real (C > 0). 
(a) Both positive 


(i) À1 > Az > 0: unstable node 
(ii) A, = Az > 0: unstable improper node or unstable star 


(b) Both negative 


(i) A, < Az < 0: stable node 
(ii) Ay = Az < 0: stable improper node or stable star 


(c) One positive, one negative: A;A2 < 0: saddle point 


2. Imaginary eigenvalues: C < 0, B = 0,4» = —2,: center or elliptic fixed point 
3. Complex eigenvalues: C < 0, A, = A5 


(a) Re{A} < 0: stable spiral point or stable focus 
(b) Re{A} > 0: unstable spiral point or unstable focus 


The classification of fixed points is summarized in Table 2.4 on p. 74 (cf. [29, 
42, 43]). As the table shows, not only the eigenvalues can be used to characterize 
the fixed points. In the column “Topology”, the numbers in parentheses denote the 
quantity of eigenvalues with positive real part. The column “Topology” also contains 
the so-called index in brackets. In order to calculate the index, one considers 
a closed path around the fixed point with an orientation that is mathematically 
positive. Now one checks how many revolutions the vectors of the vector field 
perform while “walking” on the path. If, e.g., the vectors of the vector field also 
perform one revolution in mathematically positive orientation, the index is +1. If 
the vector field rotates in opposite direction, the index is —1. 

Figures 2.7, 2.8, 2.9, 2.10, 2.11, and 2.12 on p. 75 and 76 show how orbits in 
the vicinity of the fixed point look in principle for each type of fixed point. In case 
the fixed point is a stable node, star, or spiral point, the orientation of the solution 
curves will be towards the fixed point in the middle; in case of an unstable node, 
star, or spiral point, all solution curves will be directed outwards. Each picture is 
just an example; in the specific case under consideration the orbits may of course be 
deformed significantly. 


Please note that small changes of the entries of the matrix A are likely to convert degenerate fixed 
points into nondegenerate (isolated) fixed points (cf. Sastry [36, p. 2]). 
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Table 2.4 Classification of isolated fixed points in the plane (regular Jacobian matrix) 


Stability Topology Eigenvalues | Fixed Point 
stable center imaginary center 
Re{A} 20 [+1] C) Ay = —293 =clliptic fixed point 
real stable improper node 
Ay <A <0 = | (two? tangents) 
asymptotically | sink real stable improper node 
stable [+1] (0) Ay =A2 «0 | (one tangent, 

Re{A} «0 one eigenvector) 
stable proper node 
=stable star 
(many tangents, 
two eigenvectors) 

complex stable spiral point 
hyperbolic Re{A} < 0 —stable focus 
Re{A} #0 real unstable improper node 
Ay > à2 >0 | (two? tangents) 
unstable source real unstable improper node 

[+1] (2) Ay =A2>O0 | (one tangent, 

Re{A} > 0 one eigenvector) 
unstable proper node 
=unstable star 
(many tangents, 
two eigenvectors) 

complex unstable spiral point 
Re{A} > 0 =unstable focus 
saddle point | real saddle point 

[-1] (1) A1 <0 < 2» 


“one tangent for two orbits, one tangent for all other orbits 
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Fig. 2.7 Center 


Fig. 2.8 Node with two 
tangents 


Fig. 2.9 Node with one 
tangent 


Fig. 2.10 Star 


Fig. 2.11 Spiral point 


75 


URMA SS 


76 2 Theoretical Fundamentals 


Fig. 2.12 Saddle point 


2.8.9 Nonlinear Systems 


Consider the nonlinear autonomous system 


2 


Ur 3G) (2.109) 
— = y(r ; 
dt 
with the initial condition 
r(0) — ro, 


where v(7) € C? has a fixed point Fp with 
V(r) = 0. 
As the results summarized in this section show, the linearization 


Sr Ae (2.110) 
—=A-r : 
dt 


of the system (2.109), where A = DY(Tg) is the Jacobian matrix? at F = ry, is 
a powerful tool for analyzing a nonlinear system in the vicinity of its fixed points. 


18 The Jacobian matrix is defined as 


üxi dà ax, 

m y ðxı 0x2 Ox, 
Dwr) = F i= i 
Ox; Ox2 OXn 


where 7 = x4 ei + x2 ê bees + Xn ĉn. 
The determinant of the Jacobian matrix is called Jacobian determinant or simply Jacobian, 
and one writes 


det DYF) = 
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Please note that 7 = 0 in Eq. (2.110) corresponds to F = rg in Eq. (2.109), i.e., the 
fixed point of the nonlinear system was shifted to the origin of the linearized system. 


Theorem 2.14. Consider the nonlinear system (2.109) with the linearization 
(2.110) at a fixed point rg. If A is nonsingular, then the fixed point rg is isolated 
(i.e., nondegenerate). 


(See Sastry [36, Proposition 1.5, p. 13], Perko [30, Definition 2, p. 173].) 
If one or more eigenvalues of the Jacobian matrix are zero, the fixed point is a 
degenerate fixed point. This is the generalization of the linear case. 


Definition 2.15. A fixed point is called a hyperbolic fixed point if no eigenvalue of 
the Jacobian matrix has zero real part. 


Theorem 2.16. Ifthe fixed point rg is a hyperbolic fixed point, then there exist two 
neighborhoods U of rg and V of Y = 0 and a homeomorphism h : U — V, such 
that h transforms the orbits of Eq. (2.109) into orbits of 


" 
m — A.P with A= DVF). 


Orientation and parameterization by time are preserved. 


(Cf. Guckenheimer [33, Theorem 1.3.1 (Hartman-Grobman), p. 13], Perko [30, 
Theorem Sect. 2.8, p. 120], and Bronstein [44, Sect. 11.3.2].) 
In other words, we may state the following theorem. 


Theorem 2.17 (Hartman-Grobman). Let rg be a hyperbolic fixed point. Then the 
nonlinear problem 


ae - 
2m v(7), ve C!(D), D C R” open, 
and the linearized problem 

dr 


ap Pew) 


with 
A = Dy(rg) 
are topologically conjugate in a neighborhood of rg. 


(See Wiggins [38, Theorem 19.12.6, p. 350].) 

If the fixed point is not hyperbolic, i.e., a center (elliptic fixed point), then the 
smallest nonlinearities are sufficient to create a stable or an unstable spiral point. 
This is why the theorem refers to hyperbolic fixed points only. 
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If the real parts of all eigenvalues of Dv(7f) are negative, then Fp is asymptotically 
stable. If the real part of at least one eigenvalue is positive, then Fp is unstable: 


Theorem 2.18. Let D C R” bean open set, v(T) continuously differentiable on D, 
and Tg a fixed point of 

dF o 

— =v(r). 

gp) 
If the real parts of all eigenvalues of Dv(rg) are negative, then rg is asymptotically 
stable. If rg is stable, then no eigenvalue has positive real part. 


(Cf. Bronstein [44, Sect. 11.3.1], Perko [30, Theorem 2, p. 130].) 

A saddle point has the special property that two trajectories exist that approach the 
saddle point for £ — oo, whereas two different trajectories exist that approach the 
saddle point for  — —oo (cf. [30, Sect. 2.10, Definition 5]). These four trajectories 
define a separatrix. Loosely speaking, a separatrix is a trajectory that “meets” the 
saddle point. 


2.8.10 Characteristic Equation 


Consider the autonomous linear homogeneous nth-order ordinary differential equa- 
tion 


d" y d" ^y dy 
An —— + dg—1———7- + ---+a,;— + aoy(t) = 0. 2.111 
gp t6 ge Pe Pen) Peg 
As usual (see Sect. 2.8.1), we define the vector F = (x1, xo, . .., Xn)! by 
x1 = y, 
dy 
X) = —, 
> dt 
d'y 
Xn = , 
dt"-1 
which leads to 
X] = X, 
X2 = X3, 
ao a, Qn-1 
Xn = —— Xi THX Xn, 
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in order to obtain the standard form 


d o oa 
dr = v(r). 
This may be written as 
dr 2 
mcd 
dt 
if the following n x n matrix is defined: 
0 1 0 0 0 0 
0 0 1 O0 0 0 
0 0 0 1 0 0 
A= : : 
0 0 0 0 1 0 
0 0 0 0 0 1 
— 40 a a2 a3 — 4-2 _ n—1 


79 


(2.112) 


According to Sect. 2.8.6, Eq. (2.96), we know that asymptotic stability is reached 
if all eigenvalues of this system matrix have negative real part. Therefore, we now 
describe how to find the eigenvalues based on the requirement that the determinant 


DF = det(A — AI) (2.113) 


equal zero. Let us begin with n — 2 as an example: 


0 1 
a? a» 


=À 1 
> Df =det(A-AN =| 4 4 = qe 
75 a ^ 2 
For n = 3, we obtain 
0 1 0 
A-| 0 0 1 
— 4% Lu 42? 
d3 aa a3 
=A ! 0 a a a 
! 
=>DF=det(A-AN=|0 -A 1 |2-3-2323-214- 7 p, 
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These two results lead us to the assumption that 


DF = (-1)" (2 ge dn yn- 3- an—2 An-2 dics @2 42 + "y "" 2) 
dn dn dn dn dn 
=- 5 M Q.114) 
k=0 ” 


holds in general. In Appendix A.6, it is shown that this is indeed true. The require- 
ment that the polynomial in Eq. (2.114) equal zero is called the characteristic 
equation of the ODE (2.111). One easily sees that the characteristic equation is 
also obtained if the Laplace transform is applied to the original ODE (2.111): 


(a, s" + ET | +- +as + ao) Y(s) —0 
— ans” + an-s"! +--+ ais + ao = 0 for Y(s) 40. 


The matrix A is called the Frobenius companion matrix of the polynomial. Please 
note that instead of finding the zeros (roots) of the polynomial, one may also 
determine the eigenvalues of the companion matrix A and vice versa. 

Hence, asymptotic stability of the dynamical system defined by the ODE (2.111) 
is equivalently shown 


e if all zeros of the characteristic equation have negative real part. 
e if all eigenvalues of the system matrix have negative real part. 


In case of asymptotic stability, one also calls the system matrix a strictly or 
negative stable matrix (cf. [45, Definition 2.4.2]) or a Hurwitz matrix. 


2.9 Continuity Equation 


Consider a particle density p in space and a velocity field v that moves the particles. 
We will now calculate how the particle density in a fixed volume V changes due to 
the velocity field. 

For this purpose, we consider a small volume element AV at the surface of the 
three-dimensional domain V. As shown in Fig. 2.13, this contains in total 


An = AV p= Ah AA = 


particles. During the time interval Af, this quantity of 


An — v, At AA p — p Atv¥-AA 
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Fig. 2.13 Volume element at 
the surface of a region 


particles will leave the domain V, where v, = Ah/At denotes the normal 
component of the velocity vector v with respect to the surface of the domain V. 
Hence, we have 


f oe hav =f pav - d pAt ¥-dA. 
y V oV 


As a limit for At — 0, one therefore obtains 


[ow=-¢ pv-dA. 
y aV 


According to Gauss's theorem, 


$ Vad= f div P av. 
aV V 


one concludes by setting y- p v: 


[oa - - [ avon av. 
y y 


Since this equation must be valid for arbitrary choices of the domain V, one obtains 


—p = div(p ). (2.115) 


This is the continuity equation, for which we only assumed that no particles 
disappear and no particles are generated. Instead of the particle density, one could 
have considered different densities, such as the mass density, assuming mass 
conservation in that case. If we take the charge density as an example, charge 
conservation leads to 


— fq = div(o, Y) = div J, 


which we already know as Eq. (2.46) and where J= pq” is the convection current 
density. 
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Remark. If 6g = 0 holds, then the density will remain constant at every location; 
one obtains a stationary flow with 


div(p, ¥) =0 or div J — 0. 


This equation is known in electromagnetism for steady currents. 


2.10 Area Preservation in Phase Space 


In this section, we discuss how an area or a volume that is defined by the contained 
particles is modified when the particles are moving. 


2.10.1 Velocity Vector Fields 


Consider an arbitrary domain A in IR? at time t. Particles located inside the domain 
and on its boundary at time t will move a bit farther during the time span Aft. This 
movement is determined by the velocity field v(x, y). 

Let us define a parameterization of the domain such that x (o, 8) and y(q, 8) are 
given depending on the parameters œ and f. This leads to the area 


Bmax O max 
Aw = faa=f™ | 
A min O min 


The coordinates * = (x, y) denote each point of A. Such a point 7 will move to the 
new point 


d(x, y) 
O(o., B) 


da dp. 


P =P HIOA 


after the time span At. Since 7 depends on @ and £, it follows that F’ will also 
depend on these parameters. For the area of the deformed domain at the time t + At, 


we therefore get 
Bmax Omax 
Í J 


min min 


A(t + At) = A’ Ca 


da df 


with 


X =x+v,At, 


/ 


y=ytyvyAt. 
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Using the abbreviation 


p= 


ax a 
(x, y) = du a8 

ay 

Ja 3f 


0o.) | | TUR 


Or 
E = det? 1, F i) 
leads to 


& = det(T, + V4 At, Tg + Vg At) = det(Fa, Tg + Vg At) + deta At, Tg + Vg At) = 
= det(r4, rg) + det(r,, vg At) + det(V, At, Fg) + deta At, vg At) = 
= £ + At (det(T,, Vg) + deta, 74)) + At? deta, vg). 


One obtains 


J 1 Ias us utes 
Eun iet gode 


x dx Qv, B dy Ov, | Qv, OY B Qv, Ox _ 


da 9B da 0B da dB da dp — 
_ Ox (2 Ox | Ov, 5-5 "(ms Ox mu =) 


da \ dx 0B 3y Ə əx Ə — Oy Op 
oy (>: Ox Avy x)-5 JL Ox 4 95 =) 
op \ dx da — Oy da dx da dy da 
_ vy (So mx)t3 > (2z - aac) 
dy \da 0p dB da da 0B dB da 
> x - E div v. 


Since € Æ 0 is valid (£ = |&| sgn £, sgn € constant), one gets 


“sl = J£] div 


Due to 


Pmax Omax 
Ap = f fO igi aw ap, 
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one obtains 


d A Pw: ax Omax ð Pmax Ümax E 
"n =f f ael do df = f |E| div 3 do: df. 


min Bmin 


Now it is obvious that the area remains constant for div v = 0. If we were talking 
here about a fluid, such a fluid would obviously be incompressible; were one to try 
to compress it, the shape would be modified, but the total area (or volume) occupied 
by the particles would remain the same. 


2.10.2 Maps 


Now we analyze in a more general way how an area 


Bmax max | 9 x, 
Je Le LL 
is modified by a map 
7’ = FË), 
which transforms each vector 7 = (x,y) into a vector F’ = (x’,y’). The 


parameterization will remain the same. Each point of the domain moves to a new 
point, so that the shape of the domain will change in general. Hence, we have to 


calculate 
Bmax O'max 0 
a= f e at) da df. 
According to Appendix A.5, we have 
A =A 
if 
| TE 


is satisfied; the Jacobian of area-preserving maps is obviously +1 or —1. 
We now check this general formula for the situation discussed in the previous 
section, where a special map 
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was given. The Jacobian is then 


ax’ dx! Avy avy 

jx ir | = re ae At ay At E 1+ At ES + 7) 
yay Vy Vy 

m ae pa lao At Ox dy 


She (=: Qv, E Qv, at) 
dx dy dy Ox]. 


If one now wants to calculate 


one obtains, due to 


& = a(x’, y) 
d(x, y) 
(see Appendix A.5), the relation 
axy’) 
oE : aay) dvy | Ov, IN 
4. 75m. Es =£ jr" ay = é div v, 


as above. 


2.10.3 Liouville’s Theorem 


The statement derived above that the condition 


div v = 0 


leads to area preservation or—depending on the dimension—to volume preser- 
vation in phase space is called Liouville’s theorem. This equation is also given 
as the condition for incompressible flows. Please note that one can speak of area 
preservation only if the area is defined in a unique way. This is, for example possible, 
if a continuous particle density p with clear boundaries in phase space is assumed, 
but not for a discrete distribution of individual particles (or only approximately if 
large numbers of particles are present). We will return to this problem later. 
Liouville’s theorem (and therefore also area/volume preservation) is also valid if 


v(7,t) 


depends explicitly on time (cf. Szebehely [46, p. 55], Fetter [47, p. 296], or 
Budó [48, p. 446]). 
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Fig. 2.14 Spring-mass 
system 


2.44 Hamiltonian Systems 


Hamiltonian theory is usually developed in the scope of classical mechanics after 
introduction of the Lagrangian formulation (cf. [19]). Here we choose a different 
approach by introducing Hamiltonian functions directly. This can, of course, be no 
replacement for intense studies of Hamiltonian mechanics, but it is sufficient to 
understand some basics that are relevant in the following chapters of this book. 


2.11.1 Example for Motivation 


Consider the system sketched in Fig. 2.14. The spring constant K and the mass m 
are known. The force balance leads to 


mx = —Kx 
. K 
i+ x= 0. (2.116) 


The general solution is obtained using the following ansatz: 


x = A cos(wt) + B sin(ot), 
X = —Ao sin(wt) + Bo cos(ot), 
X = —Ao? cos(wt) — Bo? sin(ot). 


We obviously obtain 
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Fig. 2.15 Trajectory of the x 
spring—mass system 
wC 
x 
C 
One can alternatively write x in the form 
x =C cos(ot — Y) = C cos(wt) cosg +C sin(ot) sing. (2.117) 
This leads to: 
A — C cose, 
B — C sing. 
For x and X one obtains 
x = —Co sin(ot — Q), (2.118) 
X = —Co? cos(wt — y) = —w’x. (2.119) 


The result may be drawn as shown in Fig. 2.15. 

The quantity y obviously determines only the initial conditions, whereas C is the 
oscillation amplitude and thus characterizes the energy of the system. 

The quantity C (regarded as a system property), as well as the energy W , remains 
constant on the trajectory. If, in general, we have an invariant H that depends on two 
variables q and p, then the trajectory (q(t), p(t)) will have the property that 


dH u 
dt — 
holds. One concludes that 
dH dq | 0Hdp — 0 
dq dt dp dt — 
oH. + oH zu 
oq 1 ap” 


This equation is obviously satisfied if the following system of equations is valid: 


Si, (2.120) 
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OH _ 


UM (2.121) 
q 


These equations are called Hamilton's equations. The function H (q, p) is called 
the Hamiltonian. We will now check whether this system of equations is actually 
satisfied in our example. 

It is clear that the total energy of the system remains constant: 


This can also be seen formally if the differential equation 
mx+Kx=0 
is multiplied by x: 


mxx+Kxx=0 


md. Kd,, 
dW 
—=0. 

dt 
Here we obviously have 
oW K 
—— = X 
Ox 
aw 
—— = mv, 
ðv 
X-—y, 
i K 
v=X=-—x. 
m 
As a result, one obtains 
aw : 
—— = —my, 
Ox 
aw : 
—— — mx. 
ðv 


These equations are not yet equivalent to the above-mentioned Hamilton equations. 
However, it is not a big step to work with p = mv instead of v: 
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Now the equations actually have the desired form; Hamilton's equations are 
satisfied. The function W(x, p) is called a Hamiltonian, since it satisfies Hamilton's 
equations. 

As shown above, C is also constant along the trajectory. We can obviously 
determine C as follows, based on Eqs. (2.117) and (2.118): 


(o CY. = (wx)? + x’. 


It seems to be useful to define the following quantities in order to get C = 


VP +P 
q-—x, p=-. 
w 


Calculating the partial derivatives leads to 


aC ] |. 

wr EB. 

op | 2C 

aC 1 

me S= 2q, 

oq 2C 
ġ=i= op 

With the help of Eq. (2.116), one obtains 
p = — = —ox = —wq 


C aa sar os 
9p oC ap , 
aC It ve aC - 


ac?) ac QC?) ac 


dp’ üq 


90 
If we therefore set 
w 
H = C’, 
2 


we again obtain Hamilton’s equations: 


We conclude that on the trajectory, the Hamiltonian 


w w 
HG, p) =p + — Pp 
@ p) = 54 t P 
is constant if in our example, the generalized coordinate 
q=x 


and the generalized momentum 


p=x/o 
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are used. In our special case, d is a physical coordinate, but p is not the physical 
momentum. In general, q also does not need to be a physical coordinate. This 
explains the terms “generalized coordinate" and “generalized momentum.” Here 
they formally play a similar mathematical role. We summarize: 


* H(q, p) is called a Hamiltonian if Hamilton's equations (2.120) and (2.121) are 


satisfied. 
* The Hamiltonian describes a dynamical system. 


* The quantities q and p are called a generalized coordinate and generalized 
momentum, respectively. They do not necessarily have to be identical to the 


physical coordinates and momenta. 


* Different Hamiltonians may exist for the same dynamical system (in our 
example, 5 C ? and W), and also different definitions of q and p are possible. 


2.11.2 Arbitrary Number of Variables 


Our introductory example contained only one coordinate and one momentum 
variable. For an arbitrary number of coordinate variables, Hamilton's equations are 
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oH ; 
= di, (2.122) 
Opi 
oH 
= — ħi. (2.123) 
Ogi 
In this case, the Hamiltonian 
A(qi, pi. t) 


depends on n generalized coordinates q; (1 < i < n), on n generalized momentum 
variables p;, and in general, explicitly on the time f. Its total derivative with respect 
to time is 


Mos 9H 0H | | oH 
d Lag 3p" | ar 


By means of Eqs. (2.122) and (2.123), one obtains 


dH ðH 
d! Ot. 


This shows that if the Hamiltonian does not explicitly depend on time (as in our 
introductory example), it is constant along the trajectory. In contrast to this case, 
an explicit time dependence directly determines the time dependence along the 
trajectory. 

Autonomous Hamiltonian systems H (qi, pi) with no explicit time dependence 
are conservative systems, because H does not change with time (i.e., along the 
trajectory). 


2.11.3 Flow in Phase Space 


In general, we consider a system with n degrees of freedom. In this case, we 
have n generalized coordinates q; and n generalized momentum variables p; (i € 
{1,2,...,m}). 

The 2n-dimensional space that is generated by these variables is called the phase 
space. If the 2n variables q; and p; are given at a time fo, the system state is 
determined completely, and q;(t), p;(t) can be calculated for arbitrary times t (in 
the maximal interval of existence; see Sects. 2.8.3.3 and 2.8.3.4). 

In order to show this, we combine coordinate and momentum variables as 
follows: 
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aH 
opi 
11 a aH 
q2 q2 dp2 
E " 
Pep Pee E 
Pl Pı Tag 
A oH 
p p2 3g; 
Pn Pn — 3H 
ðqn 


In the last step, we used Hamilton’s equations (2.122) and (2.123). Based on this 
definition, the problem has the standard form (2.94) of a dynamical system (see 
p. 50). We obtain 


n 


2 2 
dvb = (7 ~~~) =0 


— \ OPK OGK — OqK DK 


Therefore, the flow in phase space corresponds to an incompressible fluid. Thus, 
Liouville’s theorem is valid automatically, stating that the area/volume in phase 
space remains constant. We have assumed only the preservation of the number of 
particles and the validity of Hamilton’s equations. 

Liouville’s theorem (and area/volume preservation) is also valid if the Hamilto- 
nian 


H(q, p.t) 


explicitly depends on time (cf. Szebehely [46, p. 55], Lichtenberg [49, p. 13]). 


2.11.4 Fixed Points of a Hamiltonian System in the Plane 


For the fixed points of an autonomous Hamiltonian system with one degree of 
freedom, we have 
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If we calculate the eigenvalues of the matrix 
A = DY(g) = (2 2 (2.124) 
a21 022 
according to Eqs. (2.107) and (2.108), we obtain 


B= UT eg, C = -det 4A, 


and therefore 


À = VC = +v- det A. 


Hence, the two eigenvalues are either real with opposite sign or imaginary with 
opposite sign. 

All fixed points of the linearized system are therefore either centers or saddle 
points. The linearized system cannot have any sources or sinks. This is consistent 
with the name “conservative system.” 


We now regard the Hamiltonian H(q,p) as a function that describes a two- 
dimensional surface in three-dimensional space. 
The fixed-point condition 


is necessary for the existence of a relative extremum (also called a local extremum) 
of H(r) at f = rg, because the gradient of H must be zero. A sufficient condition 
for a relative minimum is that the Hessian matrix 


of H be positive definite at 7 = rz (all eigenvalues positive). If the Hessian matrix 
is negative definite (all eigenvalues negative), then a relative maximum is present. 
If the Hessian matrix is indefinite (both positive and negative eigenvalues), a saddle 
point is present. 

Obviously, we find for the Hessian matrix 
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The eigenvalues Ay of the Hessian matrix can be determined as follows: 


(—a21 — àn) (a12 — An) — a =0 


> As + Au(a21 — 412) — (aĉi + anran) = 0 


= EY) 
aine a12 e " [T -e "T (2.125) 


an-—a a12 + a1)? 
> Ay = 2- ue 12 - 21) EN 


The argument of the square root is not negative, so that only real eigenvalues exist 
(symmetry of the Hessian matrix). 
Hence, we have three possibilities for the value of the square root: 


e [t is greater than the absolute value of the first fraction. In this case, it 
determines the sign of the eigenvalues. Therefore, a positive eigenvalue and a 
negative eigenvalue exist, and the Hessian matrix is indefinite. Hence, we have a 
(geometric) saddle point. In this case, due to Eq. (2.125), we have 

dj + 412021 > 0, 


or with a}; = —an (see Eq. (2.124)), 


411422 — 412421 < 0 


€ det A <0. 


Due to the restriction 


A=4VC = xA - det A 


for the eigenvalues of the Jacobian matrix, the fixed point is also a saddle point. 
e Itis less than the absolute value of the first fraction in Eq. (2.125), so that det A > 
0 holds. Due to 


A= +y- det A, 


the eigenvalues are imaginary, and the fixed point is a center. The first fraction in 
Eq. (2.125) decides which sign the eigenvalues of the Hessian matrix have. For 
dj» > a2, we have a relative minimum of the Hamiltonian, and for a}. < az, 
one obtains a relative maximum. 

e It equals the first fraction in Eq. (2.125). Then, one eigenvalue is zero, and 
det A — 0 holds, which we have excluded (degenerate fixed point). 
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In conclusion, the Hamiltonian has a geometric saddle point if the corresponding 
fixed point is a saddle point. It has a relative minimum or maximum if the 
corresponding fixed point is a center. 


2.11.5 Hamiltonian as Lyapunov Function 


As in the previous sections, let us consider an autonomous Hamiltonian system with 
only one degree of freedom. 

In Sect. 2.11.4, we saw that the linearization of such a system may have only 
centers and saddle points as fixed points. Let us assume that the system is linearized 
at a specific fixed point and that the fixed point of the linearized system is a saddle 
point. According to Theorem 2.17 (p. 77), the fixed point of the original system 
must be a saddle point as well. Theorem 2.17 applies, because the saddle point is a 
hyperbolic fixed point. 

These arguments cannot be adopted for a center as a fixed point, because centers 
are not hyperbolic fixed points. If we want to show that a center of the linearized 
system corresponds to a center of the original nonlinear system, we need a different 
approach, which is presented in the following. 

In many cases, the Hamiltonian of an autonomous system is defined in such a way 
that H > 0 holds and that for the fixed points, H (rp) = 0 is valid. If under these 
conditions, H (7) has a minimum at F = fg, then L :— H is a Lyapunov function, 
since one has 


dL : aH aH 
T =F gnd L= (Í ) -grd H = dp, |- 23 |=0<0. 
dt p E p 


Under these conditions, one is therefore able to show that the autonomous Hamilto- 
nian system has a center.'? 


Theorem 2.19. Let H € C?(D) be a Hamiltonian (D C R” open). If f is an 
isolated minimum (strict minimum) of the Hamiltonian, then F is a stable fixed point. 


(See Amann [35, Sect. 18.11 b]; Walter [50, Sect. 30, Chap. XII d].) 
Since for Hamiltonians, the question whether a minimum of maximum exists is 
just a matter of the sign,” one concludes in general the following result: 


'° This is not astonishing, since we obtained aL = 0, so that L and H are constant on the trajectory. 


0The reader may verify that if H (q, p) is a Hamiltonian, then A = —H with d = pand p —q 
is also a Hamiltonian. Furthermore, one can easily see that adding a constant to a Hamiltonian 
does not modify Hamilton's equations. Therefore, every relative maximum or minimum of a 
Hamiltonian at 7 = rr may be transformed into a relative minimum with H (7g) = 0. 
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Theorem 2.20. Every nondegenerate fixed point rg of a Hamiltonian system is a 
saddle point or a center. It is a saddle point if and only if the Hamiltonian has a 
saddle point with 


det [ Dv(rg)] < 0. 


It is a center if and only if the Hamiltonian has a strict minimum or strict maximum 
with 


det [Dv(rg)] > 0. 


(See Perko [30, Sect. 2.14, Theorem 2].) 


2.11.6 Canonical Transformations 


We consider canonical transformations as transformations that preserve the phase 
space area and that transform one set of Hamilton’s equations (depending on q, p) 
into another set of Hamilton’s equations (depending on Q, P). 

According to Appendix A.5, preservation of the phase space area means 


30 90 
pa OED ay | a OO OE ne (2.126) 
0(q. p) dr dp dq dp ðp ðq 


We consider only a very specific”! subset of canonical transformations for which 
the value of the Hamiltonian remains unchanged. In this case, 


?! A sophisticated theory of canonical transformations exists and is described in many textbooks 
on theoretical physics. The transformed generalized coordinates Q; and momenta P; (i € 
1152: nj) may depend on the original generalized coordinates q; and momenta p; and on 
the time t: 


Qi = Qi(qi. q2- -+5 da Pis Pss Pnst), 


P; = Pi(qi.qa...., Qn» DV P24 +++ pn. 0). 
The Hamiltonian H(q),q,..., qn; Pi; D2s- --, Pn,t) is transformed into the Hamiltonian 
K(Q1, Qo,..., Ons Pis Po, sss P,,,t). Canonical transformations can be constructed using four 


basic types of generating function F\(q, Q. t). Fo(q, P. t), F3(p, Q.t). F4(p, P,t). This theory 
is outside the scope of this book. An introduction may be found, for example, in [19]. 
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must be transformed into 


z oH : oH 
2 —3p . 


For all points in phase space we have 


dH ƏHƏQ aH aP a0 OP 
= = -P . 
ip 80» PR `! ap 2 Op 
dH  àHQ dH OP |. .8Q  .8P 
- -p=-Ż n. 
n doux Pay 7?” aq È dq 


Now we have to check whether these restricted transformations are actually 
canonical ones, i.e., whether € = 1 holds. 

For this purpose, we eliminate all derivatives of P in Eq. (2.126) by means of the 
last two results: 


 agQí(q ,P8Q| æf p È - (i2 2) 
(ox) DE Q Và * ap?) 


The last expression in parentheses is equal to Q, so that £ — 1 indeed holds. 


2.11.7 Action-Angle Variables 


In this section, we will briefly discuss special coordinates for oscillatory Hamil- 
tonian systems, the so-called action-angle variables. Again, the general theory 
is outside the scope of this book, but we will use some results of this theory to 
determine the oscillation frequency of nonlinear systems. 


2.11.7.1 Introductory Example 


As an introductory example, we consider a parallel LC circuit as shown in Fig. 2.16 
for which 


and 
-I12CY =>V=- 


hold. For 
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Fig. 2.16 Parallel LC circuit I 


this may be transformed into Hamilton's equations: 


For the initial conditions 


one obtains 


This value of the Hamiltonian is preserved, so that 
C C 
I? =2CH — —V? = ~ (V — V?) 
L L 


is valid. Hence, the orbit in phase space is an ellipse with semiaxes Vmax and 


For the area enclosed by this orbit, one obtains 
€ ja TA 
A= Tt Vimax Imax =H A = 2n. LCH. 


Since we know that the resonant angular frequency of a parallel LC circuit is 


wW = Wres :— 


SLG 
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we see at once that 


_ 2m 


A= H=TH, 


oO 
where T is the period of the oscillation. One may therefore guess that the resonant 
frequency or period may be derived from the area enclosed by the orbit even if less- 
trivial examples are considered. If that works (and it does, as we will see soon), it 
will obviously not be necessary to actually solve the differential equation. 


2.11.7.2 Basic Principle 


Let us consider an autonomous Hamiltonian system with one degree of freedom. 
We assume that in the (q, p) phase space, a center exists such that closed orbits are 
present. We are now looking for a specific canonical transformation that introduces 
the new generalized coordinate/momentum pair (Q, P). 

The idea of action-angle variables is to require that one of the transformed 
coordinates not depend on time: 


dP 5 
d ^ 
Hamilton's equations 
_ 0H oH 
ENT dq’ 
. OH : oH 
Q = , P — WA P 
oP dQ 
then show that 
oH 
Be £0) 
dQ 


is valid, so that H cannot depend on Q but only on P: 
H = H(P). 


Therefore, 24 also depends only on P. Furthermore, P is constant with respect to 
time, so that 

ðH dH 

ðP dP 
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Fig. 2.17 Transition to action-angle variables 


cannot depend on time either. Due to Hamilton's equation, one then obtains 


s 9H ep 
DP (P), 


and therefore 


Q(t) = Q(0) + KCP) t. 


In the original phase space (q, p), one revolution lasted for time T. Hence, it is 
clear that in the transformed phase space (Q, P), the variable Q will increase by 
the amount 


AQ = K(P) T, (2.127) 


while P remains constant. This is visualized in Fig. 2.17. 

Since the area in phase space is kept constant by a canonical transformation, the 
(Q, P) phase space is a surface of a cylinder (cf. Percival/Richards [51, p. 105]). 
This indicates why generalized coordinates are called cyclic if the Hamiltonian does 
not depend on them. In our case, Q is a cyclic coordinate. 

Heretofore, we required only that P not depend on time. This is satisfied, for 
example, if to every point (q, p), we assign the area A that is enclosed by the orbit 
that goes through the point (q, p): 


P=4= ff aap. 
A 


If this definition for P is used, then shaded area in the (q, p) phase space in Fig. 2.17 
is equal to P. The shaded area in the (Q, P) phase space is equal to P AQ (see the 
right-hand diagram in Fig. 2.17). Since both areas must be equal, we obtain 


AQ =1, 
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and therefore, based on Eq. (2.127), 


K(P)T =1 
e Kp- 3H =} 
= dP T' 


In conclusion, we may use H to calculate the period of the oscillation directly 
without solving the differential equation explicitly. 

Instead of taking the area A = P directly as a generalized coordinate, one defines 
the action variable 


and the angle variable’? 
0 — 2m Q. 


As the name implies, the angle variable obviously increases by 27 during every 
period of the oscillation. Hence, one obtains 
dH dH 2x 
— = — 2m 
dJ dP T 


dH 2r 
— = =a 
dJ T 
for Hamilton's equations 
oH . oH 
0 = —, J =--— =0 
oJ 00 


Please note that for these considerations, we assumed that the Hamiltonian does 
not depend on time and that the orbits are closed. Therefore, the action variable is 


It is easy to show that multiplying the generalized coordinate by a constant and dividing the 
generalized momentum by that same constant is a canonical transformation (cf. Sect. 5.1.3). 
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defined in a unique way, and by Liouville's theorem, it is obvious that the phase 
space area, and thus also the action variable, remains constant. 


2.11.8 LC Circuit with Nonlinear Inductance 
The characteristic curve B(H) of a magnetic material can be approximated by 
2 H 2 I 
B = Byax — arctan — = Byax— arctan —. 
T H, 0 T I 0 


The magnetic material will be used to build an inductor with N windings. With the 
magnetic flux ®,, = BA, it follows that 


d$, 2 1 1 d7 


WT aas ZT, d 
T I 0 
1+ (4) 


Therefore, from 


one obtains 


The corresponding inductor in parallel with a capacitor can now be used to form an 
LC oscillator as shown in Fig. 2.16. For the capacitance of the oscillating circuit, 


is valid. The magnetic energy is 
dI I dI 
Was [ vta finr E as f dt 


2 dt 
I 
1+(4) 
2L x dx i 
TRE jubar ^ 


where we have used 
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Because of 


| EE 
—— dx = - In const, 
1x 2 2 


one obtains 


Together with 


this leads to 


1 Lol 7 
W(V, D) = Wa + Wrage = 5C V° + > In 1+ (5) . 


If we define p = V, we obtain 


aw dI 
p p Du 


CL, dl 
1+ (ey dr. 


If this is one of the two Hamilton's equations, the right-hand side must be equal to 
q, and one obtains 


I 
q = CLolo arctan —. 
Io 


Therefore, the Hamiltonian is 


Lol? 


1 
H(q, p) = CP + In(1 4 tan 


q 
CLolo 


1 
=> H(q, p) = -Cp — Lol 1 
(q. p) 22 p MOS m 


We still have to check the second of Hamilton's equations. One obtains 


1 Io q I 


oH 1 
— = —Lo ó —— a (- sin ) = tan EL. 
oq COS cE CLolo J CLolo C CLolo C 
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dV 


In fact, the right-hand side equals —5, 


equations are satisfied. 


In order to calculate the oscillation frequency, we compute the action: 


J(H) = 


| 
$ c 
c. 
A 
a 
"s 


=— p dq 


ul qı 

=a H + Lol? 1 1 d 
= — — n cos —— s 

T C qı 9=0 CLolo 4 


which is equal to — p, and both Hamilton's 


The limits qı and q2 are determined by the zeros of p where the trajectory crosses 


the q-axis. The substitution 


| q dx, S 1l 
C Lolo’ dq C Lolo’ 
leads to 
1 /2 s 
J(H) = — Žeton | H + Lol? In cosx dx. 
(H) =- ooj y of 
Due to 
2 x4 
In cosx x ———-—-—:- 
12 


the simplest approximation for I < Ip is 


J(H) = LN 2C Lolo PUE | H 2 — x? dx 
T 2 xı Tighe 

LN LoC Lol he H > — x? dx. 

T Xi Lolg 


The integral describes the area of a semicircle with radius 


2H 
Lol?’ 


Il 


(2.128) 
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Fig. 2.18 Mathematical 
pendulum 


so that 
2H 
J(H) = - Is Cig 7 n2 = VLC H 
is obtained. As expected, one obtains 
|.dH 1 
|». dJ VLC 


If the approximation is undesirable, one may directly calculate the derivative of 
Eq. (2.128). Then the integral may be evaluated numerically in order to calculate 
the amplitude-dependent oscillation frequency o(f ). As mentioned above, no direct 
solution of the differential equation is required. 


2.11.9 Mathematical Pendulum 


Consider a mathematical pendulum with mass m that is suspended by means of a 
massless cord of length R (see Fig. 2.18). Suppose that initially, the mass m is at 
height x = h (corresponding to the angle œ = @) with zero velocity. 


2.11.9.1 Energy Balance 


The sum of the potential energy and kinetic energy must remain constant: 


1 
Woot + Wiin = const, with Wpo = mgx and Win = gm 
| , 
e mgx + z” = const 


€ g(R — R cosa) + jme = — const. 


106 

We now calculate the time derivative of this equation: 
gR sino à + R2àà = 0. 

As a result, we obtain 


Al ds 
a+ sina — 0. 


2.11.0.2 Hamilton’s Equations 
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(2.129) 


We now try to convert Eq. (2.129) into a pair of Hamilton's equations using our 


standard approach 


which leads to 


p= m sinq 
R ; 


If this is to be in accord with Hamilton's equations, 


0H ——. 
ap — :: 
OH 
aq — d 
we obtain by integration 
2 
P 
H = > + f(q). 


H = = cosq + g(p). 


Putting both results together, one obtains 


H(q. p) = 


(2.130) 
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If we additionally require H(0,0) = 0, we may add a constant accordingly: 
(1 — cos q). (2.131) 


2.11.9.3 Oscillation Period 


In order to calculate the oscillation period, we first determine the action variable: 


1 1 fe 
ran = = ff og ap == f pa 
qı 


Equation (2.130) leads to 


g 
= 2|H — | 
P " + R cosq 


for the upper part of the curve in phase space. By means of 


2 
a= Gott 
2g 
b= —2, 2.132 
ZR ( ) 
a HR 
D ems uem (2.133) 
b g 


one obtains the following integral: 


q2 
ran = | Va+tb cosq dq. (2.134) 
qı 


The limits qı and q2 of integration are determined by the zeros of p. We obviously 
have p = 0 for 


—a 
d12 = F arccos —. 


b 


Therefore, qı = —q2 holds, so that we can use the symmetry of the integrand: 


q2 
J(H) EE và +b cosq dq. 
0 
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According to the first formula 2.576 in [3], for |a| < b and 0 < q < arccos(—a/b), 
the integral has the following value:?? 


2 1 1\ J]? 
1H) 225 [e - o r(v JIETIU -) (2.135) 
b r r) |o 
2b d .. [b(1— cosq) 
r= an = arcsin | ———————. 
a+b d a+b 


For q = 0, one obviously has y = 0. For q = qo, 


with 


—a b (14 $) 


cosq = 77 — y = arcsin PEN = arcsin 1-7 


is valid. The expression in square brackets in Eq. (2.135) is equal to zero at the lower 
integration limit y = 0, since F(0, k) = 0 and E(0, k) = 0: 


(a — b)F (0, k) + 2b E (0, k) = 0. 


Here we set 


d 1 a A A 1 a 
gota fies and k’'=v1 Sats 2b. (2.136) 


From F(z/2,k) = K(k) and E(z/2,k) = E(k), one concludes, based on 
Eq. (2.135), that 


J(H) — NH — b) K(k) + 2b E(k)] = 42b [E(k) - k?K(k)]. (2.137) 


23 Here F(y, k) denotes the elliptic integral of the first kind, whereas E(y, k) is an elliptic integral 
of the second kind [52]: 


Y dà y E —————— 
F(y, k) = I — E(y, k) = f V — k? sin? 0 dé. 
0 1— k? sin? 0 0 


The complete elliptic integral of the first kind is defined by K(k) = F(z/2,Kk), while the 
complete elliptic integral of the second kind is given by E(k) = E(z/2, k). In this book, we 
make use of only the modulus k (0 < k < 1). Alternatively, one can also use the parameter m or 
the modular angle o: 


k — sin a, m =k’. 


The complementary modulus k’ is given by k? + k’? = 1, and the complementary parameter 
m, =k” is therefore defined by m + m, = 1. 
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The angular frequency of the oscillation may be calculated according to 


_ 0H 
ER 
Since by definition, H depends only on the action variable J but not on the angle 


variable 0, and since H does not depend on time in our case, the partial derivative 
is in fact a total derivative: 


dH dH dJA ^! 
(Q — = = 
0J dJ dH 


We therefore need & . From Eqs. (2.133), (2.136), and (2.137), we get 


dJ dJdk _ dE(k) ,,,— a aKO] 1 R 
— de i E KÆ) E | 2k2g — 
_ 2 dE(k) dK(k) 
EE oat 2k tk) - 0 y. 


In the last step, we made use of Eq. (2.132), which led to 


v= 2 fe 
m\ R 


With 
dK(k) = E(k) K(k) 
dk —— kk? k 
and 
dE(k) _ E(k) — K(k) 
dk k , 
we obtain 


dJ 2 JR E(k) —K(k) + 2k? K(k) - E(k) +k? K(k) 2 |R - 
dH xk k xVg (e. 


This finally leads to 


o= (2.138) 


dJ  2K(k) /4 
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The calculation presented here can be simplified significantly if the derivative with 
respect to H is determined before the integral is evaluated. This is done in Sect. 3.16 
for an analogous problem. 

Now our considerations are complete in principle. Only the geometric meaning 
of the modulus & remains to be clarified. 


From Eq. (2.136), one obtains 


Initially, the mass is momentarily at rest, so that we have p = à = 0. Therefore, 
according to Eq. (2.130), 


H = a cos 
R 


is the value of the Hamiltonian (which remains constant). This leads to 
iz A 
k= | cos a 
2 


a . 5.6 
2521-2 sin? —, 


Since 


^ 


cos& = cos? i sin 


this may be written in the form 


2v 

Il 

2. 

=] 
N | & 


2.11.10 Vlasov Equation 


From the formula 
div(p V) = Y- grad p + p div v, 


which is known from vector analysis, the continuity equation (2.115) for incom- 
pressible flows leads to the differential equation 


—p = Y- grad p. 
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If we consider a Hamiltonian system with one degree of freedom that describes the 
incompressible flow, we have 


Therefore, one obtains 


dp 9p | . Op 
=0 

aia 

op | 0H dp »" 9H dp 


ot dp ðq oq Op 


+å 


This is the Vlasov equation. It describes how the particle density p at different 
locations changes with time. 


2.11.11 Outlook 


A dynamical system is called conservative if the total energy (or the area in phase 
space) remains constant. 

Every autonomous Hamiltonian system is conservative. However, there exist non- 
Hamiltonian systems that are conservative. 

A function I (qx, px) that does not depend on f and that does not change its value 
on the trajectory is called a constant of the motion. Such a constant of the motion 
allows one to reduce the order of the problem by 1 (cf. Tabor [53, p. 2]), since one 
may express one variable in terms of the other variables by means of this function. 

For a non-Hamiltonian system of order n, one therefore needs n — 1 constants 
of the motion in order to completely solve the differential equation by means of 
quadratures (cf. Tabor [53, p. 39]). 

A Hamiltonian system is called integrable if the solution can be determined by 
quadratures (cf. Rebhan [22, vol. I, p. 287]). This is the case if the problem can be 
written in action-angle variables. 

In contrast to non-Hamiltonian systems, one needs only n constants of the motion 
if a Hamiltonian system of order 2n with n degrees of freedom is considered (instead 
of 2n — 1, as in the general case). 

Conservative Hamiltonian systems with one degree of freedom (order 2) are 
integrable (cf. Rebhan [22, vol. I, p. 359]). This is obvious, because the Hamiltonian 
itself is a constant of the motion. 

Chaotic behavior is possible only in nonintegrable systems (cf. Rebhan [22, 
vol. I, pp. 335 and 359]). Therefore, chaos is not possible in autonomous Hamil- 
tonian systems with one degree of freedom. However, if more degrees of freedom 
are present, chaotic behavior may also occur in autonomous Hamiltonian systems. 
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Chapter 3 
RF Acceleration 


This chapter is devoted to the longitudinal motion of charged particles in a 
synchrotron. 


3.1 Centripetal Force 


For the derivation of the equations of motion in a synchrotron, we need the 
centripetal force. Therefore, we briefly show that the expression for the centripetal 
force is the same in special relativity as in classical mechanics. 
For the momentum vector, we have 
Bomü-m(& +ë, +28), 
where 


m — moy 


is the velocity-dependent mass. We assume that wherever the centripetal force is 
active, the absolute value of the velocity will not be changed. Therefore, one obtains 


ài—-0, B=0, yp=0, m=O. 
Hence, only 
F=p=mitmiam& e 4 je, 26) 


has to be evaluated. On a circular orbit, we obtain 
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x =r cos(ot), uy = X = —or sin(ot), ü,—X--—or cos(ot), 
y=r sin(ot), uy = y =+or cos(ot), ù, = ï = —or sin(wt), 
z = const, u,=z=0, ù, =Z=0 


If we define the unit vector 
€, = ê, cos(wt) + ey sin(ot) 


pointing radially outward, we can see directly the following relations: 


u = —oré,, 
i -—uu-or. 
Hence we obtain 
2 
= > mu ., 
F = -m œr é; = —— e,. 


r 


This is the well-known formula for the centripetal force, which is now verified 
in the scope of special relativity, provided that the energy of the particle remains 
constant (as satisfied in pure magnetic fields). In Appendix A.2.3, it is shown that 
this result remains true for arbitrary plane curves (e.g., if the magnetic field is no 
longer constant). 


3.2 Simplified Model Synchrotron 


In the scope of this book, we are interested only in longitudinal particle motion. 
Therefore, we significantly decrease the complexity of the problem by employing 
a model synchrotron that comprises only two straight sections and two dipole 
magnets. We have to emphasize that such a synchrotron will not work, because 
quadrupole magnets are essential for transverse focusing. If we keep this in mind, 
however, we may use the model nevertheless to study longitudinal motion in 
principle. 
For the dipole magnets, we obtain 


Ww 
F = QuB = m— 
TR 


= | p = QrgB. (3.1) 
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Fig. 3.1 Strongly simplified synchrotron 


The product rg B is the magnetic rigidity. In one of the straight sections (the upper 
one in Fig. 3.1), we place a short ceramic gap. Let us assume that at £ = 0, the 
reference particle is located at the gap. By means of the gap voltage, the energy! 
of the particle will increase from yg o to yg. Therefore, in the mth revolution, the 
particle has energy yg ,,. Hereinafter, we will in general use the index R for quantities 
that are related to the reference particle. 

By definition, the magnetic field is increased in such a way that the reference 
particle always remains in the same orbit (rg — const). 

For the reference particle, we therefore obtain 


PR. n = Qrg Bn. (3.2) 


Here B, is the magnetic dipole field, and pg, is the momentum of the reference 
particle in the nth revolution. The reference particle will reach the beginning of the 
gap at time fg , after the nth revolution (fg = 0). 

For the orbit length, one obtains 


lg = 2zxrg + 2d. 
From 
IR 
URn = , 
E Tg 


Of course, the physical energy is obtained only after multiplying the Lorentz gammas by moce, 
but we will also briefly refer to the gammas as energies. 
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it follows that 


IR 
Branco f 


IRn = tRn-1 + Tg = fga-1 + (3.3) 


Before the nth revolution takes place, the energy of the particle is increased from 
Yrn—1 tO YR, n- This happens due to the voltage Vp,,—; at the gap: 


(Yen — YRa-i)mocg = QVR i 
= Q 
=> YRn = YRn-1 + 2 Vgai-a- (3.4) 
MoCo 


This completes the analysis of the reference particle. 


After the nth revolution, an asynchronous particle, i.e., an off-momentum 
particle, will be located at the gap at time ¢,. For the mth revolution, this asyn- 
chronous particle will need time T,,: 


th = th-1 + ———. (3.5) 


Before the nth revolution, the energy of the asynchronous particle increases from 
Yn—1 tO yn. This energy step is caused by the voltage V,,-1: 


Yn = Yn-1 + E i (3.6) 
MoCo 


From now on, we shall use A quantities to specify differences between the 
asynchronous particle and the reference particle (i.e., the synchronous particle). If 
we set Af, = t, — try and Ay, = Yn — yg, then Eqs. (3.3) and (3.5) lead to 


At, = Ati + int Als — In = 
BnCo Brno 
Brule F PR Aln ux Bile 


Bn Bran co 


= Ath-1+ 
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Al 
» PRa = Abn 
= At al Eh» afe 
i " Bun BRnCo 
Ig (= >) 
=> At, = Aty-4 + — : (3.7) 
BnCo In Bran 


Based on Eqs. (3.4) and (3.6), one obtains, by means of AV, = V, — Van, 


A Yn = AYn-ı + 2 Vpn. (3.8) 
MoCo 


We are now interested in the change of the orbit length that is caused by the 
change of momentum. 

This is relevant, because the orbit of the asynchronous particle will have a 
different radius r, from that of the reference particle, since its momentum is 
different: 


Pn = Or, By. 


The magnetic field B,, however, is the same as for the reference particle, since we 
assume that the asynchronous particle is still inside the straight section when the 
reference particle is located at the gap. 

We obviously have 


Yn Dn Dn Dn 
eS ee In =FR — rR + —1]rm. 
TR PR.n PR,n 


It follows that 


lı = 2zr, + 2d = lg + 27 (= — 1) rp. 


PRa 


Using Al, = l, — lg and Api = Pn — pn, One obtains 


A 
Al, = 2zrg mm 
PRa 
Since Ig and rg are constant, the quantity 
2nrg 


(3.9) 


A= 
Ir 


120 3 RF Acceleration 


can be defined, leading to 


Al, APn 
=Q 


In ° PR.n l 


(3.10) 


Due to this equation, o is called the momentum compaction factor. The simple 
expression in Eq. (3.9) is due to our very special simplified model synchrotron. In 
general, it depends on the synchrotron lattice, i.e., on the special combination 
of all magnets. In Appendix A.3, a more general equation, namely (A.26), is 
discussed. In most synchrotrons, the momentum compaction factor is positive 


(cf. [1, Sect. 2.1.1]): 
a. > 0. 


In this book, we will restrict ourselves to this case. 


By means of equation (3.10), we may convert Eq. (3.7) as follows: 


Apn Abn ) 
: PR,n Brn ` 


l 
At, = Atr- + 2 (« 
BnCo 


With 


Bn Yn — Bran YR, n = (Bran + AB, )(yna + Ayn) = Bran YR nn = 
= PR A yn + As yn n + ABn AYn, 
the equation 


APn — BuYn — Bran YR,n 
PR.n Bran YR.n 


leads to 


Apn A Yn Aj Abn AYn 
Pn _ AYn | Bn Bn AY 


PR. YR.n Brin Brin YR.n 


We conclude that 


l AYn Aj, Ap, AYn Ap, 
At, = Atr + R («( B LM p in) - 2I 


Bn Co YR.n Brn Brn YRan Brn 


(3.11) 
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Please note that up to this point, all derivations have been exact in the scope of 
our simplified synchrotron model. We now make first approximations, assuming 


AYVn A 
«1 and -~ <l. 
YR.n Ryn 


In Table 2.3 (p. 48), we find the conversion 


AB, " 1 A Yn 


x : (3.12) 
Bran VR nban YR,n 
This leads to 
lg Ayn 1 1 
Atn = Atn—1 + E B Ac 1 + 2 2 = 2 2 L 
Bno YR,n YrnPRn YrnPRn 
and due to 
1+ py _ y?, 
one obtains 
Ir Ayn 1 1 
Af, = Atn—1 + p D PT UM UE : 
Pnco YR,n Ban YrnPRn 
By means of 
1 
NR, n = Ac — —» 3 (3.13) 
YR.n 
it follows that 
l n A n 
ree ae ut. a (3.14) 
Bn Bg Co YR.n 


If we assume that the time 7g, needed by the particle for one revolution is short in 
comparison with the times in which Af, changes significantly, we may calculate the 
following limit: 


At, — Atn—1 dAt 
— š 
Tran dt 


The quantities without the index R that describe the asynchronous particle and the 
quantities with the index R that describe the synchronous particle differ only by a 
small amount. Therefore, we obtain, by the limiting process, 
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dAt = iRNR 

dt TrBRYRCO 
HAT. R (3.15) 
dt BRYR 


In an analogous way, we may perform a limiting process for Eq. (3.8): 


dAy _ Q 
dt 7 Trmocå 


If we assume that the voltage 


V(t) =V@ nee) vit wð = I aea 
0 


is harmonic (see Chap. 1) and that the reference particle experiences the reference 
phase (also called synchronous phase) ggr = gg when it passes the gap, we obtain 


Vg = V(tg) = V (fg) sing (3.16) 
for the synchronous particle and 
V(t = tg + At) A Y (tg) sin(cOgg At + QR) 


for an off-momentum particle. Here we have assumed that neither the amplitude 4 
nor the frequency «gr changes significantly during the time At. It follows that 


dAy _ QV 
dt 7 Trmoc? 


(sin(Ogg At + r) — sin gg) . (3.17) 


Equations (3.15) and (3.17) may be written in the form 


do o a 
— = r), 
qoe 


which is compatible with Sect. 2.8 if 


are defined. For the divergence of v, one obtains 


20 War Vay 


di - 0. 
VYE AL. DAy 
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Thus we have shown that the flow in phase space preserves the phase space area 
(see Sect. 2.10.3); Liouville's theorem is satisfied. Therefore, one usually uses the 
unit eVs for the phase space area, i.e., a product of time and energy. This unit 
is obtained if we calculate with AW instead of Ay. This does not change the 


invariance of the phase space area, since the required factor moc; is constant: 


dAt 
= T AW 
dt MoCo BRYR 
dAt NR 
e| — = 3.18 
dt Werp? ( ) 
dAW y 
= 9v (sin(ogE At + gr) — sin gg) . (3.19) 
dt Tg 
Here we used the total energy 
Wa = mc, = mocoyr (3.20) 


of the synchronous particle. 


3.3 Tracking Equations 


Equations (3.8) and (3.14) may be used as recurrence steps for a so-called particle 
tracking program. It is remarkable that the result of Eq. (3.8) has to be inserted on 
the right-hand side of Eq. (3.14). Therefore, one cannot evaluate both equations at 
the same time. If one replaced Ay, in Eq. (3.14) by Ay,—1, which does not seem to 
change things significantly at first sight, then unstable orbits instead of stable orbits 
would be the result. This may be verified as follows: 

Equation (3.14) obviously has the form 


Xk = xki + f(x). 
Equation (3.8), however, has the form 


Yk = yk-a + gxk-a). 


?The validity of Liouville’s theorem is of course dependent on the assumptions that we made to 
derive the equations of motion in longitudinal phase space. 
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If we insert the second equation into the first in order to have only quantities on the 
right-hand side that belong to step k — 1, we obtain 


Xk = Xk—1 + fGik- + gui) 
Yk = Ve-1 + ¥(XK-1). 


A map 
7 = Fra) 


is area-preserving if the absolute value of the Jacobian equals 1, as we discussed in 
Sect. 2.10.2. In the case under consideration here, the Jacobian is 


IK Vk) E+ f Oki + gk) g Oka) fO + 803) | _ 
O(Xk—1, Yk-1) g' (Xk-1) 1 l 


Hence, the system that is described by the tracking equations (3.8) and (3.14) is 
actually area-preserving. The discrete tracking equations therefore are a reasonable 
discretization of the continuous system; the corresponding iteration algorithm is 
called a leapfrog scheme (cf. [2, Appendix EJ). 

If, however, one starts with the symmetric pair of equations 


Xk = Xk-1 + f(Yk-1), 
Yk = Ye-1 + (Xia). 


one obtains the Jacobian 


906 y) | 1 Sa 
O(xx—1. Yk-1) g (Xi) 1 


In contrast to the continuous system, these discrete equations do not describe a 
conservative system. We may therefore conclude that Eqs. (3.8) and (3.14) are 
correct, even though they are not symmetric. 

By means of the tracking equations, we are now able to simulate the behavior of 
particle clouds in longitudinal phase space. An example is shown in Fig. 3.2. At 
the start of the simulation, several particles are randomly distributed in phase space 
inside an ellipse. A harmonic voltage 


V(t) = y sin(@ppt) 
is assumed. Each particle moves in phase space according to the tracking equations. 


The simulation shows some effects that can also be seen in the snapshots 
displayed in Fig. 3.2: 
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Fig. 3.2 Example of a tracking simulation of particles in phase space 


* The particles perform rotations in longitudinal phase space (counterclockwise). 
This is the so-called synchrotron oscillation of individual particles that was 
already mentioned in the introduction. The conclusion that the particles oscillate 
around the synchronous phase, i.e., that they perform oscillations on the axis Af, 
is now visualized in a different way: since the energy deviation is added in phase 
space, this oscillation on the time axis is converted into a rotation in phase space. 
For the sake of clarity, it should again be emphasized (cf. Footnote 4 on p. 5) that 
the oscillation does not occur around a single slope of the voltage V(t) but that 
an overlay of several revolutions is necessary to make this oscillation (and also 
the rotation in phase space) visible. After all, the particles fly in the longitudinal 
direction with very high speed. 
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* The combination of all the particles (e.g., in the first diagram of Fig. 3.2) is called 
a bunch. 

* The third picture shows approximately the initial bunch rotated by 90? in phase 
space (and stretched due to the arbitrary scaling of the axes). However, the bunch 
shape is not identical to the original elliptical bunch, because the outer particles 
rotate with a lower oscillation frequency; they lag behind. In the beginning, this 
leads to an S-shaped bunch, and later, spiral galaxies are formed in phase space. 

* After several revolutions, the different spiral arms can no longer be distinguished 
from each other. 

* Based on the first four (or even five) pictures, one may verify that the area 
occupied by the particles in phase space remains constant, as proven above. In 
the last picture, the occupied area seems to be larger, but this is due to the effect 
mentioned earlier that the spiral arms can no longer be identified clearly. One 
speaks of filamentation and phase space dilution. The reason is the limited 
number of particles used instead of a continuous particle distribution. Winding up 
the spiral arms will involve some empty phase space area that is also wound up in 
between. Strictly speaking, the definition of the area that is occupied by particles 
is possible only for a continuous particle distribution with clear boundaries, i.e., 
for an infinite number of particles. For a finite number of particles, the definition 
may be used only approximately. In the beginning, the number of particles is 
large enough to identify the boundaries of the bunch. Later, the same number of 
particles is no longer sufficient to identify the more complex bunch shape with 
the wound up spiral arms. Therefore, as a result of the lack of a clear definition 
of area for a finite number of particles, the visible area occupied by the particles 
in the last diagram is larger than that in the first diagrams. We will return to this 
problem in Sects. 3.24, 5.4, and 5.6.4. 

* The phase space area that is occupied by particles is called the longitudinal 
emittance. Due to Liouville's theorem, the longitudinal emittance is constant.’ 
For the longitudinal emittance, one usually uses eVs as the physical unit. In this 
book, we are not dealing with transverse beam dynamics, and we will therefore 
omit the word "longitudinal" from time to time. 


3As mentioned above, this statement depends, of course, on the assumptions that were made to 
derive the equations of motion in longitudinal phase space. Examples of effects that do not keep 
the phase space area occupied by the particles constant are: 


— Active beam cooling (which reduces the area occupied by particles in phase space). 
— Synchrotron radiation (especially relevant for electron beams but negligible for ion beams if 
they are not accelerated to extremely high energies). 


As discussed before, it is also possible that an increase in the phase space area occupied by 
particles is observed based on the finite number of particles. This may, for example, be caused by 
undesired disturbances. In this case, one should speak rather of an increase in the RMS emittance 
that will be introduced in Sect. 5.6.4. Calling this effect purely “emittance increase" may lead to 
misunderstandings caused by the validity of Liouville's theorem in combination with the difficulty 
in defining an area for a finite number of particles. 
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* Ifthe simulation runs even longer than displayed here, the macroscopic shape of 
the bunch will no longer change significantly. The individual particles will, of 
course, continue to move, but the distribution will no longer change. As we will 
see later, this is the case of a matched bunch, for which 


i^ o 
ot 
holds everywhere in phase space. 

* All particles that are located inside a small time interval (i.e., inside a narrow 
vertical strip) will contribute to the beam current during this time interval. In 
other words, the specific instantaneous energy of these particles does not matter. 
Therefore, the beam signal is obtained as the projection 


Team (f£) = locam (fg. Eu At) = foi AW) d(AW) 


of the bunch onto the time axis. This is why both the particle distribution in phase 
space and the pulses of the beam signal are called bunches. 


Of course, the example shown in Fig. 3.2 is a very special one. If, for example, 
a larger bunch had been assumed as an initial distribution, one would have seen 
that the outer particles may also move on unstable trajectories. Therefore, we 
will discuss the phase space behavior in more detail in the following sections. 
Nevertheless, the individual particles will still show a very transparent behavior that 
justifies our phase space analysis. 

The phenomena discussed here were based on a computer simulation of several 
particles. These tracking simulations are inevitable for complicated situations. 
Nevertheless, it is possible to study the basic effects analytically. This will be done 
in the following sections. 


3.4 Phase Slip Factor and Transition Energy 


The quantity? 


TR = Oe — z» (3.21) 


“The index n that specifies the revolution is omitted in this section, since the quantities will be 
regarded as quasicontinuous here. 
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which was introduced in Eq. (3.13), is called? a slip factor (cf. [4]), phase slip factor 
(cf. [5]), frequency slip factor (cf. [6]), or slippage factor [7]. This name will be 
explained in the following. 

Based on 


Ig In 
= — S&S Tr = ; 
Tg * Dnco 


UR 


we may obtain the following relation by calculating the derivative with respect to 
time: 


ir = inBreo — Breolr 


BREG 
Ta _ |e Be 
Tr kR Bre 


Therefore, for a deviation AT of the revolution time, one obtains approximately 


AT Al AB 


Tg R Br 


On the one hand, we may make use of Eq. (3.10), 


Al Ap 


— =A , 
In DR 


to calculate the deviation A/ of the orbit length. On the other hand, one obtains 


1 — 
Korg cy By = yy? -1 
2yy y 
=> —(ßy) = af 
a PY 2/y?-1 Æ 
d ly Ap 1 Ay 
> z7r) = ae > — x AL 
By dt B^y PR — DR YR 


Together with Eq. (3.12), 


AD 1 Ay 
Pr ¥RBR YR’ 


>Please note that the slip factor is sometimes defined with a negative sign (cf. [3]). 
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one obtains 


AB 1 Ap 
PR — yg PR 
which may be inserted above: 
AT _ ( 1 ) Ap 
Tg ° VR PR 
Therefore, 
AT _ Ap 
TR i PR 


is valid. In conclusion, the factor ng describes by what percentage the revolution 
time changes if the momentum changes by a certain percentage. Every time 
deviation At of a particle with respect to the reference particle may be converted 
into a phase deviation: 


At 
AQRF = QgpAt = 2zh—— 
Tg 


A At 
a PRF h 


Xu ~ es 
This explains the term “phase slip factor.” 


For sufficiently low energies, yg < 0 is valid, so that a larger momentum causes 
the particles to arrive again earlier at the gap. For 


A>, 
VR 

this is no longer valid. Then the path that has to be taken by the particles increases 
so much that the momentum increase cannot compensate for it; the particles will 


arrive later at the gap. One defines the transition gamma yr by 


1 
Qc = — YT = 


YT A/ Ac ? 


so that this transition point is reached for yg = yr. The corresponding energy is 
called the transition energy. 
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3.5 Accelerating Voltage 


The magnetic field B, will be given at each revolution n. This leads to the question 
how large the voltage Vg ,, must be to ensure that the synchronous particle always 
takes the same reference path of length Zp. 

Due to Eq. (3.2), we first of all note that from a knowledge of B,,, the momentum 
Pr» Of the reference particle is known for each revolution n. Therefore, Sr n and 
Yrn are also known. 


From y = y1 + (By), Eq. (3.4) leads to 


MoCo moc; zt NT 
Van = — (Yna41— Rn) = —. 1+ (2e) — 1+ ( PR, ) 
Q Q MoCo MoCo 


If we insert 


PRa41 = PR + op, 
we obtain 
2 2 
n n nô 6 2 
1+ (Be) - re (e) +228 an P= 
Moco moco (moco)? (moco) 
PRnOP + áp? 


2 
= 1+ ( PR.n ) 1+ (moco)? Du . 
MoCo 1+ (=) 


moco 


Using V1 +x ~ 1+ 5 for x « 1 in the second square root and neglecting the 
quadratic term leads to 


2 2 PRadp. 
1+ (=) Aj j: + (= ) 1 E (moco) ; 
MoCo MoCo PR.n 
1+ (24) 
This yields the approximation 
2 2 DRaÓp 
MoCo PRan (moco)? 1 PRnôp 
Ra © Q bw moc 2^ moO 2 
0 A 
E MODUM 
Due to 2 = yg nrn and /1 + (YRnbR.n)? = YR.n, it follows that 


moco 
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DRaÓp re CopRnôp _ UR nôp = Igóp 
Rn ^v == = 


mo Q YR,n Q Q i TR Q l 


With the help of Eq. (3.2), one obtains 


ôp = PRn+1 — PR n = Orgr(Bn+1 = Bn), 


and one finally obtains 


Bii = Bn 


Van © lgrn 
Trin 


, 


which leads to the continuous counterpart 


Va ~ larg B. (3.22) 


This is the voltage that the reference particle actually experiences, not the required 
amplitude. The relation between these two quantities is given by Eq. (3.16): 


Ve = V sing. (3.23) 


Without loss of generality, the reference phase og will always be in the range 


or € [—7, +7]. We discuss two cases: 


B = 0: This means that the magnetic field remains constant, i.e., that the 
reference particle does not change its momentum or energy, as Eq. (3.1) shows. 
In this case, Ve = O0 must hold. This can be realized either by V = 0or 
by V > 0 and gr € {0, +7}. The first case means that none of the particles 
experiences a voltage, so that a coasting beam will be present. The second case 
means that—in contrast to the reference particle—the off-momentum particles 
will experience a voltage. The phase-focusing principle (see Chap. 1) will lead 
to a bunched beam in this case. The larger the amplitude V is, the stronger 
will be the bunching effect, i.e., the shorter the bunches (lower bunching factor 
B, according to Eq. (2.37)). The condition B = Ois usually satisfied before 
acceleration and after acceleration, i.e., at injection energy and at extraction 
energy. One also speaks of the injection plateau and the extraction plateau. 
The latter is also called the flat top energy. 

B > 0: This means that the magnetic field, and hence the momentum and 
energy of the reference particle, increases. This is the acceleration phase, which 
is possible only if V > Oand gr > 0 for Q > 0 (or gg < 0 for Q < 0) are 
chosen. Only bunched beams can be accelerated. 


We will return to these facts and discuss them in more detail in Sect. 3.22. 
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3.6 Synchrotron Oscillation 


For small time deviations At with oggAt « 1, the approximation 


sin(cRE At + gg) = sin(wrr At) cos gg + cos(ogg Aft) sin gg 


X ORFÁÍ COS ØR + sin GR 


is valid, so that a linear approximation of Eq. (3.19) leads to the relation 


dAW | QV WRF COS Qn 


At. (3.24) 
dt Tg 


Together with Eq. (3.18), it follows that 


d'AW m OV wrr cos gn 


AW, 
dt? Wa Tr 


if one takes into account that the quantities in the fraction will change slowly. This 
is an oscillator equation of the form 


PAW 
"d? + Qe > AW =0 


with 


NR QV ORF COS GR 
Os,0 = 47 2 
Wer pR TR 


NR QV h2z cos Qm 
< 080 = 4— AAR 
RPRER 


A NR QV h COS QR 


S&S = 
EE 2n Wa Be 
NR QV h cos Qg 
e = _ 3.25 
Tso Ad On We Be (3.25) 


The oscillation frequency fs is called the synchrotron frequency. The index 0 
indicates that it is valid for particles with small oscillation amplitudes with respect 
to the reference particle. Please note that for positive charges Q > 0 below the 
transition np < 0, one chooses 0 < gg < 2/2, so that the argument of the square 
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Fig. 3.3 Phase relation between gap voltage and beam signal (solid line: stationary case with 


Ta locum (t) 


Ex for gg O > 0; dotted line: acceleration case) 


root is positive. The various cases have to be treated accordingly (see Fig. 3.3), 


so that 


holds. 


nr Q cosQg <0 


(3.26) 
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3.7 Principal Axes 


Due to the simple oscillator equation for small oscillation amplitudes, we get elliptic 
trajectories in the (At, AW) phase space. This is true for all particles inside a bunch 
that is sufficiently short. Now we try to find the principal axes of the bunch ellipse 
in phase space for small oscillation amplitudes. For this purpose, we begin with 
Eq. (3.24), 


dAW _ OV Ogr COS ØR 


At, 
dt Tg 


and insert the ansatz 
AW = AW sin Ws of. 
This leads to 


dA a j 
Ld = AW as COS@sot = QV onp cospe 
dt ; i Tg 


At. 


Hence, one obtains 
At = £A? cosas ot 
with 


. : T, 
Meany SUR 


QV ORE COS QR. 


Thus, we obtain the ratio of the principal axes 


AW B 9° ORF COSQR _ ,9Y h fà COS QR 
At ws oTr fso l 


From Eq. (3.25), it follows that 


S50 27 Wa f 


QV h cosQg = (3.27) 
fe —lR 
leading to 
AW 2n Wa 2 
— = fso RP (3.28) 
At Ing] 


3.9 Separatrix 135 
3.8 Hamiltonian 


Now we want to analyze the longitudinal phase space dynamics without restricting 
ourselves to small oscillation amplitudes. For this purpose, we will determine a 
Hamiltonian. Equations (3.18) and (3.19) are converted into Hamilton's equations 
if we set 


oH 3 
— =A 
ðAt Ws 


dH 
JAW — 


By integration of the first equation with respect to Af, one obtains 


Oe 
== 


1 
H (-— coS(@prAt + gp) — At sing + C,(AW). 
RE 


Here we assumed that Y, Tn. OrF; Qn are constant or change sufficiently slowly. 
An integration of the second equation with respect to AW leads to 


NR AW? 
— — — -F CX( At). 
Web, 2 2(At) 


We combine both results to obtain 


TR AW? u QV 


H--— 
WP 2 Tr 


1 
( cos(wrFAt + gr) + At sin on) + const. 
ORF 


The constant is now fixed so that H(0,0) = 0 holds: 


NR AW? QV 


H=-—, 
Wal 2 Tr 


1 
( [cos(@rrAt + gr) — cos gr] + At sin «) ; 
ORF 


(3.29) 
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We will now analyze the properties of the Hamiltonian H (AW, At) in Eq. (3.29). 
First of all, we determine the fixed points of the system. For these fixed points, 
Au = 0 and ML = 0 must be valid (see Sect.2.11.4). The first of these 
requirements leads directly to AW — 0. The second equation leads to 
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—sin(OggAt + gr) + sin gg = 0. 


One sees that this equation is satisfied for ogg At + og = og and for? cggAt + 
QR = T sign Gp — gn. Hence, we obtain the two fixed points (AW, At) = (0,0) 
and (AW, At) — (o. cá. for which, of course, further fixed points exist 
periodically. 

According to Appendix A.4, the first one is the stable fixed point, for which H 
has a minimum or a maximum, and the second one is a saddle point. For the saddle 
point, 


A@saddle = T Sign OR — 29R, 


H has the value 


Y i 22 
H, = E d (= [cos(z sign ør — YR) — cos gn] + Z SIGN Ad sin «) = 
Tg \ ORF ORF 
QV ! 
-— (cos(zt sign gg — YR) — cos GR + Gr sign og — 29g) sin gg) = 
TgORE 
QV 
= —— (2 cos gg + (29g — m Signgr) sin gg). (3.30) 
TRORF 


The Hamiltonian keeps this value H, on the whole separatrix (see Sect.2.8.9). 
Therefore, using Eq. (3.29), one obtains for the separatrix 


nr AW? QV 


Wa Be 2 jm [cos(cREAt + gr) — cos qn + wrrAt sin gg 


+ 2 cos qn + (29g — zt sign gg) sin gn]. 


— 2Wafz QV 
—üRTRORF 


AW? [cos(@gpAt + gr) + oggAt singg + cosør (3.31) 


+ (29g — z sign gg) sin gg]. 


The sign function is introduced here in order to have the fixed points in the range —7z < gr < 
+a while the reference phase is in the range —7z < og < +7. In this book, we use the definitions 


TOL AUI —] forx «0 
sgn(x) 240 forx =0, sign(x) — 41 f f 6 
+1 for x > 0, METERS 


for x € IR. 
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The maximum of this function is characterized by the fact that the derivative with 
respect to At vanishes, so that 


—wrr sin(ogg Af + GR) + ORE sin gg = 0 


holds. This is satisfied for At = 0 and wrrAt + Gp = m sign gr — Qn (further 
zeros occur periodically). For the latter of these two values, AW = 0, so that it 
does not correspond to the desired maximum. Therefore, the maximum is obtained 
for At = 0: 


2Wep2OV 
AW = ( WrfRO 


1/2 
= (2 cos ogg + (29x — z signor) sin gg) 
—nRTRORE 


Wa fa QV 


1/2 
(2 cos gg + (29r — m sign gg) sin «) : 
—hz yg 


© A Wmax = | 


For the stationary case, i.e., for og = 0 if Q and rg have opposite signs (this is our 
standard case if nothing else is stated) or for og = +2 if Q and np have identical 


signs, one obtains 
[2 WRB? |Q| V 
A Wax stat = ARIGI, (3.32) 
zh |nr] 


A Wmax = A Wimax stat Y(on) (3.33) 


It follows that 


with 


T , 
Y(gg) = loos QR + (or = sign ex) sin prl. (3.34) 


Let us now briefly analyze the function Y (gr). An extremum is expected for 
; : To. 
— sin ØR + SIN ØR + (vx — 3 sign ex) COS Qg = 0, 


i.e., for gg = +7/2. As shown in Fig. 3.4, this is a minimum. In the interval 0 < 
Qg X 2/2, the function Y(gg) decreases monotonically from 1 to 0. Please note 
that Eq. (3.34) is valid for all four cases discussed in the next section, i.e., for —r < 
Qg < +7; Y(gn) is an even function. 
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Fig. 3.4 Bucket height 
reduction factor Y (gg) 


0° 30* 60° 90° 120? 150° 180° 
Pr 


3.10 Symmetry with Respect to Transition Energy 
and Sign of Charge 


Depending on whether positive or negative charges are accelerated, and depending 
on whether operation below or above transition energy is chosen, different cases 
have to be distinguished that are shown in Fig. 3.3 on p. 133 and Table 3.1 on p. 139. 

One usually tries to avoid a crossing of the transition energy during acceleration.” 
However, in principle, transition crossing is also possible (cf. [8, Sect. 4.7] and 
[4, Sect. 2.2.3]). In this case, a yr jump (cf. [9, Sect. 7.7] and [8, Sect. 4.7]) may, 
for example, be applied in order to cross the transition energy quickly. According to 
Table 3.1, this includes a shift of the RF phase. 

We will now analyze different substitutions in Eq. (3.29): 


* If o, = —9g and At" = —At are substituted, the expression in parentheses will 
still have the same form. If, in addition, the signs of Q and of rg are reversed, the 
Hamiltonian will change its sign, which does not modify the trajectories. These 
steps lead us from case 1 to case 4 or from case 2 to case 3. In total, the separatrix 
and the trajectories will experience a reflection across the ordinate. 

* If ~, = qn — 7 sign gp is substituted (this corresponds to og = PR — 7 sign YR 
if the values 0, x, and —z are excluded), the expression in parentheses will still 
have the same form, but its sign will change. If, in addition, the sign of Q is 
inverted, the Hamiltonian will not change at all. These steps lead us from case 1 
to case 3 or from case 2 to case 4. In total, the separatrix and the trajectories will 
not change at all. 


In sum, all four cases lead to the same trajectories and separatrices. Only a reflection 
across the ordinate may be necessary. 

This allows us to restrict the following analysis of the orbits and the bucket 
geometry to case 1 without suffering any loss of generality. 


7 According to Eq. (3.25), the synchrotron frequency becomes zero at transition, which makes the 
bunches prone to unstable behavior. 
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Table 3.1 Symmetry of the buckets (acceleration case only) 


Operation 
below/above Phase 
Case Charge transition energy slip factor Synchronous phase Saddle point 


1. Q0 YR < yr m <0 0cgn«$ 7 > AQsaddie > 0 
2. Q»20  YR>Yr NR > 0 5 <PR< 0 0 > A@saddie > —7 
3. Q«0 yR<yr MR <0 —- «9n «—$ 7 > AQsaddie > 0 
4. Q<0 y>yr n > 0 =F < GR <0 0 > A@saddie > — T 


3.11 Orbits 


From Eq. (3.29), one concludes for Q > 0, yg < 0, and 0 < ga < 2/2, if only the 
upper half of the orbit is considered, that 


2Wg B2 V 2Wafe ( 1 
AW = | RBR H+ Q RBR ( [cos(ogp At + gn) — cos YR] + At sine). 
—nR TR NR ORF 


Using Eq. (3.32) leads to 


zh 1 
AW = AWima stat las H + 5 (cos(MprAt + gr) — COS YR + WaFAT sin gg). 
(3.35) 
For H = H,, the first term under the square root sign equals ;Q COS Qg + 


(29g — x) singg ) = [Y(og)]?, as Eqs. (3.30) and (3.34) show. For At = 0, it 
follows that AW = AWnax.statY (gg) = AWmax, as expected. : 
If one wants to draw an orbit inside the separatrix, one inserts a value H < 


Y(og)? for H = ZŁ H. For trajectories outside the se aratrix, however, one 
9 J p 
QV 


sets H > [Y(gg)". The orbits themselves are obtained if AW as a function of 
A«nr = OrgrAt is plotted according to Eq. (3.35). Of course, one obtains only the 
upper half of the orbits in this case. 

Figure 3.5 shows a typical sketch of the longitudinal phase space. It clearly shows 
the characteristics that were discussed in Sect.2.11.4. The stable fixed point in 
the middle is a center. The smaller the orbits around this center, the more closely 
they resemble an ellipse. The unstable fixed point is a saddle point. The orbits that 
approach this saddle point define the separatrix. Inside the separatrix, the orbits 
are closed. Outside the separatrix, the orbits are unstable. The region inside the 
separatrix is also called a bucket, since the particles that are inside will remain 
inside (provided that parameters such as the amplitude V are not changed rapidly). 
Only parts of the bucket are usually filled with particles. The region that is filled 
with particles is called a bunch. 
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Fig. 3.5 Orbits in 
longitudinal phase space, 
acceleration with og = 42? 


(arb. units) 


AW 


Fig. 3.6 Orbits in 
longitudinal phase space, 
stationary case (gg = 0°) 


M 
f 


AW (arb. units) 
o 


ji 
ji 
1 


The bucket shown in Fig.3.5 corresponds to a positive reference phase gg = 
42°, i.e., to the acceleration case; one sometimes calls this a fishlike bucket. In the 
stationary case, defined by og = 0° for Q > 0 and nr < 0, no overall acceleration 
takes place. The stationary bucket leads to an eye-shaped separatrix (see Fig. 3.6) 
that is symmetric with respect to both the energy and time axes. The bucket height 
of the stationary bucket is given by 2A Whax.stat, according to Eq. (3.32), whereas the 
bucket height for the acceleration case is 2A Wmax, according to Eq. (3.33). 

Figure 3.7 shows the same two cases for a larger range of Ager values. It is 
obvious that the fixed points occur periodically. The buckets for the stationary case 
are larger than those for the acceleration case if all parameters except gp are kept 
constant. This effect will be analyzed in the Sect. 3.12 below. In the acceleration 
case, the energy deviation AW of a particle on an unstable orbit (outside the 
separatrix) will grow without bound, as Fig. 3.7 shows. The same is therefore valid 
for its deviation from the reference orbit; it will sooner or later hit the beam pipe 
walls, which is, of course, undesirable. Therefore, one always has to minimize the 
number of particles that are not captured inside a bucket. 

Strictly speaking, the trajectories shown in Figs. 3.5, 3.6, and 3.7 are obtained 
only if an autonomous system is assumed, i.e., if no parameters (such as voltage V) 
change with time. We will see later, however (cf. Sect.5.3), that slow changes of 
control parameters are acceptable. 
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Fig. 3.7 Orbits in longitudinal phase space (top: acceleration with gg = 42°, bottom: stationary 
case gg = 0°) 


3.12 Bucket Area 


Now we want to determine the area inside the separatrix. First of all, we consider 
the stationary case with zgQ < 0 and gg = 0 (or nRO > 0 and gg = +7, 
respectively). For the separatrix, we then obtain, using Eq. (3.31), 


A 1/2 
2WaB2|Q|V 
aw = | eR (cos(oggAt) + D| |. (3.36) 
lg | TRORF 
The value AW = 0 is achieved for Aggp = —x and Ager = +7, so these values 


are the integration limits. Due to 


A A A 
V 1 + cos Aggr = ji + cos2 = CM. = E J/2 -— =, 


one obtains 


Ss Tz AQRE 
y1 + cos Agrr dAgrr = 2 V2 cos 5 dAggpe (3.37) 
0 


^ Pia 
= 4 [sin s] = 4v7, 


0 
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and it follows that 


Tz 2 2 D 
4 pe J AW dAgrr = M T 42 


B.stat " | NRI TgORE 


s AMRRAW _ 9/5 2Wsfa|Q|V 
B,stat Ing | Tg RE : 


Since we calculated the integration with respect to Agrr = @ppAt, this is the 
bucket area in (AW,Agpp) coordinates. In order to obtain the bucket area in 
(AW,At) coordinates, we have to divide by «gr: 


ganaw 42, [| WrBRlOIV _ 8V2 | WeBlOlV 


P 3.38 
Bsstat zh z h|yg| ORF zh|yg| (3.38) 


This equation corresponds to formula (2.75) in Edwards/Syphers [4]. 


If gr is not equal to zero, we have to integrate AW in Eq. (3.31) instead of AW 
in Eq. (3.36). This integration can be performed for the case Q > 0, nr < 0,0 < 
QR < z/2 in the following, because the result will not depend on this choice, due to 
the symmetry as discussed in Sect. 3.10. In order to find the integration limits, we 
first have to determine the zeros of AW as a function of Aggr. The coefficients of 
sin gg in parentheses in Eq. (3.31) become zero for 


AQRF = A Qsaddle == 29g. 

For this value, the remaining terms in parentheses also vanish; this obviously 
corresponds to the upper integration limit. In order to find the lower integration 
limit Agrr = Aq the equation 

sin gg (sin Ag, + zt — 29g — Ag) = cos gg (cos Ag, + 1) (3.39) 
(which is obtained by setting the expression in parentheses equal to zero) has to be 
solved numerically with Aq; in the range between —7 and 0. For this purpose, one 
may determine the zero of the function 


f (^q) = sin og (sin Ag, + zt — 29g — Aq) — cos gg (cos Ag, + 1) 


by means of an interval division method, since for 0 < og < 77/2, the function 
is always positive at Ag) = —z, whereas it is always negative at Ag) = +7. 
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The resulting function Aqgi(gg) is shown in Fig. 3.9. It may be extended easily to 
the range —7 < qg < +r (see Sect. 3.10), because Aqi(gg) is an odd function. 
If one now constructs the integral 


m—29R 
AW dAgnr = Í AW dA@rr, 
Agi 


A saddle 


ABE AW 19 _ f 


gı 


one sees by comparison with Eqs. (3.31), (3.36), and (3.37) that it is smaller than 
that for the stationary case by a factor of 


1 
a(r) = 4 J3 t 


71—20R 
. J V 2or+Aorr — 7) sin Qg4- cos YR+ cos(qn 4- Agnr) dAgre. 
Ag 
(3.40) 


The denominator of the first fraction equals the integral for the stationary case with 
QR = 0, as shown above. We obtain 


Agrr.AW _ 4AQnp.AW 
Ay m AB stat a (Qn). 


The conversion to (AW, At) coordinates leads to the same factor on both sides, and 
we obtain 


44/2 WsaB2|Q|V 
Ai^" — Aga! aon) = p Te Yh 


(Mp). (3.41) 


By means of a numerical calculation of the functions Agi(gg) and o(gg) and 
subsequent fitting by suitable functions, the following approximations may be 


found: 
2 0.4373 
Aqi(Qg) © 1 (ze) — j| , (3.42) 


2 2 y 2 y , 
a(r) x 1—singg—a| —GR | +2a | —9n] —a | — or with a = 1.0879. 
Jm T Jm 
(3.43) 


The accuracy of the approximation for Ag is better than +2°. The accuracy of 
the approximation for o in the range 0 < ør < 85? relevant in practical applications 
is better than +5% or —16%, respectively. Figure 3.8 shows the dependence of 
a on the synchronous phase gg. Please note that the function o (gg) may easily 
be extended to the range —7z < gr < +x, because it is an even function. The 
RF phase that corresponds to one end of the bucket, Aggpg = Ag, is shown in 
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Fig. 3.8 Bucket area 


reduction factor o (gg); solid 0:3 Y 
line: Eq. (3.40), dashed line: CE 0.77 N 
approximation (3.43) S 0.5 
a 
g 0.3 
0.1 
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Fig. 3.9 RF phase Ag; (gp); 
solid line: solution of 

Eq. (3.39), dashed line: 
approximation (3.42) 
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Fig. 3.10 Bucket length 
PRF.B,len(PR) 
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Fig. 3.9; it is an odd function Agi(gg). Since the other end of the bucket is given by 
AQgF = AdQsaddle = T Sign YR — 29g, the bucket length is 


PREB len = |AGsaddie — Aqi| = | sign gn — 29n — Agil. 


This function is shown in Fig. 3.10; it is an even function (see Sect. 3.10). In all 
these diagrams, the left half of the curves (0 < yr < 90°) corresponds to case 1 
(stationary case for gg = 0), whereas the right half (90° < og < 180°) corresponds 
to case 2 (stationary case for gg = 7r) discussed in Sect. 3.10. 


3.13 Approximation of Bucket Area 


If we simply approximate the shape of the stationary bucket by an ellipse, we obtain 
the formula 


ABCAW 


B.stat R T Atmax,stat A Wmax stat- 
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By means of 


TR 
Atmax.sta =a 
„stat 2h 


and the bucket height (3.32), 


AW... = [2 eR 

max,stat zh | nr] , 
ASW y m Tr We Bal O|V 
B,stat v2 h z hys | E 


The coefficient — ~ 2.22 does not differ much from that of the exact solution 


V2 
(m =~ 1.80; see Eq. (3.38)). The relative deviation is about 23%. 


it follows that 


3.14 Ratio of Bucket Height to Bucket Length 


The bucket length 2Atmax star Of a stationary bucket is obviously given by the 
condition 


WRF A max, stat = mJ. 


Together with Eq. (3.32), this leads to 


A Wax stat Z 2 Wai KA y ORF 
Atmax,stat zh Inr] m 


We may now use Eq. (3.25) for the stationary case, 


Im QV h ^0 2nWaf; (sey 
stat = MU EN SEE ERE => y= i 
sosta = fry 2x Wf [^] nl f 


and obtain 
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A Wimax stat m 2Waz [5.0 stat ORF 
A tmax,stat 3 h fr UT 


AW nz AWa 2 
> [oM = Fs.o.stat AMR PR 
A tmax,stat | NR | 


(3.44) 


If we compare this with the ratio of the principal axes for small oscillation 
amplitudes 


AW 2n We 2 
AÍ S,0,stat nel 


according to Eq. (3.28), we see that the expressions differ only by the factor 4 vs. 27r. 
In comparison with small-amplitude orbits, the bucket shape is flattened. This is also 
visible in Fig. 3.6. 


Equation (3.25) for the synchrotron frequency 


|. [Ims QIP n 
fs. 0. stat == fn 2n We Be 


in a stationary bucket (pg = 0 or gg = +x, respectively) and Eq. (3.38) for the 
bucket area 


At, AW _ 4/2 Was. || y 
AB stat "e TR zh Ingl 


zh 


have similar expressions. Therefore, we get 


fsosu — mhfg Imh _ fni 


Apia 4V2 V2 WeBR — SWafg ME 
This allows us to write the principal axes ratio given by Eq. (3.28), 
AW 2n Wa B2 
E A 5.0, stat "Np 
in the form 
L = AB a = Td (3.46) 
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This leads us to the following expression for the bunch area if only small bunches 
are considered: 


2 
AGLAW ata TE a 32 gy At AW @RF 7 4 52. AAGAW 
Ab stat & wAtAW = n At AB stat 16 E 16 A nr An stat 2 


Here Af and AW are interpreted as the semiaxes of the outermost particle in the 
bunch. If we define the bucket filling factor nau by 


ALAW 
Nan = im 
fill 77 GALAW’? 
Aa 
we obtain 
MaA 
nan © 76 Ar (3.47) 


for sufficiently small bunches. In Sect. 3.17, an exact expression for arbitrary bunch 
sizes will be derived. 
For later use, we write Eq. (3.45) in the form 


OSQ,stat _ Oe Inr| 
Av 16 Wa 


„stat 


(3.48) 


From now on, we will often discard the superscript specification of the phase 
space coordinates. If nothing else is stated, we assume 
At, AW ] At, AW ] ALAW , ALAW 
Ap i= Ap , AB stat =A Ap i= Ay , Ab stat =A : 


B,stat ° b,stat 


3.15 Choice of the Harmonic Number 


According to Eq. (3.38), the total area of buckets, 


4/2, | WeB2|0|V 
h. AB stat = EA RÉRE , 
T z h|ng| 


remains constant if both the amplitude V and the harmonic number A are increased 
by the same factor. 

If we assume, however, that the ramp rate B is the same, the required 
accelerating voltage Vg will also remain the same, as Eq. (3.22), 
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Vg ~ lgrgB, (3.49) 


shows. Therefore, an increase in Y and h by the same factor will lead to a reduced 
reference phase gg, since 


Ve = V sin gg (3.50) 


will remain constant. This leads to a larger value of the bucket reduction factor 
a(r), which results in a larger area 


h- Ag =h- Ag swa (Gr) 
of the accelerated buckets. 
In conclusion, for the acceleration case, the simultaneous increase of RF ampli- 


tude and harmonic number by the same factor leads to a larger area in phase space, 
since the reference phase is reduced. 


3.16 Revolution Time in the Stationary Bucket 


Let us consider the Hamiltonian in Eq. (3.29) for the stationary case with Q > 0, 
nr < 0, gg = 0: 


m AW? OV 1 


H=- s At) — 1]. 
Wifi 5 T. one [cos(c gp At) ] 
Setting 
NR 
=— 3.51 
2 Wap? Sog 
leads to 


1 P1 
AW? = — (s + L [cos(ærr At) — n) ; 
WRF 
One obtains the action variable 
1 
J= 5, f fawn d(AW) 
27 


1 Ai Y 1 
— zm Ja + L [cos(ørrAt) — 1] d(Ar). (3.52) 


WRF 
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By means of the substitution 


dA 
AQgr = OnpAt, RE 


— ORF 
dAt i 
we obtain, since the integrand is an even function, 


2 "e QV 1 
12— H + —-[cos A — 1] d(A à 
yum JA Jo Tr am PRF ] d(Agrr) 


In order to convert this into a well-known elliptic integral, we make use of the 
trigonometric identity 


A A 
cos Aggr = cos? ic sin? TRE 


and get 


2 AQRE QV 
= — Al H-—2 
zOgrN/A Jo 


A 
TR ORE ns ~ d(Aenr) 
If we now set 
V 
B=2 a = o (3.53) 
and 
AQnr dx E 1 
2 "7  dAgg 2 
we obtain 
J= = dd H — B sin? x dx. 
T wrr VA 0 
Obviously, 


: H 
Xmax = arcsin B 
obtains 


is valid, because the integrand must vanish where the orbits cross the x-axis. One 
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dJ E Te " " [~ | 
v sin? Xmax 
dH BE 24H — B sin’ x 


The first term equals zero: 


dJ 2 Xmax 


dx 
dH z Ogg HA Jo JB seta 


one obtains an elliptic integral of the first kind: 


dj 2 
dH TTWREV HA 


F(Xmax,k). (3.54) 
Obviously, 
. 1 
Xmax = arcsin — 
k 
is valid. Now we make use of formula 17.4.15 in Abramowitz/Stegun [10]: 


F(ọ, k) = z F (ucsintsin Q), =) 


1 1 
=> F(xXmax, k) = x F (arcsin), =) : 


Because of 
T 
TORRA 
arcsin(1) 5 


this corresponds to a complete elliptic integral of the first kind: 


1 m 1 1 1 
F(Xmax, k) FS) x(a) 


Equation (3.54) therefore yields 


daJ — 2 m [H 
dH ~~ zapp/BA BJ: 
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Fig. 3.11 Decrease of 1.0 
synchrotron frequency 0.94 
vs. oscillation amplitude S 0.84 
(solid line: exact 5 0.74 
formula (3.55), dashed line: ci 0.64 
approximation (3.56)) x, 0.54 
$ 0.44 
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We see from Eqs. (3.51), (3.53), and (3.25) that 


AB 2-— AR QV .. [ 9Ss.0.stat ? 1 . [ €S90.stat 3 
2 Weg hz OR h? ORE 


is valid, so that 
dJ 2 IH 
— K 
dH IT WS 0, stat B 


dH T 
== = OS,stat — 7 
dJ aK ( /#) 


results. Instead of the dependence on the value of the Hamiltonian, the dependence 
on the maximum phase deviation of the particles is of course more transparent. 


Due to 
. JH A@rr 
Xmax = arcsin 4/ — = ——, 
B 2 


m 


2 K (sin 82). 


=> Ws stat = 


one finally obtains 


Ws, stat = S,0,stat (3.55) 


This formula for the synchrotron frequency of particles with arbitrary oscillation 
amplitude may also be found in Lee [5, p. 240] or Ng [1, Sect. 2.1.2.1]. The decrease 
in the oscillation frequency is shown in Fig. 3.11. For zero argument, we have 
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K(0) 2 — 
and 


MS stat = @S,0,stat 


results for small phase amplitudes Agr, as expected. By means of a Taylor series 
expansion of Eq. (3.55), one obtains 


stal A De 
ie Ce (3.56) 
Ws,0,stat 16 


for sufficiently small amplitudes Agr. This, however, does not restrict the validity 
significantly, because the error of this formula is below 5% if Agrr < 164° holds. 


3.17 Bunch Area 


In this section, we calculate the bunch area, i.e., the area that is enclosed by a particle 
trajectory in phase space. We restrict ourselves to the stationary case with Q > 0, 
Nr < 0, ør = 0. The bunch area already appeared in Eq. (3.52): 


Ap stat = 2zJ = M E H+; I— T kostonsa) — 1] d(At). 


According to Eq. (3.51), we have 


= NR 
2 Wafg 
By means of the substitution 
dAgnr 
^ = At > = 5 
QRF = ORF dAt WRF 
one gets 
AQRF TE 
Ap stat = 21J = Ht; => T posu) — 1] d(Agnr) = 
B wrr VA —AÓRE 


4 AóRF ; 
ye e E Va 4- b cos Agrr d(Agnr) (3.57) 
orr V/A 0 iid in 
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with 
a-H- ov 
2zh 
and 
Q A 
b = —. 
2xh 


(3.58) 
The integration limit is defined by the integrand being zero: 


V R 
H + gy [cos(AQgp) — 1] = 0 
2zh 
=> a = —— cos(Aóge) = —b cos(Aónr), 
21h 
H =b +a = b (1 — cos(^ĝprr)) . 


(3.59) 
the solution (2.135). We get 


The integral in Eq. (3.57) is already well known from Sect. 2.11.9, Eq. (2.134). If we 
take the different definitions of the parameters a and b into account, we may adopt 


AÔRF 


4 2 1 1 
Ab stat = — = T — b)F d 2bE ed 
uM a A ( J = (v 3l 
with 


0 
2b 
r= 


a+b 


. [b(1— cos Agrrp) 
and y = arcsin | —————— ——. 
\ a+b 


Here E(y, k) is an elliptic integral of the second kind (see Footnote 23 on p. 108). For 
AQgr = 0, we get y =0, and the expression in the square brackets disappears. 
For Aggr = Aónr, we get 


. [b(l— cos Aógg) 
= arcsin ,/ —————————. 
d a+b 


Because of Eq. (3.59), we therefore obtain 


. T 
y = arcsin 1 = — 
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Due to 
T T 
F(>.k) = K(k), E(5.k) = E(k), 
we obtain 
4/2 
U 5 One v AD 
if we set 
1 = H qmm 
k = = = = 
r 2b 2b 2 
k = sin PRE 
2 
Since 


a—b = H — 2b = —b(1 + cos Aĝrr) 


is valid, we obtain 


442 1 + cos Aónr | 
b.stat Wm [ew 5 (k) 
8/2 “i p Adee 
=> Avbsat— ———— | E(k) — co Kæ] 
a wrr vV A 
» 2 
=> Abstat = 2 - QU Mehr [sco - K(k) cos i . 
CRF rhyg 2 


In the last step, we used Eqs. (3.51) and (3.58). A comparison with Eq. (3.38) 
leads to 


,A 
Ab stat = AB stat [ew = K(k) cos? 2:1 


? Ap stat = AB stat nan (3.60) 


with the bucket filling factor 


AQ A@ A@ 
mat(A@rr) = E (sin or) -K (sin 2:3 cos? =. (3.61) 


3.17 Bunch Area 


Fig. 3.12. Bucket filling 
factor (solid line: exact 
solution according to 

Eq. (3.61), dashed line 
(uppermost curve): 
approximation (3.62), 
dash-dotted line: improved 
approximation (3.65)) 
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Please note that Aĝrr denotes the RF phase amplitude at the border of the bunch, 


not the bucket limit. 


Now we check our result for small values of Agr. By means of the 


approximations 
k? AQ2 
Bec ec eT pe}, 
2 4 2 16 
x k? 1 ^ó2 
K(k) x 1 = 1 RF), 
(k) 2 ( " 7) 2 ( T 16 ) 
D A@ Ag2 
cos? PRF 1 — sin? APRE xl- PRE 
2 4 
we obtain 
^2 ^2 ^2 
^ ui PRF Agr Agr 
A x —|1— —[14 — 1— N 
nau Agr) 5 | 16 ( 4 7 ) ( i ) 
NE Agr. AUR. Jg. 
~a 16 16 4 


2 


: 2 oes 
nau (ARE) © if Adis (3.62) 


As expected, this is equivalent to Eq. (3.47). Figure 3.12 shows the difference 
between the exact solution and this approximation. For Arp < 90°, the error is 
below 15%. An improved approximation will be derived in Sect. 3.18. 
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3.18 Ratio of Bunch Height to Bunch Length 


We now determine the ratio of bunch height to bunch length for the stationary case 
(Ox = 0 or gg = +r). In this case, Eq. (3.29) reads 


m AW? OV 


H =-— > 
WRP? 2 Tr 


( : [+ cos(@prAt) F i) : 
ORF 


If we assume that the value of H is given for a specific closed trajectory that marks 
the outer limits of the bunch, we may calculate the bunch height 2AW = 2AW by 
setting At = 0: 


: 2We B2 
AW = [in (3.63) 


The bunch length 2At = 2AÍ is obtained if we set AW = 0 for the same value 
of H: 


Y 1 " 
H= OF d. E cos(ogr At) F 1]. 
Tg WRF 
Due to 
m 
cosx — 1 = —2 sin* —, 
2 
we obtain 
AÔ 
H — 1: ET 9 sin? APRF 
2zl 2 
with 


Inserting this into Eq. (3.63) leads to 


: 2WaB2QV . AG 2 , Ag 
AW = ,/+ Mngr sin PRE = Web [QV 2 sin PRF. 
—zhyg 2 27h |mg| 2 


Due to Eq. (3.27), we have 


f 

S,0,stat 
2 ^ 
R 


lQna|V h = 2x WRB} 
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which leads to 


. WB e AQ Wa 2 si AQ 
AÑ = qu S. 0.stat 2 sin QRF — RPR Ws,0,stat 2 sin QRF 
hinm] fa 2 |nr] ORF 
AW WB} , AÔRF 
Ae [0] stal t ta T 3.64 
AÍ Imi S,0,stat S1 2 ( ) 


For small values of Agr, i.e., for small bunches, this is equivalent to Eq. (3.28), as 
expected. If the bunch fills the whole bucket, we have Aógr = 7r, which leads to 


A@ 2 
si PRF = si— = —, 
2 T 
so that 
AW 22W62 AWs 2 
— = OS.0,stat = ——— Fs.0,stat 
At 7g | Inr| 


is obtained. As expected, this is equivalent to Eq. (3.44). 


One may sometimes approximate the bunch area by the formula for the area of 
an ellipse: 


2. ^ 
Wr bk , AÔRF 
— 7 @s.0,stat S1—. —- 


Ap stat /& AAW = n AP? 
inr] 2 


If we make use of Eq. (3.48), 


@S,0,stat _ Orr In| 
AB stat 16 Wr bk : 


we get 


Ab.sta ^ AQ 
bstat —— T Ade " T 


AB stat ~ 16 


Nall = (3.65) 


for the bucket filling factor. In comparison with the exact solution (3.61), the 
maximum error is 23.4% for Arr = x (180°). For Agr < 110°, the error is 
smaller than 5%, while for Aggr < 140°, the error is smaller than 10%. This shows 
that it is often justified to simplify the shape of the trajectory by replacing it with an 
ellipse. 
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3.19 Frequency and RF Amplitude 


Inside the deflection magnets, the magnetic field acts as centripetal force: 


UR 
m — 


= Our B 
rR 


— pr= Orr B. (3.66) 


By means of this formula, we may calculate the revolution frequency of the 
particles. One obtains 


ug = Prco = Ig fr 


C 
=> f = A Br. 
R 
Since 


PR = moynPnco 


Qrg B 
YRPR = 
MoCo 
is valid, we obtain, with Bg = JE 
YRPR 
" Qrg B 
0 + 
fe= 7 SS: (3.67) 
QrgB 
" + ( moco ) 


For a given accelerator, /p and rg are constants. Therefore, we see that the revolution 
frequency is given by the ratio 


(3.68) 
in a unique way. Due to 


1 
R=—  €9y&-PRyRI 
1— fg 


e PRYR = VYR- 1, 


the frequency is alternatively determined by a given yg. This shows that a normal- 
ization of the kinetic energy with respect to the mass according to 
Wain 


mo 


2 
MoCo (Yn = 1) 2 
= = — 1 
His Co YR ) 
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leads to values that can be uniquely assigned to a certain revolution frequency. This 
is why energies are often specified using the unit MeV /u. Independent of the ion 
species, one obtains the same revolution frequency and the same yg for the same 
value in MeV /u. 

According to Eq. (3.68), however, this does not determine the magnetic field in a 
unique way, since the mass-to-charge ratio is still relevant. 


Now we present a simplified derivation of Eq. (3.22). Based on Eq. (3.66), we 
determine the force that accelerates the particles in the longitudinal direction: 


dp : 
= Fx =~ = O re B. 


If B is constant, which is approximately true during one revolution, this force Fr has 
to be applied continuously. We therefore imagine that the force Fg is continuously 
distributed? along the ring accelerator. Then the kinetic energy that the particle gains 
during one revolution is 


w= | ras on bi. 
This energy is delivered by the accelerating voltage in the accelerating gap: 
W = f QE ds = Q Vp 
=> Vg — rg Èk. (3.69) 


If B is given also, the required accelerating voltage is known. The acceleration, 
however, does not take place at the maximum of the accelerating voltage: 


Vg = V singe 
a Bl 
iy eee 
sin ØR 


The frequency of the accelerating voltage is larger than the revolution frequency by 
a factor of h: 


V(t) = y sin(Ogrt + pr) = y sin(2z hfat + gp). 


*This is, of course, not true in reality, because the force is present in the accelerating gaps. 
Therefore, the derivation presented here should be regarded with skepticism. It is given here only 
because of its simplicity. 
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3.20 Voltage Versus Bunch Length 


As an application of Eq. (3.28) for the ratio of the principal axes in phase space, we 
now determine the voltage that is necessary to produce a bunch of a given length. 
For this purpose, we assume that the bunch area 


Ay = zx AÉEAW 


in phase space, i.e., the longitudinal emittance, is given. This formula includes the 
assumption that the target bunch in phase space is an ellipse. Therefore, the bunch 
must be sufficiently short in comparison with the bucket. Furthermore, only the 
stationary case is considered. Together with Eq. (3.28), 


AW _ , 2n Wa fz 
Af = JS,0,stat Imi , 


one obtains 


2n Wa 
Im 


If we now insert the synchrotron frequency from Eq. (3.25), it follows that 


22 
Ab, stat = wAt Fs.0.stat 


A2 


b,stat 


R 7 


= mA f2 
F^ 2nWafi na Inr] 


We expand the fraction with 27h in order to get cr: 


5,2. OLY Wai 
Abst = 70 AT wRr "omm 


Finally, we take 
AQRE = WRF At 
into account and obtain 


4 12 Y Wa 


Ab sa = 70A 
b,stat PRF 27h|nrlogr 


2h|nr| ORE AG ast 
z |Q| Wr BR A@ar 


=f = (3.70) 
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Therefore, the required voltage decreases as the fourth power of the bunch length; 
for reducing the bunch length to one-half its value, the voltage has to be increased by 
a factor of 16. Equation (3.70) can also be found in Edwards/Syphers [4] as formula 
(2.76). 


3.21 Coasting Beam 


Often, the (relative) momentum spread 


Ap 
PR 


of the coasting beam, i.e., of the nonbunched beam, is given. Due to 


dy 2d(yB) 

y yB ' 
one obtains 

a 

Wi R PR i 


so that the energy deviation can be calculated with the help of 


2 2 
Wr = mc, = yg mo cs. 


238 [28+ 


It is important to note that Wa is the total energy. If, for example, with a 


kinetic energy of 11.4 MeV/u is given, one obtains 


Wr = Ar (ana + Wrest) = Ar (Wain + muco) = 
= 238.05- (11.4 MeV + 931.49 MeV) = 224.455 GeV 
for the total energy. By means of 
Appc = 2 AW At, 
one may now calculate the longitudinal emittance of the coasting beam. The factor 


2 is due to the fact that the energy is in the range from Wg — AW to Wa + AW. The 
time deviation corresponds to the revolution time of the particles: 


2AW  2Wsfi Ap 


Appc = 2 AW Tr = 
b.DC R Ji T e 
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We know that the phase space area is preserved (Liouville's theorem). Therefore, it 
should be possible to convert the coasting beam with emittance Ap pc into a bunched 
beam produced by a cavity operating with harmonic number h. 

In this case, the phase space area will be split among the h bunches according to 


A 
Ay = a 


In Sect. 5.3, we will see that this conversion from a coasting beam to a bunched 
beam may be accomplished by an adiabatic capture process. 


3.22 Ramps 


We have seen that according to Eq. (3.67), the revolution frequency fr is determined 
in a unique way as soon as the magnetic field B is given. With respect to Eq. (1.4), 
it is clear that the RF frequency fnr is then also determined if a certain harmonic 
number A is chosen. Finally, Eq. (3.22) shows that the voltage V is also influenced 
by the choice of the magnetic field. 

In other words, all these quantities have to be in synchrony, whence the name 
“synchrotron.” A synchrotron is usually operated by transmitting time functions 
such as B(t), frr(t), Y (t) to the synchrotron devices. These time functions are 
often called ramps. 

We will now discuss how ramps may be generated for a simple accelerating cycle. 
Such a machine cycle has to satisfy certain requirements: 


* The momentum of the particles, and hence also the energy, is directly related to 
the magnetic rigidity. Therefore, the magnetic field of the bending magnets is low 
when the particles are injected into the synchrotron, and it must be high after the 
particles are accelerated to the final energy until they are extracted. Therefore, 
the magnetic field B has to be increased. 

* Some time before the acceleration starts at injection energy and some time after 
the acceleration is completed at extraction energy, the beam must be bunched. 
On the one hand, we have B = 0 during these phases, and on the other hand, 
we need some voltage amplitude y > 0. According to Eq. (3.49), we have 
Vg = 0, and due to Eq. (3.50), this leads to gg = 0 or gg = +r, depending on 
whether particles with positive or negative charge are considered and on whether 
operation takes place below or above the transition energy. 

* During the accelerating phase, i.e., when B > 0 holds, we need a larger voltage 
according to Eq. (3.49). Furthermore, we must have gg Æ 0, +x, because the 
reference particle has to experience an accelerating voltage Vg Æ 0 (Eq. (3.50)). 

e [n other words, we have a stationary bucket at injection energy, an acceleration 
bucket during acceleration, and a stationary bucket at extraction energy. 
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* During the whole process, we would, of course, like to have matched bunches,’ 
because in that case, the phase space area that is occupied by the bunches 
will remain constant. A larger phase space area caused by the filamentation of 
unmatched bunches is undesired, because more voltage would then be needed. 
The strategy for having matched bunches permanently is to control the bucket 
area by means of the voltage y. 


One typically begins with the magnetic field B(t) of the dipole magnets. As a 
first approximation, one would start with a piecewise linear curve (especially for 
this function, the name “ramp” is justified because the magnetic dipole field is 
ramped up): 


Binj O0<t<t, 
Bexu(t—t1) + Binj (t2—t) 
B(t) = h= DN. (3.71) 
Bextr t « f < fa, 
Bexu(t4—t)-- Binj (t —13) t «tx ha. 


14—t3 


Such a choice, however, leads to a ramp B(t) that is not continuous. One result 
is that the time function for the reference phase gg (t) would contain jumps. The 
bunches would be unable to follow those jumps (unmatched bunch), and undesired 
longitudinal beam oscillations and filamentation would be the consequence. 

Therefore, one may insert transitions at the times £j, t2, and t; in the ramp B(t) 
specified above. These transitions may be defined in such a way that the ramp rate 
B increases or decreases to the desired value of the next segment. If this is done in 
a linear way, the ramp B (t) will be piecewise linear. The ramp B(t) will then look 
similar to the one specified by Eq. (3.71), but its edges will be rounded off. 

In conclusion, we have to keep in mind that transitions are needed in Eq. (3.71). 
Nevertheless, we will now discuss the meaning of the different phases. 


* During the phase 0 < t < tı, the beam is injected into the synchrotron while the 
magnetic field is constant (phase A in Fig. 3.13). The magnetic field, of course, 
has to fit to the energy of the particles (injection energy/plateau). The RF voltage 
may already be switched on (so-called injection into stationary buckets), or it 
is slowly? ramped up!! (adiabatic capture; see Sect. 5.3.2). The latter case is 
shown as phase B in Fig. 3.13. In phase C, the beam is kept bunched at constant 
energy for a while. 


?We introduced matched bunches earlier as bunches that do not change their distribution. From 
our discussion of the trajectories inside the bucket, we now know that one of the requirements to 
obtain a matched bunch is that the boundary of the bunch correspond to an orbit with a constant 
value of the Hamiltonian. 


V Here it is sufficient to regard the word “adiabatic” as a synonym for “slow.” The mathematical 
concept of adiabaticity will be introduced in Sect. 5.3. 

The RF frequency has to be adapted to h times the revolution frequency, which may be 
determined by means of a Schottky measurement, as described in Chap. 1. 
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Fig. 3.13 An example of 
ramps in a machine cycle 
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* The phase f1 < f < tis the accelerating phase (phase D in Fig. 3.13). 

e The phase f < f < t; is called the “flat top" (phase E in Fig. 3.13). Here, 
at maximum energy, the beam is extracted from the synchrotron (extraction 
energy/plateau). Both fast extraction of bunches and slow *'spill" extraction 
in order to get a steady beam current are possible (cf. [11, Sect. 7.4.1]). 

e Inthe last phase, t3 < t < t4, the magnetic field is ramped down again in order to 
have the same initial conditions for the next machine cycle (phase F in Fig. 3.13). 
The actual shape of the ramps in this phase is unimportant, because no beam is 
present. 

e Afterward, the next machine cycle begins. Therefore, t4 is the cycle time (if we 
neglect the above-mentioned transitions), which should be kept as low as possible 
if a large intensity, i.e., a large number of bunches per time, is to be offered. 


The magnetic field in the bending magnets is restricted for technical reasons. This is 
valid for both the minimum of the magnetic field Bj; at injection and the maximum 
of the magnetic field Bex at extraction. In general, the dipole fields have to be 
controlled to very high accuracy (e.g., 10^? or 10 5). 

We now derive all relevant ramps based on the definition of the magnetic field 
ramp B(f). First of all, we may directly calculate the revolution frequency with the 
help of Eq. (3.67): 
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The RF frequency is then given by 


fug =h fr. 


It is easy to determine other quantities such as the velocity, the relativistic Lorentz 
factors Bg and yg, and kinetic and total energy. 

Let us now assume that an adiabatic capture is performed, in which case, one 
would calculate the longitudinal emittance A» pc of the coasting beam based on the 
known momentum spread Ap/ p of the coasting beam (see Sect. 3.21). At the end 
of the capture process, the sum /- Ag of the phase space areas of the h buckets must, 
of course, be larger than this emittance in order to allow all particles to move into 
the buckets.'? In reality, however, some losses must be accepted. One may increase 
the voltage even further if bunching is to be enhanced, i.e., if shorter bunches are to 
be generated that fill a smaller fraction of the final bucket area Ag. 

In the simplest case, one may increase the voltage slowly (more slowly than 
the period of the synchrotron oscillation, i.e., adiabatically) in a linear fashion. 
However, one may also use the isoadiabatic ramps derived in Sect. 5.3.2 in order 
to save time. 

For the sake of simplicity, we assume a linear increase from 0 to Ya in the time 
interval £4 < t < tg, where 0 < t4 < tg < t; holds. The time £4 is needed to inject 
the beam into the synchrotron and to give it enough time to form a real coasting 
beam with respect to the original momentum spread. For tg < t < ti, the voltage is 
kept constant at V= Vj. 

Now we have to calculate how the voltage V varies in the time interval fi < t < 
t2. For this purpose, we assume that a constant area in phase space is available for 
the beam:;? 


Ag = const and = Ag = Apa. 


We use Eq. (3.41), 


P Particles that are outside the bucket move on unstable trajectories. When the acceleration phase 
starts, the energy of these particles will deviate more and more from the reference value. This 
energy deviation corresponds to large transverse deviations from the reference orbit, which will 
lead finally to a loss of the particle on the beam pipe wall. Beam loss is, of course, undesirable, 
since it leads to less beam current, radioactive activation, and bad vacuum conditions. 


Tn heavy-ion synchrotrons, the bucket filling factor is often rather high, so that the requirement 
Ag = const in combination with adiabaticity roughly implies A, = const. 
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4/2... |WaB2|Q|V 
Ag = Ag stat o (QR) = ih Tg sile a (gr), (3.72) 


which allows us to calculate Ag for the stationary case with gg = 0 (or gg = +7) 
and a(gg) = l and V = Vi. For the time interval t; < £ < fy, this value Ag 


remains constant, according to the requirements, whereas gg and y may change. 
The devolution of the other quantities is already determined, as mentioned above. 
We now return to Eqs. (3.22) and (3.23), which lead to 


V singg = lIgrgB (3.73) 


for harmonic gap voltages. With the exception of gg and V, all other quantities are 
already determined. Therefore, the last two equations allow us to determine both og 
and V numerically. 

At the flat top, the voltage V will be reduced, due to Qg = 0. One may even 
decrease it to zero in order to create a coasting beam again—this time, however, 
with a significantly higher (extraction) energy. 


We now show how a numerical calculation of gg may be performed. For this 
purpose, we insert Eq. (3.73) into Eq. (3.72) in order to eliminate V: 


44/2 WeB2|O| Inrg B 
Ap y SiN gg = uS RÉRIO frrr O'(Qg). 
zh z h|g| 


< sin ge —q alr) = 0 (3.74) 


_ 4/2 Tg WsaPg|Q| larg B 
d — xh Ap zh|m| C 


Now we see that the left-hand side of Eq. (3.74) equals —q for og = 0, i.e., it is 
negative. For gr = 2/2, it equals 1, which is positive. Therefore, the root may 
easily be determined by means of a bisection method (i.e., by repeatedly bisecting 
the interval gg € [0, 2/2]). 


Here we defined 
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3.23 Multicavity Operation 


Let us assume that several cavities are distributed along the synchrotron. A cavity 
is said to work at harmonic number A if its operating frequency equals A times the 
revolution frequency of the reference particle. The circumference of the synchrotron 
is denoted by /g, and s will be a coordinate that describes the path length. For a 
specific harmonic number h, we have a number n, of cavities that work at this 
harmonic number h and that are installed at the positions s; (k = 1,...,n;). The 
number of bunches circulating in the synchrotron is denoted by hy. 
Each of the n, cavities produces an RF signal 


Vi (t) = Vi sin(hort — Pn). 
One usually wants to ensure that a particle bunch passes all these cavities in such 


a way that it reaches them at the same RF phase. The particle bunch will reach the 
kth cavity at the time 


Shik 
thk = ——, 
UR 
where up is determined by 
2x 2 ug 
a= — = 
Tg lg 
Therefore, we have 
Shik 
th, = 20 
GRÍR 


The requirement that the bunch see the same phase at the different cavities means 
that 
Shik 


20h —— — oy, = 2r p, 
In 


where the left-hand side is obtained by inserting t} into the argument of the sine 
function. The right-hand side with an integer p results from the fact that all periods 
of the sine function are equivalent. 
We now define 
Shik 


Onk = 2n —— 
Ip 
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as the angle that describes the position of the cavity in the synchrotron. This leads to 
Qj = hOn k — 2x p. 

As an example, we now consider the synchrotron SIS18 at GSI. It has two cavities 

that are exactly on opposite positions in the ring, so that we have 05; = 0 and 

052 = x. For the standard operation at h = 4 or any other even harmonic number 

h, one gets 


Qni = 0 and g,2 = 0, 


where p is chosen in such a way that g; x is located in the interval ]—z, 7z]. For odd 
values of h, one immediately sees that one must choose 


hı = 0 and qj» = T. 


In addition, we have to ensure that all bunches are treated equally. The distance 
between the fy buckets is /p/ hp. Assuming that two adjacent buckets are filled, their 
time difference equals 


lg 2x 


At = = : 
hy ug hy OR 


If we insert this into the argument of the sine function, we see that 


5 h 
It — 
hy 


must be an integer multiple of 27 if the same RF phase is to be obtained for all 
bunches. Hence, only integer multiples of hy are allowed for A. 

Furthermore, at least one group of cavities with h = h, must exist in order to 
create the hp bunches. 


3.204 Bunch Shape 


Several topics that we have presented thus far were based on the simple model that 
the bunch occupies a well-defined area in phase space. This allowed us, for example, 
to easily compare the longitudinal emittance (i.e., the bunch area in phase space) 
with the bucket area. Arguments of this type are implicitly based on the assumption 
that the particles have a distribution in phase space with clear margins. In reality, this 
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of coasting beam) 


Beam signal (arb. units) 


Fig. 3.14 Comparison of beam current measurement with different curves 


is, of course, not true. For realistic bunches, one has to use rms values to describe 
the dimensions of the bunches in phase space. For example, one may define the 
longitudinal emittance!^ by 


Ab = A tims A Wims- 


It is obvious that this formula is obtained if the area of an ellipse is calculated by 
means of the two semiaxes. In practice, different constants are used in the literature 
to make the definition complete (cf. [6, Sect. 5.4.4]). 

Now we return to our beam current example, which was shown in Fig. 1.3 
(Measurement No. 43 dated August, 21, 2008, 9 Ar**, 11.4 MeV/u, 6kV, h = 4, 
Noeam = 1.5- 10? particles). According to 


= NoeamZq@ 
Tbeam = LE = Noeamzg€ fR, (3.75) 
Tg 


this corresponds to an average beam current of about 0.9 mA. Since the quality of 
the beam was very good during this experiment, the measured pulse shape may be 
used for an analysis of the distribution. 

Figure 3.14 shows different curves in comparison with the measurement. 

If one discards the problem that the zero line of the beam current is hard to 
identify, the Gaussian distribution (second curve) is an excellent approximation 


See also Sect. 5.6.4. 
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of the measured pulse shape (with o = 78ns). Please note that the Gaussian 
distribution cannot, in spite of the good results, represent the “absolute truth,” since 
a bunch that is captured inside a bucket must always have a finite size. The Gaussian 
distribution, however, represents the typical shape of the bunches of a low-intensity 
ion beam when space-charge effects are low (cf. [6, Sect. 5.4.7]). 

Also, the cos? distribution (third curve) provides good results—except that at 
the margins of the bunch, larger deviations are visible (the cos? function must, of 
course, be clipped beyond the minima on both sides—this was not done in the figure 
in order to show the periodicity of this function). 

The fourth curve shows the results of a simulation in which a coasting beam with 
a constant distribution of 30,000 macroparticles in phase space with Ap/D|max = 
+3.5 . 1074 was assumed. In the simulation, the complete capture process was 
simulated. The projection that is needed to calculate the bunch shape was based 
on 200 equidistant bins. One sees that the constant distribution does not describe 
the reality very well, but for qualitative analyses it is often sufficient. 

The fifth curve shows the simulation results in which a coasting beam with a 
Gaussian distribution (Ap/p|, = 2- 107^) was assumed at the beginning. Again, 
30,000 macroparticles with 200 bins were used, and the complete capture process 
was simulated. The good agreement with the measurement is obvious. 

Finally, the theoretical curve for a constant particle density inside an ellipse in 
phase space is shown. In this case, the projection is an ellipse as well. 

Of course, there exist other models for the distribution of the particles (e.g., the 
parabolic bunch, which is an important distribution for space-charge dominated 
beams [6, 12]). 
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Chapter 4 
RF Cavities 


This introduction and Sect.4.1 are based on the article “Ferrite cavities" [2] 
published in CERN Report CERN-2011-007 under the CC BY 3.0 Attribution 
License (http://creativecommons.org/licenses/by/3.0/). The original content (http:// 
cds.cern.ch/record/1411778/files/p299.pdf) has been modified slightly. 

The revolution frequency of charged particles in synchrotrons or storage rings is 
usually lower than 10 MHz. Even if we consider comparatively small synchrotrons 
(e.g., like HIT/HICAT in Heidelberg, Germany, or CNAO in Pavia, Italy, with about 
20—25 m diameter, both used for tumor therapy), the revolution time will be greater 
than 200 ns, since the particles cannot reach the speed of light. Since according to 
Eq. (1.4), 


TRE =h. fn. 


the RF frequency is an integer multiple of the revolution frequency, the RF 
frequency will typically be lower than 10 MHz if only small harmonic numbers h are 
desired. For such an operating frequency, the spatial dimensions of a conventional 
RF resonator would be far too large to be used in a synchrotron. One possibility for 
solving this problem is to reduce the wavelength by filling the cavity with magnetic 
material. This is the basic idea of ferrite-loaded cavities (cf. [1]). Furthermore, this 
type of cavity offers a simple means to modify the resonant frequency in a wide 
range (typically up to a factor of 10) and in a comparatively short time (typically at 
least 10 ms cycle time). Therefore, ferrite cavities are suitable for ramped operation 
in a synchrotron. The possibility of adjusting the resonant frequency of a cavity to 
the desired operating frequency is called tuning. 

Due to the low operating frequencies, the transit-time factor (cf. Sect. 4.3) of 
traditional ferrite-loaded cavities is almost 1 and is therefore not of interest. 

If a synchrotron is operated at comparatively high harmonic numbers, the RF 
frequency will reach values that can be realized as resonant frequencies of classical 
RF resonators (typically 300 MHz or higher). Furthermore, if the particles are 
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already relativistic (i.e., Bg ~ 1) when they are injected into the synchrotron,! there 
is no need to make the cavity tunable to different resonant frequencies. In this case, 
the use of classical resonators is possible. 

Many accelerating cavities of this classical type may be regarded as modifications 
and/or combinations of the so-called pillbox cavity [3, 4]. The pillbox cavity is 
the simplest type of resonator that can be used for particle acceleration. It will be 
discussed in Sect. 4.4. 


4.1 Ferrite-Loaded Cavities 


The main purpose of this section is to derive the general lumped element circuit 
for cavities and to discuss the main properties of RF cavities in synchrotrons and 
storage rings. Furthermore, some specifics that are typical for ferrite-loaded cavities 
are discussed. 

We will see that a ferrite-loaded cavity may be regarded as roughly a transformer 
whose primary coil consists of only one winding fed by an RF power source 
in which the beam acts as the secondary coil. Consequently, some conclusions 
that are valid for transformers are also valid here. For example, the cavity will 
not work properly if the frequency is too low, because the reactance (product of 
inductance and angular frequency) will be too small in comparison with the ohmic 
parts, thereby decreasing the transformation ratio. If the frequency becomes too 
large, flux leakage and distributed effects will become important, so that a simple 
magnetoquasistatic analysis is no longer possible. Hence, an optimum operating 
frequency range can be specified for a ferrite-loaded cavity, similar to that of a 
transformer, taking the material properties and the geometry into account. For our 
analysis, which begins in Sect. 4.1.2, it is assumed without further notice that the 
considered frequency belongs to this optimum frequency range. 


4.1.1 Permeability of Magnetic Materials 


In this section, all calculations are based on permeability quantities u for which 


H = uto 


holds. In material specifications, the relative permeability jz; is given, which means 
that we have to multiply by uo to obtain jz. This comment is also valid for the 
incremental/differential permeability introduced below. 


! Please note that according to Sect. 2.7, relativistic particles will still gain energy even though the 
increase in speed is negligible. 
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Fig. 4.1 Hysteresis loop 


In RF cavities, only so-called soft magnetic materials that have a narrow 
hysteresis loop are of interest, since their losses are comparatively low (in contrast 
to hard magnetic materials, which are used for permanent magnets.?) 

Figure 4.1 shows the hysteresis loop of a ferromagnetic material. It is well known 
that the hysteresis loop leads to a residual induction B, if no magnetizing field H is 
present and that some coercive magnetizing field H, is needed to set the induction 
B to zero. 

Let us now assume that some cycles of the large hysteresis loop have already 
passed and that H is currently increasing. We now stop to increase the magnetizing 
field H in the upper right-hand part of the diagram. Then H is decreased by a 
much smaller amount 2 - AH, then increased again by that amount 2 - A H, and so 
forth.? As the diagram shows, this procedure will lead to a much smaller hysteresis 
loop whereby B changes by 2 - AB. We may therefore define a differential or 
incremental permeability^ 


which describes the slope of the local hysteresis loop. It is this quantity jz, that is 
relevant for RF applications. One can see that ua can be decreased by increasing 
the DC component of H. Since H is generated by currents, one speaks of a bias 


?No strict separation exists between hard and soft magnetic materials. 


?The factor 2 was assumed in order to have the same total change of 2 - AH as in the equation 
Hac(t) = AH cos ot, 


which is usually used for harmonic oscillations. 


‘In a strict sense, the differential permeability is the limit 
dB 


ha qp 


for AH, AB — 0. 
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Fig. 4.2. Simplified 3D sketch of a ferrite-loaded cavity 


current that is applied in order to shift the operating point to higher inductions B, 
leading to a lower differential permeability wa. 

If no biasing is applied, the maximum /Z, is obtained, which is typically of order 
a few hundred or a few thousand times jo. 

The hysteresis loop and the AC permeability of ferromagnetic materials can be 
described in a phenomenological way by the so-called Preisach model, which is 
explained in the literature (cf. [5]). Unfortunately, the material properties are even 
more complicated, since they are also frequency-dependent. One usually uses the 
complex permeability 


"EET. (4.1) 


in order to describe losses (hysteresis loss, eddy current loss, and residual loss). 
The parameters 4; and u? are frequency-dependent. In the following, we will 
assume that the complex permeability u describes the material behavior in rapidly 
alternating fields as the above-mentioned real quantity ua does when a biasing field 
Hryias is present. However, we will omit the index A for the sake of simplicity. 


4.1.2 Magnetoquasistatic Analysis of a Ferrite Cavity 


Figure 4.2 shows the main elements of a ferrite-loaded cavity. The beam pipe is 
interrupted by a ceramic gap. This gap ensures that the beam pipe may still be 


4.] Ferrite-Loaded Cavities 177 


Theam 
isu dies ÁREA T TETEE Oo OG ——G—— P 
deore Vy 
ran eam 


Ceramic 
ou 
To \ 
\ 
-a-cL- \ 
: / 
fi i 1 
: 1 : 
PER. AE Mr Sean (eee Ll. AD Le : 
. . / 
c, Ring core \ Beam pipe. 
O O 
Cavity housing ' «— 
Veen 


Fig. 4.3 Simplified model of a ferrite cavity 


evacuated, but it allows a voltage Vzap to be induced in the longitudinal direction. 
Several magnetic ring cores are mounted in a concentric way around the beam 
and beam pipe (five ring cores are drawn here as an example). The whole cavity is 
surrounded by a metallic housing, which is connected to the beam pipe. 

Figure 4.3 shows a cross section through the cavity. The dotted line represents 
the beam, which is located in the middle of a metallic beam pipe (for analyzing 
the influence of the beam current, this dotted line is regarded as a part of a circuit 
that closes outside the cavity, but this is not relevant for understanding the basic 
operational principle). The ceramic gap has a parasitic capacitance, but additional 
lumped-element capacitors are usually connected in parallel, leading to the overall 
capacitance C. Starting at the generator port located at the bottom of the figure, an 
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inductive coupling loop surrounds the ring core stack. This loop was not shown in 
Fig. 4.2. 

Please note that due to the cross-section approach, we obtain a wire model of the 
cavity with two wires representing the cavity housing. This is sufficient for practical 
analysis, but one should keep in mind that in reality, the currents are distributed. 

In the following, we will represent voltages, currents, field, and flux quantities as 
phasors, i.e., complex amplitudes/peak values for a given frequency f = w/2z. 
In this case, for a quantity X in the time domain, we write X for the phasor in the 
frequency domain. The function X (t) can be reconstructed by means of the complex 
function 


X = ei 
according to 


X(t) = Re{ X} = Re{Xe/}. 


Let us consider a contour that surrounds the lower left ring core stack. Based on 
Maxwell’s second equation in the time domain (Faraday’s law), 


$ Bat =- f Bad, 
ðA A 


we obtain 


(4.2) 


m,tot 


M e = +jo® 


in the frequency domain. If we now use the complete lower cavity half as the 
integration path, we obtain 


Lm = jo, tot- 
Hence we obtain 


JN uu = aus (4.3) 
Here we assumed that the stray field B in the air region is negligible in comparison 
with the field inside the ring cores (due to their high permeability). Finally, we 
consider the beam current contour: 


Voeam = jo. tot T Voip 
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For negligible displacement current, we have Maxwell's first equation (Ampére's 


law) 
$ fiat = f Jai 
0A A 


We use a concentric circle with radius p around the beam as integration path: 
H 2zp = "m (4.4) 


In the frequency domain, this leads to 


B= poe (4.5) 
—2mp 
with 
Pg Y, Lm EN io “4 E ow (4.6) 


For the flux through a single ring core, we get 


^ 5 > LT dorell fo o 
ni = f È-dã= deon f B ap = = na, 
, r T fi 


With the complex permeability 
L = H= ju 
and assuming that N ring cores are present, we obtain 


A Ndeore (W, — jui cds 
= jon $,, = jo (M, — JMS) Lot hn. 
: 2x Tj 


Vas = JOD a tot 
Therefore, we obtain 
Y ap — Li (JoLs + Rs) = PENA (4.7) 


8a] 


1 
Zs = 2m joL,-- Rs, (4.8) 
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f 
L; — Nd core My In m 
2x ri 
Nadcore i o : Ls 

R =% Hs ni zun p ot ; (4.9) 

27 fi D Q 

are defined. Here, 
LA 1 

=s ur 4.10 
9 u! —tanó, Pond 


is the quality factor (or Q factor) of the ring core material. Using Eq. (4.6), we 
obtain 


V oap Ys = Los = Los zx Ls zm [m joC 
Y u Lgs — fan =Z f z 4.11 
— gap 7 “YY, + joc — “tot LU od m isan)- ( . ) 


This equation corresponds to the equivalent circuit shown in Fig. 4.4. In the last step, 
we defined 


Yio. = 


1 
= Y, + joc. 
Z tot 
In the literature, one often finds a different version of Eq. (4.11), in which i beam Has 
the same sign as Z „en: This corresponds to both currents having the same direction 
(flowing into the circuits in Figs. 4.4 and 4.5). In any case, one has to make sure that 


the correct phase between beam current and gap voltage is established. 
In Chap. 3, we studied the stationary case, whereby the gap voltage is given by 


Veap(t) = Ps sin(agrt) 


and the bunches are located at t = 0, +7pp, 2Tgr. ... (operation with positively 
charged particles below transition energy). Therefore, the fundamental harmonic 
of the beam current will be proportional to cos(Wrgt), which corresponds to a 90° 
phase shift between Vsap and Jpeam. For low beam currents and for a cavity that 
is tuned to resonance, the phase of the gap voltage is equal to the phase of the 
generator current. For higher beam currents, however, not only the generator current, 
but also the beam current will have an influence on the gap voltage due to the beam 
impedance Zi, as can be seen in Eq. (4.11) and in Fig. 4.4. This phenomenon is 
called beam loading. 
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Fig. 4.4 Series equivalent 


circuit 

Fig. 4.5 Parallel ivalent 
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4.1.3 Parallel and Series Lumped Element Circuit 


In the vicinity of the resonant frequency, it is possible to convert the lumped element 
circuit shown in Fig. 4.4 into a parallel circuit as shown in Fig. 4.5. The admittances 
of both circuits will be assumed equal: 


1 1 1 
Yio = joc + ————— = joC + — 
OST Bol, 2 a 
R.—joL, 1 à 1 
R24+(@L;)? R,  joLy 
A comparison of the real and imaginary part yields 
R? Ls)? 
Ry = or (4.12) 


R; 
R? + (oL, 


wL, = 
7 oLs 


(4.13) 
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For the inverse relation, we modify the first equation according to 

(oL,) = Rs(Rp — Rs) 
and use this result in the second equation: 


oL, J| RR, — Rs) = R,R, 


=> (wLp) (Rp — Rs) = RR? 


p 


(o Ly) 


=>|R, = BR, 
R2+(@L,)? ” 


Equations (4.12) and (4.13) directly provide 
Ry Rs = (WLp)(@Ls), (4.14) 


which leads to 


2 
Rp R5 


oL, = s= — oL. 
R2 + (oL)? ° 


^ pd 


Since it is suitable to use both types of lumped element circuit, it is also convenient 
to define the complex permeability u in a parallel form: 


1 ; 


This is an alternative representation of the series form shown in Eq. (4.1), which 
leads to 

_ M tju 

B "2" 


1 
u pest ut 


Comparing the real and imaginary parts of the last two equations, we obtain 


2 n2 
B. ts 
Hp = L3 (4.16) 
12 "A 
"Lg 
Ta abe (4.17) 


n 
Hs 
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These two equations lead to 


Mah 


Boks = Hp HS- 


Putting this together with Eqs. (4.9), (4.10), and (4.14), we conclude that 


l! 0L, R Le 
g= Ps LEAL. Tp Te (4.18) 
Hn R; OLy W 
With these expressions, we may write Eqs. (4.16) and (4.17) in the form 
'= u (1+ ES (4.19) 
Mp Hs Q? ’ " 
Hp = Hs (1+ Q^). (4.20) 
If we use Eq. (4.18), 
oL; 
Q= RO 
we may rewrite Eqs. (4.12) and (4.13) in the form 
Ry = R.(1 + Q?), (4.21) 
1 
bon (: " a) (4.22) 


By combining Eqs. (4.21) and (4.9), we obtain 


Nets Fo 
Rp = (1+ Qo eis In = 


With the help of Eqs. (4.18) and (4.19), we obtain 


The last two equations lead to 


Ry = 


Nd core}; o o 
[2 p 7 In Lm Ndeore tt! Qf In = . 
27 ri P ri 
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This shows that R, is proportional to the product Hp Qf, which is a material property. 
The other parameters refer to the geometry. Therefore, the manufacturers of ferrite 
cores sometimes specify the 44, Qf product (for the sake of simplicity, we define 
Mr = Bor 

For Q > 5, we may use the approximations 


Ry ~ R, Q’, Light Ls Hi P: Hh, ui ~ ug Q?, (4.23) 


which then have an error of less than 4%. 


4.1.4 Frequency Dependence of Material Properties 


As an example, the frequency dependence of the permeability is shown in Figs. 4.6 
and 4.7 for the special ferrite material Ferroxcube 4, assuming small magnetic RF 
fields without biasing. All the data presented for this material are taken from [6]. 
It is obvious that the behavior depends significantly on the choice of the material. 
Without biasing, a constant LL. 2 Hy may be assumed only up to a certain frequency 
(see Fig. 4.6). With increasing frequency from 0, the Q factor will decrease (compare 
Figs. 4.6 and 4.7). Figure 4.8 shows the resulting frequency dependence of the u, Qf 
product. 

If the magnetic RF field is increased, both Q and u,Qf will decrease in 
comparison with the diagrams in Figs. 4.6, 4.7, and 4.8. The effective incremental 
permeability ur will increase for rising magnetic RF fields, as one can see by 
interpreting Fig. 4.1. Therefore, it is important to consider the material properties 
under realistic operating conditions (the maximum RF B-field is usually of order 
10...20 mT). 

If biasing is applied, the jL,Qf curve shown in Fig. 4.8 will be shifted to the lower 
right-hand side; this effect may approximately compensate the increase in 444 Qf 
with frequency [6]. Therefore, the 4, Qf product may sometimes be regarded as 
approximately a constant if biasing is used to keep the cavity at resonance for all 
frequencies under consideration. 


>Here, the index r again denotes the relative permeability, i.e., 


£f 
Mor = z. 
Pa Ho 
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Fig. 4.6 4, versus 
frequency for three different 
types of ferrite material (1: 
Ferroxcube 4A, 2: 
Ferroxcube 4C, 3: Ferroxcube 
4E). Data taken from [6] 


Fig. 4.7 47, versus 
frequency for three different 
types of ferrite material (1: 
Ferroxcube 4A, 2: 
Ferroxcube 4C, 3: Ferroxcube 
4E). Data taken from [6] 
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4.1.5 Quality Factor of the Cavity 


185 


The quality factor of the equivalent circuit shown in Fig.4.5 is obtained if the 
resonant (angular) frequency 


1 
LC 


Ores = 27t fres = 
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Fig. 4.8 {Qf product 100 

versus frequency for three © 
different types of ferrite 

material (1: Ferroxcube 4A, 

2: Ferroxcube 4C, Q 
3: Ferroxcube 4E). Please 
note that fr :— pi, © Hs, 
holds, due to Eq. (4.23). No 
bias field is present, and small 
magnetic RF field amplitudes 
are assumed. Data taken 1 
from [6] 


u, Qf (GHz) 


0.20.5 1 2 5 1020 50 
f (MHz) 


is inserted into Eq. (4.18): 


| C 
Qp = Rp Lp 


In general, all parameters pi, WY, Wp, Wh» Rs, Ls, Rp, Lp, Q, and Qy are frequency- 
dependent. It depends on the material whether the parallel or the series lumped 
element circuit is the better representation in the sense that its parameters may be 
regarded as approximately constant in the relevant operating range. In the following, 
we will use the parallel representation. 

We briefly show that Q, is in fact the quality factor defined by 


W tot 


Qp =o, 
Pss 


where W is the stored energy and P ys is the power loss (both time-averaged): 


Pioss E , (4.24) 


EN 1 Me dg 
Wa--CIV,J. 
4 


gap 
WwW MD 1 L T 2 _ 1 em. m [E 
man = g Lp hb = 7 b r 4o? Lp 
p 


At resonance, we have W a = W inagis which leads to 
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as expected. The parallel resistor Ry defined by Eq. (4.24) is sometimes called a 
shunt impedance. Please note that different definitions for shunt impedance exist in 
the literature. Sometimes, especially in the LINAC community, the shunt impedance 
is defined as twice R, (cf. [7]). 


4.1.6 Impedance of the Cavity 


The impedance of the cavity 


IL 
Zi = : cs 
tot 
d ; Ecl L R 
r +J (0C =ar) £e +i (ovi - ke) 


may be written as 


Rp 
Zo = 7 — 
Op T J (2 m) 
Rp 
> Ziot = . (4.25) 
1 T j Qp (2 Bi ins) 
The Laplace transformation yields 

R Ry Ses 

Za(s) = à - Pr, (4.26) 


1+ s2 qi sË + 8? + Oks 


which may be found in the literature (cf. [8,9]) in the form 


2Rp0 s 


Zils) = ————————- 
(s) s? + 205 + w2, 


is defined. 
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We now determine the 3-dB bandwidth? of the cavity. The corresponding corner 
frequencies are reached if the absolute value of the impedance is 1/4/2 of the 
maximum value Rp. Equation (4.25) shows that this is fulfilled for 


Ores we Cres 1 
w = t—— + EE eL. = t—— + es, l1 + —. 
20, 407 ` 20, V 49; 


The absolute value of the second expression is always larger than that of the first 
expression. Since w must be positive, one obtains 


fit 1 + Ores 
wW = Ores TAS. . 
402 * 20, 


This obviously leads to the 3-dB bandwidth 


Ores = Q m Ores _ Tres 
Qp P Aow Afa 


AG3dB = 


4.1.7 Length of the Cavity 


In the previous sections, we assumed that the ferrite ring cores can be regarded as 
lumped-element inductors and resistors. This is, of course, true only if the cavity is 
short in comparison with the wavelength. 

As an alternative to the transformer model introduced above, one may therefore 
use a coaxial transmission line model. For example, the section of the cavity that is 
located on the left side of the ceramic gap in Fig. 4.3 may be interpreted as a coaxial 
line that is homogeneous in the longitudinal direction and that has a short circuit at 
the left end. The cross section consists of the magnetic material of the ring cores, 
air between the ring cores and the beam pipe, and air between the ring cores and the 
cavity housing. This is, of course, an idealization, since cooling disks, conductors, 
and other air regions are neglected. Taking the SIS18 cavity at GSI as an example, 
the ring cores have 4, = 28 at an operating frequency of 2.5 MHz. The ring cores 
have a relative dielectric constant of 10—15, but this is reduced to an effective value 


Please note that a voltage level of —3 dB below the maximum corresponds to 70.794696 of the 
peak voltage. This is a good approximation for 1/ A/2 (70.710796). 


4.] Ferrite-Loaded Cavities 189 


of e. = 1.8, since the ring cores do not fill the full cavity cross section. These 
values lead to a wavelength of à = 16.9 m. Since 64 ring cores with a thickness of 
25 mm are used, the effective length of the magnetic material is 1.6m = 0.095 A 
(which corresponds to a phase of 34°). In this case, the transmission line model 
leads to deviations of less than 10% with respect to the lumped-element model. The 
transmission line model also shows that the above-mentioned estimation for the 
wavelength is too pessimistic; it leads to A = 24 m, which corresponds to a cavity 
length of only 24°. 

This type of model makes it understandable why the ferrite cavity is sometimes 
referred to as a shortened quarter-wavelength resonator. 

Of course, one may also use more detailed models in which subsections of the 
cavity are modeled as lumped elements. In that case, computer simulations can be 
performed to calculate the overall impedance. If one is interested in resonances that 
may occur at higher operating frequencies, one should perform full electromagnetic 
simulations. 

In any case, one should always remember that some parameters are difficult 
to determine, especially the permeability of the ring core material under different 
operating conditions. This uncertainty may lead to larger errors than simplifications 
of the model. Measurements of full-size ring cores in the requested operating range 
are inevitable when a new cavity is developed. Also, parameter tolerances due to the 
manufacturing process have to be taken into account. 

In general, one should note that the total length and the dimensions of the 
cross section of the ferrite cavity are not determined by the wavelength as for a 
conventional RF cavity. For example, the SIS18 ferrite cavity has a length of 3m 
flange to flange, although only 1.6 m is filled with magnetic material. This provides 
space for the ceramic gap, the cooling disks, and further devices such as the bias 
current bars. In order to avoid resonances at higher frequencies, one should not 
waste too much space, but there is no exact size of the cavity housing that results 
from the electromagnetic analysis. 


4.1.8 Differential Equation and Cavity Filling Time 


The equivalent circuit shown in Fig. 4.5 was derived in the frequency domain. As 
long as no parasitic resonances occur, this equivalent circuit may be generalized. 
Therefore, we may also analyze it in the time domain (allowing slow changes of Lp 
with time): 


dV. dI; 
. C Voap = Lp i "de ^ Voap = (Leen — Iz — Ic — Toe) Rp 


gap 


F Igen = Ic zl Theam (4.27) 
p 
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1 dV d d? V, 
Vea =L T + I gen -I eam) — C ST 
gap T R, di q Ue beam) J2 
"c d 
=> LyC Veap We Veap F Vap = Ly — (gen = Tbeam) 
Rp dt 
M WS ee Se (4.28) 
gap T gap Wres V gap = C dt gen beam) - . 
Here we used the definition 
t = 2R,C. 


The product RpC is also present in the expression for the quality factor: 


C RC 
=R = P = zUOxes 
Qp P Ly (LC 2 
20, _ Qp 


>/TtT= 


res T fres ` 


Under the assumption «s > 1 (Qp > 2» the approach Vga, = Ve% (with a 
complex constant o) for the homogeneous solution of Eq. (4.28) actually leads to 


1 
œa = —— t jog 
U 


with exponential decay time t and oscillation frequency 


1 1 
Wd = res | 1 — ——~, = res | 1 — >. 
ia V (Tors)? " V 49; 


This leads to cx a @res even for moderately high Qp > 2 (error less than 4%). 
Sometimes, the resonant frequency wres is called the undamped natural frequency, 
whereas wg is called the damped natural frequency. 

The time r is the time constant for the cavity, which also determines the cavity 
filling time. Furthermore, the time constant t is relevant for amplitude and phase 
jumps of the cavity (see, e.g., [10] and Appendices A.7.1 and A.7.2). We will 
visualize this fact in Sect. 4.2. 

Sometimes, especially in the LINAC community, the cavity filling time is defined 
as QOp/oxes (one-half of our definition; cf. [7]) in order to specify the energy decay 
instead of the field strength or voltage decay. 
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4.1.9 Power Amplifier 


Up to now, the Q factor of the cavity has been called Qp. What we have not 
mentioned is that the Q factor of the cavity itself is the so-called unloaded Q factor. 
From now on, this unloaded Q factor will be denoted by Qo. In accordance with 
this, the parallel resistor will be denoted by Rp. The reason for this is the following: 
An RF power amplifier that feeds the cavity may often be represented by a voltage- 
controlled current source (e.g., in the case of a tetrode amplifier as discussed in 
Chap. 6). The impedance of this current source will be connected in parallel to the 
equivalent circuit, thereby reducing the ohmic part R, according to Rp = Ryol|Reen 
(see Sect. 4.1.12). Therefore, the loaded Q factor Q, will usually be reduced in 
comparison with the unloaded Q factor Oo. Also, the cavity filling time will be 
reduced due to the impedance of the power amplifier. 

The formulas that were derived for the parallel equivalent circuit are valid for 
both cases, the cavity alone and the combination of cavity and amplifier. This is 
why they were based on Rp. 

It must be emphasized that for ferrite cavities, 50 Q impedance matching is not 
necessarily used in general. The cavity impedance is usually on the order of a few 
hundred ohms or a few kilohms. Therefore, it is often more suitable to connect the 
tetrode amplifier directly to the cavity. Impedance matching is not mandatory if the 
amplifier is located close to the cavity. Short cables have to be used, since they 
contribute to the overall impedance/capacitance. Cavity and RF power amplifier 
must be considered as one unit; they cannot be developed individually, since that 
the impedance curves of the cavity and the power amplifier influence each other. 


4.1.10 Cooling 


Both the power amplifier and the ferrite ring cores need active cooling. Of course, 
the Curie temperature of the ferrite material (typically > 100°C) must never be 
reached. Depending on the operating conditions (e.g., CW or pulsed operation), 
forced air cooling may be sufficient or water cooling may be required. Cooling 
disks between the ferrite cores may be used. In this case, one has to ensure that the 
thermal contact between cooling disks and ferrite cores is good. 


4.1.11 Cavity Tuning 


We already mentioned in Sect. 4.1.1 that a DC bias current may be used to decrease 
Ha, Which results in a higher resonant frequency. This is one possible way to realize 
cavity tuning. Strictly speaking, one deals with a quasi-DC bias current, since the 
resonant frequency must be modified during a synchrotron machine cycle if it is to 
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equal the variable RF frequency. Such a tuning of the resonant frequency fres to 
the RF frequency frr is usually desirable, since the large Zio; makes it possible to 
generate large voltages with moderate RF power consumption. 

Sometimes, the operating frequency range is small enough in comparison with 
the bandwidth of the cavity that no tuning is required. 

If tuning is required, one has at least two possibilities to realize it: 


1. Bias current tuning 
2. Capacitive tuning 


The latter may be realized by a variable capacitor (see, e.g., [11, 12]) whose 
capacitance may be varied by a stepping motor. This mechanical adjustment, 
however, is possible only if the resonant frequency is not changed from machine 
cycle to machine cycle or even within one machine cycle. 

In the case of bias current tuning, one has two different choices, namely perpen- 
dicular biasing (also called transverse biasing) and parallel biasing (also called 
longitudinal biasing). Also, a mixture of both is possible [13]. The terms parallel 
and perpendicular refer to the orientation of the DC field Apias in comparison with 
the RF field H. 

Parallel biasing is simple to realize. One adds bias current loops, which may 
in principle be located in the same way as the inductive coupling loop shown in 
Fig. 4.3. If only a few loops are present, current bars with large cross sections 
are needed to withstand the bias current of several hundred amps. The required 
DC current may, of course, be reduced if the number Myi4, of loops is increased 
accordingly (keeping the ampere-turns constant). This increase in the number 
of bias current windings may be limited by resonances. On the other hand, a 
minimum number of current loops is usually applied to guarantee a certain amount 
of symmetry, which leads to a more homogeneous flux in the ring cores. 

Perpendicular biasing is more complicated to realize; it requires more space 
between the ring cores, and the permeability range is smaller than for parallel 
biasing. The main reason for using perpendicular biasing is that lower losses can be 
reached (see, e.g., [14]). One can also avoid the so-called Q-loss effect or high loss 
effect. The Q-loss effect often occurs when parallel biasing is applied and if the bias 
current is constant or varies only slowly. After a few milliseconds, one observes that 
the induced voltage breaks down by a certain amount even though the same amount 
of RF power is still applied (see, e.g., [15, 16]). For perpendicular biasing, the Q- 
loss effect was not observed. The Q-loss effect is not fully understood. However, 
there are strong indications that it may be caused by mechanical resonances of 
the ring cores induced by magnetostriction effects [17]. It is possible to suppress 
the Q-loss effect by mechanical damping. For example, in some types of ferrite 
cavities, the ring cores are embedded in a sealing compound [18], which should 
damp mechanical oscillations. Not only the Q-loss effect but also further anomalous 
loss effects have been observed [15]. 

When the influence of biasing is described, one usually defines an average bias 
field Ayia, for the ring cores. For this purpose, one may use the magnetic field 
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Nbias Toias 


Hyis = DaF 


located at the mean radius 


Of course, this choice is somewhat arbitrary from a theoretical point of view, but it 
is based on practical experience. 

A combination of bias current tuning and capacitive tuning has also been applied 
to extend the frequency range [19]. 


4.1.12 Resonant Frequency Control 


A method that has traditionally been applied to decide whether a ferrite-loaded 
cavity is at resonance is the measurement of the phase of the gap voltage and of the 
phase of the control grid voltage (in case of a tetrode power amplifier, cf. Chap. 6). 

At first glance, it seems to be clear that the cavity is at resonance if and only if the 
cavity impedance is purely resistive, i.e., if the inductance of the lumped element 
(parallel) circuit exactly compensates the capacitance (see Fig. 4.5). Therefore, it 
is obvious that the generator current and the gap voltage must be in phase for the 
cavity operating at resonance. 

In order to analyze this fact in detail, however, one should be aware that a tube 
amplifier also contributes to the overall cavity impedance. It is not only the ohmic 
output impedance that will contribute to the overall impedance of the cavity, but 
also the capacitance of the tetrode and its circuitry (and also some inductances). As 
shown in Fig. 4.9, we may use a model [20] in which the tetrode power amplifier is 
represented as a voltage-controlled current source with an internal resistor Rgen in 
parallel. The capacitance of the power amplifier is represented by a capacitor Cyen 
(if necessary, Ceen may be frequency-dependent to include the effect of parasitic 
inductances). The cavity without the power amplifier is shown on the right side of 
the circuit. It consists of Ryo, Lp, and Co. Now it becomes obvious that the resonant 
frequency of the overall system is 


1 
7 af Lp(Co s Eu) 


Wres 
If the cavity is tuned to resonance, it is not the current Tsay that is in phase with the 
gap voltage Voap, but the current Jen. This current gen cannot be measured, however, 
since it may be regarded as an internal current of the tetrode. Fortunately, the control 
grid voltage V;; of the tetrode is usually in phase with the internal current Igen 
(cf. Chap. 6). Therefore, a resonant frequency control loop may compare the phase 
of Vs; with the phase of Vzap. If both are in phase (or 180? out of phase, depending 
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beam 


Fig. 4.9 Equivalent circuit of RF generator and cavity 


on the chosen orientation of the voltages), the whole cavity system consisting of 
generator and cavity will be at resonance. One typically uses a phase detector, 
which provides the phase difference between Vg; and V;4,. This output signal is 
then used by a closed-loop controller (cf. Chap. 7) to modify the bias current of the 
ferrite cavity so that Je, and Vg, are in phase with Vzap, as desired. 

It must be emphasized that the equivalent circuit in Fig.4.5 and the related 
formulas are still valid. We just have to interpret the circuit in a slightly different 


way. If we compare it with Fig. 4.9, it becomes obvious that C = C, + Co is the 
Rpo Rgen 


Rpot Rgen also 


total capacitance of generator and cavity, and Ry = Rpo||Reen = 
includes both contributions. 

Sometimes, it is desired to operate the cavity not at resonance but slightly off- 
resonance. In this case, one may choose a target value that differs from zero (or 
180°, respectively) for the phase difference. 

Completely detuning the cavity may be a choice to deactivate the cavity without 
having a high beam impedance. Then, of course, no gap voltage is produced, so that 
the closed-loop control system will not work. However, one may modify the bias 
current in an open-loop mode in this case. 


4.1.13 Further Complications 


We already mentioned that the effective differential permeability depends on the 
hysteresis behavior of the material, i.e., on the history of bias and RF currents. It 
was also mentioned that due to the spatial dimensions of the cavity, we have to 
deal with ranges between lumped-element circuits and distributed elements. The 
anomalous loss effects are a third complication. There are further points that make 
the situation even more complicated in practice: 


* [fno biasing is applied, the maximum of the magnetic field is present at the inner 
radius 7;. One has to ensure that the maximum ratings of the material are not 
exceeded. 
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e Bias currents lead to an o^! dependency of the induced magnetic field Hy. 
Therefore, biasing is more effective in the inner parts of the ring cores than in 
the outer parts, resulting in a ua that increases with p. According to Eq. (4.5), 
this will modify the p^! dependency of the magnetic RF field. As a result, the 
dependence on p may be much weaker than without a bias field. 

* The permeability depends not only on the frequency, on the magnetic RF field, 
and on the biasing. It is also temperature-dependent. 

* Depending on the thickness of the ferrite cores, on the conductivity of the ferrite, 
on the material losses, and on the operating frequency, the magnetic field may 
decay from the surface to the inner regions, reducing the effective volume. 

* At higher operating frequencies with strong bias currents, the differential per- 
meability will be rather low. This means that the magnetic flux will no longer 
be guided perfectly by the ring cores. The fringe fields in the air regions will be 
more important, and resonances may occur. 


4.1.14 Cavity Configurations 


A comparison of different types of ferrite cavities can be found in [21-23]. We 
summarize a few aspects here that lead to different solutions. 


* Instead of using only one stack of ferrite ring cores and only one ceramic gap, 
as shown in Fig. 4.3, one may also use more sections with ferrites (e.g., one gap 
with half the ring cores on the left side and the other half on the right side of the 
gap, for reasons of symmetry) or more gaps. Sometimes, the ceramic gaps belong 
to different independent cavity cells, which may be coupled by copper bars (e.g., 
by connecting them in parallel). Connections of this type must be short to allow 
operation at high frequencies. 

* One configuration that is often used is a cavity consisting of only one ceramic 
gap and two ferrite stacks on each side. Figure-eight windings surround these two 
ferrite stacks (see, e.g., [24]). With respect to the magnetic RF field, this leads to 
the same magnetic flux in both stacks. In this way, an RF power amplifier that 
feeds only one of the two cavity halves will indirectly supply the other cavity 
half as well. This corresponds to a 1:2 transformation ratio. Hence, the beam will 
see four times the impedance compared with the amplifier load. Therefore, the 
same RF input power will lead to higher gap voltages (but also to a higher beam 
impedance). The transformation law may be derived by an analysis that is similar 
to that in Sect. 4.1.2. 

* Instead of the inductive coupling shown in Fig. 4.3, one may also use capacitive 
coupling if the power amplifier is connected to the gap via capacitors. If a 
tetrode power amplifier is used, one still has to provide it with a high anode 
voltage. Therefore, an external inductor (choke coil) is necessary, which allows 
the DC anode current but blocks the RF current from the DC power supply. Often 
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a combination of capacitive and inductive coupling is used (e.g., to influence 
parasitic resonances). The coupling elements will contribute to the equivalent 
circuit. 

* Another possibility is inductive coupling of individual ring cores. This leads to 
lower impedances, which ideally allow a 50-Q2 impedance matching to a standard 
solid-state RF power amplifier (see, e.g., [25]). 

* Ifa small relative tuning range is required, it is not necessary to use biasing for 
the ferrite ring cores inside the cavity. One may use external tuners (see, e.g., 
[26, 27]), which can be connected to the gap. For external tuners, both parallel 
and perpendicular biasing may be applied [28]. 


No general strategy can be defined for how a new cavity is to be designed. Many 
compromises have to be found. A certain minimum capacitance is given by the gap 
capacitance and the parasitic capacitances. In order to reach the upper limit of the 
frequency range, a certain minimum inductance has to be realized. If biasing is used, 
this minimum inductance must be reached using the maximum bias current, but the 
effective permeability should still be high enough to reduce stray fields. Also, the 
lower frequency limit should be reachable with a minimum but nonzero bias current. 
There is a maximum RF field BRF max (about 15 mT), which should not be exceeded 
for the ring cores. This imposes a lower limit on the number of ring cores. The 
required tuning range in combination with the overall capacitance will also restrict 
the number of ring cores. As mentioned above, the amplifier design should be taken 
into account from the very beginning, especially with respect to the impedance. 
The maximum beam impedance that is tolerable is defined by beam dynamics 
considerations. This impedance budget also defines the power that is required. If 
more ring cores can be used, the impedance of the cavity will increase, and the 
power loss will decrease for a given gap voltage. 


4.1.15 The GSI Ferrite Cavities in SISIS 


As an example for a ferrite cavity, we summarize the main facts about GSI’s SIS18 
ferrite cavities (see Figs. 4.10 and 4.11). Two identical ferrite cavities are located in 
the synchrotron SIS18. 

The material Ferroxcube FXC 8C12m is used for the ferrite ring cores. In total, 
N = 64 ring cores are used per cavity. Each core has the following dimensions: 


də = 2 ro = 498mm, di = 2 ri = 270mm, deore = 25mm, 


For biasing, 


Nbias =6 
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Fig. 4.10 SIS18 ferrite cavity. Photography: GSI Helmholtzzentrum für Schwerionenforschung 
GmbH, T. Winnefeld 


Fig. 4.11 Gap area of the SIS18 ferrite cavity. Photography: GSI Helmholtzzentrum für Schwer- 
ionenforschung GmbH, T. Winnefeld 


198 4 RF Cavities 


Table 4.1 Equivalent circuit parameters for SIS18 ferrite cavities (without influence of tetrode 
amplifiers) 


Resonant frequency fres 620 kHz 2.5 MHz 5 MHz 
Relative permeability 45, 450 28 7 
Magnetic bias field Hyj4, at mean radius 25 A/m 700 A/m 2750 A/m 
Bias current [pias 4.8A 135A 528A 

My, OF product 4.2. 10° s7! 3.7- 10? s7! 3.3- 10? s! 
Q-factor O50 15 53 94 

Ls 88.2 uH 5.49 uH 1.37 uH 
Ly 88.5 WH 5.49 uH 1.37 WH 
Rso 22.8 1.63 0.46 Q 
Ryo 5,200 Q 4,600 Q 4,100 Q 
Cavity time constant t 7.7 us 6.7 us 6.0 us 


figure-eight copper windings are present. The total capacitance amounts to 
C = 740 pF, 


including the gap, the gap capacitors, the cooling disks, and other parasitic capaci- 
tances. The maximum voltage that is reached under normal operating conditions is 
Vax 16KV. 

Table 4.1 shows the main parameters for three different frequencies. All these 
values are consistent with the formulas presented in this book. It is obvious that both 
By, Qf and R, do not vary strongly with frequency, justifying the parallel equivalent 
circuit. This compensation effect was mentioned at the end of Sect. 4.1.4. 

All the parameters mentioned here refer to the beam side of the cavity. The 
cavity is driven by an RF amplifier coupled to only one of two ferrite core stacks 
(consisting of 32 ring cores each). The two ring core stacks are coupled by the bias 
windings. Therefore, a transformation ratio of 1 : 2 is present from amplifier to 
beam. This means that the amplifier has to drive a load of about Rpo/4 ~ 1.1 KQ. 
For a full amplitude of [m = 16kV at f = 5MHz, the power loss in the cavity 
amounts to 31 kW. 

The SIS18 cavity is supplied by a single-ended tetrode power amplifier using a 
combination of inductive and capacitive coupling. 

It has to be emphasized that the values in Table 4.1 do not contain the amplifier 
influence. Depending on the operating point of the tetrode, R, will be reduced 
significantly in comparison with Ryo, and all related parameters vary accordingly. 


4.1.16 Further Practical Considerations 


For measuring the gap voltage, one needs a gap voltage divider in order to decrease 
the high-voltage RF to a safer level. This can be done by capacitive voltage dividers. 
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Gap relays are used to short-circuit the gap if the cavity is temporarily unused. 
This reduces the beam impedance, which may be harmful for beam stability. If 
cycle-by-cycle switching is needed, semiconductor switches may be used as gap 
switches instead of vacuum relays. Another possibility to temporarily reduce the 
beam impedance is to detune the cavity. 

The capacitance/impedance of the gap periphery devices must be considered 
when the overall capacitance C and the other elements in the equivalent circuit 
are calculated. Also, further parasitic elements may be present. 

On the one hand, the cavity dimensions should be as small as possible, since 
space in synchrotrons and storage rings is valuable and since undesired resonances 
may be avoided. On the other hand, certain minimum distances have to be kept 
in order to prevent high-voltage sparkovers. For reasons of EMC (electromagnetic 
compatibility), RF seals are often used between conducting metal parts of the cavity 
housing to reduce electromagnetic emission. 

In order to satisfy high vacuum requirements, it may be necessary to allow a 
bakeout of the vacuum chamber. This can be realized by integrating a heating 
jacket that surrounds the beam pipe. It has to be guaranteed that the ring cores are 
not damaged by heating and that safety distances (for RF purposes and high-voltage 
requirements) are kept. 

If the cavity is used in a radiation environment, the radiation hardness of all 
materials is an important topic. 


4.1.17 Magnetic Materials 


A large variety of magnetic materials is available. Nickel-zinc (NiZn) ferrites may 
be regarded as the traditional standard material for ferrite-loaded cavities. At least 
the following material properties are of interest for material selection, and they may 
differ significantly for different types of material: 


* permeability 

* magnetic losses 

* saturation induction (typically 200—300 mT for NiZn ferrites) 

* maximum RF inductions (typically 10—20 mT for NiZn ferrites) 

* relative dielectric constant (on the order of 10—15 for NiZn ferrites but, e.g., very 
high for MnZn ferrites) and dielectric losses (usually negligible for typical NiZn 
applications) 

* maximum operating temperature, thermal conductivity, and temperature depen- 
dence in general 

* magnetostriction 

* specific resistance (very high for NiZn ferrites, very low for MnZn ferrites) 


In order to determine the RF properties under realistic operating conditions (large 
magnetic flux, biasing), thorough reproducible measurements in a fixed test setup 
are inevitable. 


200 4 RF Cavities 


Amorphous and nanocrystalline magnetic alloy (MA) materials have been used 
to build very compact cavities that are based on similar principles as the classical 
ferrite cavities (see, e.g., [12,23,29-31]). These materials allow a higher induction 
and have a very high permeability. This means that a smaller number of ring cores is 
needed for the same inductance. MA materials typically have lower Q factors than 
those of ferrite materials. Low Q factors have the advantage that frequency tuning is 
often not necessary and that it is possible to generate signal forms including higher 
harmonics instead of pure sine signals (cf. Sect. 5.5.1). MA cavities are especially of 
interest for pulsed operation at high field gradients. If a low Q-factor is not desired, 
it is also possible to increase it by cutting the MA ring cores. 

Microwave garnet ferrites have been used at frequencies in the range 40-60 MHz 
in connection with perpendicular biasing, since they provide comparatively low 
losses (see, e.g., [32-34]). 


4.2 Cavity Excitation 


In Sect. 4.1.8, we derived the differential equation (4.28) that is obtained for the 
standard lumped element circuit of the cavity shown in Fig. 4.5. This is valid for 
several types of cavities. 

We already mentioned that the cavity time constant t determines how the cavity 
reacts to excitations, i.e., changes in the generator current and the beam current. 

In Appendix A.7.1, a solution (A.37) of the ODE (4.28) is derived for a special 
excitation, namely that the sinusoidal generator current is switched on. 

We now evaluate this solution for a specific case. Consider the following 
parameters as an example: 


Ry = 2kQ, C = 500 pF, Ly = 50.66 WH. 
This leads to 
Op ~ 6.28, t —2yps 
and a resonant frequency of 1 MHz. The impedance is shown in Fig. 4.12. 
Figures 4.13, 4.14, 4.15, 4.16, 4.17, and 4.18 show what happens if the cavity is 
excited with a current 


Ten (1) = La sin(wt) 


that is switched on at £ = 0 with an amplitude of rem = 5A. 
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If the excitation frequency differs much from the resonant frequency of the cavity, 
the cavity first tries to oscillate with the resonant frequency. After a while, this 
transient behavior ends, and the cavity oscillates with the excitation frequency. 
However, no significant voltage is obtained. 

If the excitation frequency is close to the resonant frequency, one sees some 
overshoot before the stationary conditions are reached. 

If the cavity is excited with its resonant frequency, the maximum voltage is 
achieved for a given current. The time constant r is clearly visible. 
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Fig. 4.15 Excitation with 
f =0.9MHz 


Fig. 4.16 Excitation with 
f = 1MHz 


Fig. 4.17 Excitation with 
f = 1.1 MHz 
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In the simplest case, the longitudinal component of the electric field may be regarded 
as constant in the ceramic gap, and it has a harmonic shape: 


E(t) = E cos(agrt). 


We now consider a particle that passes the center of the gap at z = 0 exactly at the 
time t = 0, when the electric field is at its crest. 


The particle then experiences the voltage 


+ Algap/2 +Algap/2 
v=f ga-[ E (t) ug dt. 
—Algap/2 —Algap/2 


Here we assume that the percentage of change in the particle velocity is small 
enough that one may simply write 


z Al 


ga 
UR = - = P 
t Atgap 


The quantity A tsap denotes the time of flight through the gap. In this way, we obtain 


A + Atgap/2 ~ Fsin(owut Afgap/2 
V = uÊ Í cos(ogrt) dt = 2ug Ê E 
—Atgap/2 


ORF 0 


= Dug sin(@pFAtgap/2) 


ORF 
^ Sin(OgrAtsap/ 2 
— V= Algp E = ( RE 7 p/ ) 


ORFA leap /2 


If the time of flight is, according to 


Afsap « Tor & ORF A gap « 2r, 
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small in comparison with the RF period, it follows that 
V—Vy- Alap É. 
If this is not the case, one obtains 
V = Yo: fr, 
where fr denotes the transit time factor 


Alga, 
fr = si (enr Atgap/ 2) = si (SS) " 


UR 


In a synchrotron, 


2x 
Ogg = h— 
RF Tr 
and 
In 
ug = — 
R Tr 


are valid, so that 


is obtained. 

In the synchrotron SIS18 at GSI, the gap length A/,45 of the ferrite cavities 
amounts to about 0.1 m, the circumference of the synchrotron is Jp = 216m, and 
the maximum harmonic number is 4. This leads to 


fr ~ 0.999994, 
so that the transit time effect is not at all relevant. 

The situation is different in a linear accelerator, in which a gap length of 10cm 
may have a significant effect. In the linear accelerator UNILAC at GSI, 6 — 0.15 is 
reached at an RF frequency of 108 MHz, so that 

fr ~ 0.9079 


holds. 
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The transit time factor that was derived here should be regarded as only a rule of 
thumb to check whether the transit time effect is relevant. The formula was based 
on the following drastic simplifications: 


* The arrival time was chosen in such a way that the particle experiences the 
maximum field strength. 

* The field was assumed to be homogeneous in the longitudinal direction. 

* The relative change in the particle velocity inside the gap was assumed to be 
small. 


4.4 Pillbox Cavity 


The pillbox cavity may be regarded as the fundamental cavity type, especially 
in linear accelerators. Other accelerating structures may often be considered as a 
modification or combination of pillbox cavities. Therefore, the pillbox cavity is 
analyzed in this section. The notation used here is close to that used in [35, 36]. 
Firstly, we discuss the TE modes and the TM modes in circular waveguides 
(perfectly conducting hollow cylinder). In both cases, a field solution for the pillbox 
cavity will afterward be generated by introducing ideally conducting end plates. 


4.4.1 TM Modes 


We begin with the equations for the vector potential (2.50) and the scalar poten- 
tial (2.51). Since we are interested in only time-harmonic solutions, phasors will be 
used—even though we do not mark? them specifically as phasors in this section: 


A+ =pl, 
c 
o Pq 
AP + — ®=-—. 
c? € 


The inside of the cavity is evacuated and is therefore free of charges and free of 
currents. Hence, we are looking for solutions of the vector Helmholtz equation 


AA+kK2A=0 


and the scalar Helmholtz equation 


In other chapters of this book, the phasor of a time-domain function X(t) is denoted by x in the 
frequency domain. 
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A® +k’ 6=0 
with 
Mem. 
CQ 
which are coupled by the Lorenz gauge condition (2.49) 
div A = —japoen®. (4.29) 
As we will see, nontrivial solutions are still possible if 
A= AEé, (4.30) 
is assumed. This leads to the following equation: 
AAF +k? AF =0. (4.31) 


According to Eqs. (2.47) and (2.48), the fields can be derived from the vector 
potential by means of 


(4.32) 

and 

r M" — 1 E E TE E 

E = —joA-—grad ® = — jw A— —— —— grad div A = — jæ A-4- — grad div A. 
—J€Ho€o jo 


Here, Eq. (4.29) was used. For A= AFé., we have 


m 3AE 
iv Á = — 
az 
and 
Fee es ee ae UE 
rad div A = e € €. ; 
j ^ Qpüz ? p ópüz ^ 02 
so that 


r c? | dr 43 1 PAP 43 9? AF $ w? 4E (4.33) 
= é -+ë -+ë | —— + A! : 
P Qpüz ? p dgdz  -. V og à 
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is the result. Equations (4.32) and (4.33) were obtained by expressing the curl, 
div, and grad operators in cylindrical coordinates. The first result shows that our 
assumption (4.30) for the vector potential implies that there are no longitudinal 
components of the magnetic field. We will therefore get transverse magnetic (TM) 
waves, which are also called E waves. This explains why we called the longitudinal 
component of the vector potential AE . In cylindrical coordinates, Eq. (4.31) can be 
written as 


AZ 1 0A¥ " 1 AFE PAF 
9p põp p og az 


We solve this equation by inserting the separation ansatz (cf. [36]) 
A? = Ao(p, 9) As(z). 


After division by AE , one gets 


+k? =0. 


1 07Ao 1 1 dAg 1 1 Ao 1 07A3 
Ao 0p?  pAo Op  p2 Ao 0g? A3 02 


It is obvious that the first term in parentheses may depend only on p and e, and the 
second term only on z. Since the last term, k?, however, does not depend on any of 
these coordinates, the two terms must be constant: 


1 Ao 11 Ap 1 1 9A 


a oe 
Ao 0p? T p Ao dp i p) Ao day? d 
1 92A 
TORT : = —C3, 
A3 022 
Co + C3 = k’. 
If we multiply the first equation by o?, we get 
21 PAo 1 ðA o) 4 L Z4 0 
p Ap 9p? P Ag dp op Ao dy? . 
We insert the separation ansatz 
Ao = Ai(p) Ax(9) 
and obtain 
1 3A 1 ðA 1 92A 
; : L4 Cop? | + — = = 
A, 9p? A ð A dg? 
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The first term in parentheses may depend only on p, whereas the second term may 
depend only on g. Therefore, they must both be constant: 


1 2A 1 ðA 
2 C 2= Ci, 
Ch ie aa P RS 
1 32A 
cu eee. 
A» ag? 


d2A dA 
2221 Ep ——. + (Cop? — Ci)Ai = 0, (4.34) 
dp? dp 
dA 
z +C = 0, (4.35) 
do 
dA; 
+ CGA; = 0, (4.36) 
dz 
Co + G = K?. (4.37) 


For real constants C1, C3 > 0, the last two differential equations describe a harmonic 
oscillator, so that the solutions 


A3 = A31 cos(y Caz) + A32 sin(/ C32) (4.38) 
and 
Aa = Azı cos(y Cip) + Az sin(/Cig) (4.39) 


are obvious.? In the first equation (4.34), the substitution 6 = 4/Cop leads to 


d? A; m dA; w 

~2 2, 

+ p — + — Ci)A, = 0. 
J52 p in (7 Ai 


This is equivalent to Bessel’s differential equation 


d d 
xi. X. (2 c ty — 0, (4.40) 
dx? dx 


*The assumption C, < 0 would lead to solutions that are not 2zr-periodic with respect to g, which 
cannot provide unique field values, because an angle advance of 27 corresponds to the same point 
inside the circular cross section. For the same reason, the constant C, must be real; it cannot be 
complex. The assumption C3 « 0 would lead to evanescent waves. Since the circular waveguide is 
free of losses, complex values of C3 are impossible; the transmitted power must be constant in the 
z-direction. Due to Eq. (4.37) a real C3 also leads to a real Co. 
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where we define 
m= y Ci. 


A set of solutions is given by the Bessel functions of the first kind J„ (x) 
and Bessel functions of the second kind Y,,(x) (also called Neumann functions 
N;,(x))—see Table A.2 on p. 415 and Figs. A.5 and A.6. In our case, we get 


Ai = Aus (Cop) + Ai Y (4/ Cop). 


Since the field components and AF must not change if integer multiples of 27r 
are added to q, the restriction m € {0,1,2,...} must be valid, as Eq. (4.39) 
shows. Negative m do not lead to new degrees of freedom (J.,, = (—1)"J,,, 
Y-m = (—1)” Ym) and can therefore be excluded. Because Y,,(x) has a pole at 
x = 0, which would lead to singularities of the field components at p = 0, it cannot 
correspond to a physical solution. Hence, we omit the last term. The total solution 
is therefore given by 


AP = Jm (V Cop) [A21 cos(mg)--Az» sin(mq)] [4s cos(/C3z)+ Ao sin / C32). 
We finally define K = Co and k; = 4/C3, so that 
AF = Jn(Kp) [A21 cos(mq) + A»? sin(mq)] [Asi cos(kzz) + A32 sin(k;z)] 
with 
K? +k? =k’ 


is valid. According to Eqs. (4.33) and (4.32), this leads to the following field 
components: 


_ ce 92 AF 


jo dpaz i 


zm 


2 
= y Kk, Y, (Kp) [Ax cos(mq) + Ax sin(mg)] 


x [—A31 sin(k;z) + Aa» cos(kzz)], (4.41) 


em 
jo p 
x [—43| sin(k,z) + A32 cos(k,z)], (4.42) 


k-Jm(Kp) [7421 sin(mq) + A2 cos(mg)] 
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c 

Lb, 
jo ZI 


2 
c . 
= jo K? Jn (Kp) [Az cos(m@~) + Az sin(mq)] 


x [Az cos(k,z) + Aa» sin(k;z)], (4.43) 


m 
= " Ja (Kp) [—A21 sin(mq) + A22 cos(mq)] 


x [431 cos(k;z) + A32 sin(k-z)], (4.44) 
Zu 
dp 
= -K J, (Kp) [An cos(mo) + A» sin(mg)] 
X [Asi cos(k;z) + A32 sin(k;z)]. (4.45) 
B, = 0. (4.46) 


B, =- 


At the conducting surface at p = ryijpox, the tangential components of the electric 
field (i.e., Ey, E.) and the normal component of the magnetic field (i.e., Bp) must 
vanish.? This leads to the condition 


Jn (KT pillbox) =0. 


The zeros of Jm} (x) with x > 0 will be denoted by jmn, where n € {1,2,3,...}. 
Selecting n therefore determines K according to 


jmn 
K=——. 
Tpillbox 


In conclusion, the field pattern of a TM mode is determined by the two numbers 
m and n. Therefore, one writes TMmn or Emn to specify the modes in a circular 
waveguide. The propagation constant for such a mode is given by 


?If we had assumed Cy < 0, Bessel's modified differential equation would have been obtained. 
This ODE will be discussed later in this book, and its solutions without poles, the modified Bessel 
functions L, (x), do not have zeros for x 0. Therefore, it would not have been possible to satisfy 
this boundary condition at p = rypittbox- 
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It is obvious that a minimum (angular) frequency w = @, is needed if k; is to be 
real, which means that the wave is propagating. This cutoff frequency of the TM 
mode under consideration is given by k — K, which is equivalent to 


J mn 
Qc = 0€0——. 
Fpillbox 


A pillbox cavity corresponds to a circular waveguide with additional conducting 
walls at z = 0 and z = Jpithox. Since E, and Eg must be zero at z = 0, one then 
selects 43; = 0. Because one has to satisfy Ep = E, = 0 at z = lpinbox in addition, 
the condition 


kzlpillbox = pr 


must hold. For characterizing the modes in a resonator, we therefore have to 
introduce a third number p € {0,1,2,...}. If the three numbers m, n, and p are 
fixed, then K and k, are fixed as well, and the equation 


[0) 
—k-j.K 
Co p 


determines the resonant frequency fres = 59 = 3. In a cavity with perfectly 


conducting walls, electromagnetic fields may exist only at these discrete resonant 
frequencies (eigenvalue problem). The corresponding modes are denoted by TM mnp 


or Emnp- 


4.4.0 TE Modes 


The solutions derived in the previous section are based on the assumption that 
the inside of the waveguide or the cavity is evacuated. Therefore, the Maxwell's 
equations that had to be solved reduce to 


curl H = joe E, (4.47) 
curl E = -jomo A, (4.48) 
div B = 0, (4.49) 
div D = 0. (4.50) 


The general approach to deriving the vector potential is based on the equation 
div B = 0, 


so that 
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B = curl A 


was required above. Now we see that in the special case that the waveguide is 
evacuated, we can alternatively satisfy 


div D =0 
by defining 
D = curl A. (4.51) 
If we insert this into Eq. (4.47), we get 
curl (Ä — jo A) = 0, 
which may be satisfied if the scalar potential ® is defined according to 
H-joA=grd® 3H = jo A+ grad 6. (4.52) 
The expressions for D and H are now inserted into Eq. (4.48): 
curl curl A = — jo|4o€o (jo A+ grad ©) 
. 3 n 7 0 
=> grad div A— AA = — A -j 
Få 2 " ni .0 
=> AA-FK^A— grad | div A+ j 5 ©}. 
Co 
By means of the gauge condition 


div A — -jÊ ©, (4.53) 


this leads to the vector Helmholtz equation 
AA 4 KA =O. 


Our new ansatz for the vector potential obviously leads to the same equations 
to be solved as in the previous section. However, in this case, the curl of the 
vector potential now determines the electric field instead of the magnetic one. One 
therefore speaks of TE waves instead of TM waves. 

We now determine the field components of the TE waves (also called H waves) 
in the same way as those for the TM waves (also known as E waves). Therefore, 
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A= AMG, (4.54) 
is assumed. This leads to the following equation: 
AA? +k? AP = 0. (4.55) 
According to Eqs.(4.51) and (4.52), the fields can be derived from the vector 
potential by means of 
1 3AF 4 3AE 


M uir (4.56) 
poop ° 


D = curl Å = ep 
dp 


and 


2 
H = jwA + grad 6 = joA — zm grad div A. 
jo 


Here, Eq. (4.53) was used. For A= AP è, we have 


27 H 
div A = E 
and 
. 2 , PAX , 1 PAX , PAP 
grad div A = é, Spaz + ĉy P 382 €; a : 
so that 


ü- c |, PAE , DAT. [PAE a? AH 45] 
| jo i ðpðz TOP m oz E T en 
is the result. Equations (4.56) and (4.57) were obtained by expressing the curl, 
div, and grad operators in cylindrical coordinates. The first result shows that our 
assumption (4.54) for the vector potential implies that there are no longitudinal 
components of the electric field. We will therefore get transverse electric (TE) 
waves. This explains why we called the longitudinal component of the vector 
potential AB ; 
Since the Helmholtz equation (4.55) is still identical to that of the E mode 
derivation (4.31), the same separation ansatz may be used as in the previous section. 
The total solution is therefore given by 


AF = Jm(Kp) [Aa cos(mq) + Az sin(mg)] [A31 cos(kzz) + A32 sin(kzz)] 
with 


K +k =k. 
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According to Eqs. (4.56) and (4.57), this leads to the following field components: 


13A” m : 
D, = ———- = — Jn(Kp) [-Azi sin(mg) + Az» cos(mq)] 
p 0p p 
X [431 cos(k;z) + A32 sin(k,z)], 
3AF i ; 
D; =- jp = —K J„(Kp) [Az cos(mg) + Ao» sin(mq)] 
x [A31 cos(k.z) + A32 sin(k;z)]. 
D. = 0, 
cà 92AH 
H, = -— — = 
jæ dpdz 
2 
Er = Kk, Y, (Kp) [Az cos(mq) + Az sin(mq)] 
x [743i sin(k;z) + A32 cos(k.z)]. 
c2 1 dA 
Ag = 5.0 = "iz 
jo p daz 
cô 


m , 
=a a kJ, (Kp) [421 sin(mg) + Ax cos(mq)] 
X[—43| sin(k;z) + A32 cos(k;z)]. 


c2 
H, = —— (k? - k2)4? = 
jo o 


II 


2 
č 
E K? Jm(Kp) [A421 cos(mg) + Ax sin(mg)] 
x [43i cos(k;z) + A32 sin(k;z)]. 
At the conducting surface at p = ryiox, the tangential component of the electric 


field (i.e., E; and hence also D,) and the normal component of the magnetic field 
(i.e., B, and hence also H,) must vanish. This leads to the condition 


V (Krpilbox) = 0: 


The zeros of J), (x) with x > 0 will be denoted by j/,,, where n € {1,2,3,...}. 
Selecting n therefore determines K according to 


zh 
Jmn 


K = i 
Fpillbox 
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In conclusion, the field pattern of a TE mode is determined by the two numbers 
m and n. Therefore, one writes TEmn or Hmn to specify the modes in a circular 
waveguide. The propagation constant for such a mode is given by 
k; = V Kk? — K?. 

It is obvious that a minimum (angular) frequency w = we is needed if k; is to be 
real, which means that the wave is propagating. This frequency is given by k — K, 
which is equivalent to 

A 
Oc = cy. 
T pillbox 


We again introduce end plates at z = 0 and z = lpillbox in order to convert the 
waveguide into a pillbox cavity. Since D, and D, must be zero at z = 0, one then 
selects A3; = 0. Because one has to satisfy Dp = Dy = O atz = lyinox in addition, 
the condition 


kzlpillbox = pr 


must hold (p € {1,2,...}). Please note that p = 0 is not an option for TE modes, 
since all field components disappear in that case. If the three numbers m, n, and p 
are fixed, K and k, are fixed as well, and the equation 


? Sk =k? +K? 
Co i 


determines the resonant frequency. The corresponding modes are denoted by TEmnp 
and Hmnp- 

According to Table 4.2 on p. 216, j/, is smaller than joi. Hence, the dominant 
mode in the circular waveguide, i.e., the mode with the lowest cutoff frequency, is 
the TE;; mode. 

Since the TE modes do not have any longitudinal component of the electric field, 
they cannot be used for acceleration in a pillbox cavity. Therefore, in a pillbox 
cavity, the mode TMo10 is usually used for acceleration. In this case, the TMoio 
mode should also be the dominant mode. Therefore, one has to exclude the situation 
in which the resonant frequency of the TE;;; mode is lower. For the TE;;; mode, 
we have 


2 


k2 = = =k? + K2 
Co / 


with 


uA 
bcm re. 
^ pillbox pillbox 
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Table 4.2 Zeros jmn of the Bessel function J,,(x) and zeros Jus of its derivative Y, (x); values 
taken from [37] 


Jmn 
i 
n=1 
n=2 
n=3 
n=4 


m=0 
2.40483 
3.83171 
5.52008 
7.01559 
8.65373 
10.17347 
11.79153 
13.32369 


m=1 


3.83171 
1.84118 
7.01559 
5.33144 
10.17347 
8.53632 
13.32369 
11.70600 


m=2 
5.13562 
3.05424 
8.41724 
6.70613 
11.61984 
9.96947 
14.79595 
13.17037 


m=3 
6.38016 
4.20119 
9.76102 
8.01524 
13.01520 
11.34592 
16.22347 
14.58585 


m=4 
7.58834 
5.31755 
11.06471 
9.28240 
14.37254 
12.68191 
17.61597 
15.96411 


Please note that Jj(x) also has a zero at x = 0, which explains the modified order in [37]. The 
smallest values for jmn and for j/,,, respectively, are printed in bold type. 


For the TMo;o mode, 


k=K= 


is valid. Therefore we require 


T pillbox 


l pillbox 


lpillbox ae «(zn 
1 
T 


Joi 
T pillbox 


H 
Fpillbox 
> Vj - jum 0.49. 


Tpillbox 


Roughly speaking, the length of the cavity must therefore be smaller than the 


diameter. 


4.4.3 Energy Considerations for the TM, Mode 


As mentioned above, the mode that is used for acceleration is the TMojo mode. For 


this mode, 


m — 0, 


is valid. 


Equations (4.41)-(4.46) then reduce to 


E,— 


2 
c 
38 K? Jo(Kp) Anzi A31 = —jo Ao Jo(Kp), 


(4.58) 
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Here we defined Ag = A>; A3; as a new constant. The voltage that is generated 
along the z-axis is 


" lpillbox 
V= / Ep = 0) dz| = w |Ao| Jo(0) /pimpox = € |Ao| /pimox, (4.60) 
0 


where Jo(0) = 1 was used. 


4.4.3.1 Electric Energy 


We now calculate the total time-averaged electric energy in the cavity: 


Il 


a 1 m A 
Wa mref f 0n £a] = 
1 lpillbox PT pillbox f 27 on pillbox 
= iS] f / | E; p dp dp dz— = exe f |E,|?p dp= 
4 Jo 0 0 4 0 


T 2 2 Tpillbox ) 
= 5 pillbox €0 | Ao] i Je(Kp) p dp. 


According to Gradshteyn [38, Sect. 5.5, formula 5.54-2], 


2 


2 
p 
zi I ICK) p dp = 7 (Kp) — 1a (Kp) hi (Kp)) 
is valid. Due to Eq. (A.72), Table A.2 on p. 415, we have 
J-m (2) = (7-1) Jm) > Ja) = -hG) 
so that 
p 
J 8040) o ao = 5 ko + teo 


holds. In our case, the upper integration limit is rpiiox, which leads to the argument 
Kp = Kryilbox = Joi. Therefore, we obtain 
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“pillbox 2 Filbox Dos 
f Jo(Kp) p dp = —5 Gon). 
0 


This leads to 


ar ul 2 2 220; 
Wea = 4 lnillbox ito 0 |Ao|* Ji (o1) = 


m pillbox 


eV? E f 4.61 
" m (Jo1) (4.61) 


In the last step, Eq. (4.60) was used. 


4.4.3.2 Magnetic Energy 


For the sake of completeness, we now check that the stored (time-averaged) 
magnetic energy equals the electric energy stored in the cavity: 


[o ike) f 8d av] = 
4 


1 lpillbox pillbox 27 27 lpillbox [Plex 
al Í Í |Byl*p do dp ium f |By|"p dp— 
0 


mE 2 
E aet eap [77 Jp) p dp. 


II 


According to Table A.2 on p. 415, Eq. (A.77), 
KO = -h(23, 
is valid, which leads to 
W magn = 2 | Ao f! as J (Kp) p dp. 
We may again apply formula 5.54-2 in [38]: 


2 
J EKo) p ap = © o) = 1 Kp) HKO). 


One gets 


Tpillbox ra on . 
| | RK) pap = BE nw. (4.62) 
0 


This leads to 
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2 
mu 7t pillbox" filbox 


W magn = 4 -e a F Cjo) 
JL Ipiltbox™ pittbox o? | Aol? oj) T T illbox p2 Plia) 
Z LE = — € , 
4 Ho cq d Adae —— om 


which verifies Wa = W magn after comparison with Eq. (4.61). In the last step, 
Eq. (4.60) was used. 


4.4.3.3 Power Loss 


According to the power loss method, the (time-averaged) losses in the conductor 
(conductivity «) can be calculated approximately by 


T Rsu [ 
Pios = 2 fine dA. 


Here 


1 
Rut = = 


KO 


denotes the surface resistivity with skin depth 


ô= : : 
ouk 


In the scope of the power loss method, one assumes that the fields outside the 
conductor (i.e., inside the cavity) do not change significantly if the ideal conductors 
are replaced by real ones with sufficiently high «. Therefore, the tangential field 
H, according to our solution (4.59) in the previous section can be used. For the 
cylindrical surface at p = rpijpox, we therefore have 


K K . 
H, = Ho(p = rpittvox) = —Ao — Jo(Krpimox) = Ao — Ji(Jo1). 
Ho Ho 


which leads to 


= Rust Kk? 
Pisa = = 27 F'pillboxlpillbox | Aol” p F (jo) = 
0 


Rsurt l'pillbox. ^ f 
7— V? Ro). 


Fpillbox 
SPRO I 
Zo lpibox 


^5 €0 
y? 


=i Rout Mv 
lpillbox Ho 


Foa) = 7 
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Here 


Zo = PO x 376.732 
€0 


denotes the impedance of free space. 
For each of the two end plates of the pillbox cavity, one obtains 


m Rag (Ino 2n 
Pioss,2 = 2 i f | Holp do dp = 


Rou pillbox 
= San AK f” ruo p dp = 
HS 


Tpillbox 


€ P a 
= Rowe Aol?” f PU p dp. 
Ho 0 


Here we may use the result (4.62) and Eq. (4.60) again: 


m m Rsut ^ 2 Foillbox 2g 
Pross2 = = 2 z2 y n Ji Co1). 
pillbox 


Since two end plates are present, the total power loss is 


Rsu F pillbox ri OX 
Pigg = = Pigg +2 Pioss2 = =E f p F (jo 1) rp + pio . (4.63) 
Zi loittbox linbox 


This leads to the Q factor 


Q Lu W otal =% 2W a 
p0 — “res — —— — Wres — 
loss Poss 
m Toillbox 2 72 
2 Toittbox 9 oV J 1 Jot) Wresl pillbox LO 
= Ores = za . 
rk T'pil d Spribor 
2 2 Ji Cjo) E T ee “box 2Reurt (1 + ger) 
pillbox l pillbox 
Due to 
Joi 
Ores = €0— ——, (4.64) 
Fpillbox 


this may also be written as 
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Ono = CoMo Jol = Zo Jou __ Ppillbox 1 
P Fpillbox v Tpillbox B ô 1 Tpillbox * 
2Ras (1+ ER)  2Rour (1+ e) + Fer 
(4.65) 
Equation (4.63) leads directly to the shunt impedance 
y? z? 
B= m m em (4.66) 
g . i pillbox pillbox 
ina 27 Rsut Fi (Jor) lpillbox (1 T ites 


with 


Joi © 2.40483 and  Ji(joi) ~ 0.51915. 


Again we have to emphasize that the shunt impedance is often defined with an 
additional factor of 2. Furthermore, the transit time factor may be included in the 
definition of the shunt impedance (cf. [39, 40] or [41, vol. II, Sect. 6.1.4]). 


4.4.4 Practical Considerations 


In order to calculate the losses of the pillbox cavity, we introduced a transition from 
ideal conductors to realistic conductors with finite conductivity. The cavity with 
ideal conductors does not have any losses at all. Therefore, Q — oo and Rp, — oo 
are valid. According to Eqs. (4.65) and (4.66), this result is also obtained for x — 
oo, ô = 0, Rut = 0. 

In the case of a lossless cavity, fields are present only for specific resonant 
frequencies. If losses are present, this discrete spectrum of resonant frequencies 
is transformed into a continuous one. The resonant frequencies correspond to 
local maxima of the absolute value of the impedance; each resonance has a finite 
bandwidth in the frequency domain (according to the Q factor of that specific 
mode). At the fundamental resonance, one therefore usually describes the pillbox 
cavity with the same lumped element circuit (parameters ces, Qp,0, Rp,o, Eq. (4.25), 
Fig. 4.5) that was obtained previously for the ferrite cavity. 

In the analytical calculations above, we completely neglected the beam pipe, 
the beam itself, and coupling elements. The beam pipe of course has a smaller 
diameter than the cavity, but it still allows undesired higher-order modes (HOM) 
to propagate. Of course, the presence of the beam pipe also modifies the solutions 
obtained above. The beam itself is sometimes modeled as an RF current; it induces 
fields inside the cavity (beam loading) that may act back on the beam. 

Coupling elements are needed both to excite the fields inside the cavity and to 
measure them. These coupling elements (e.g., small coupling loops) are usually 
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designed in such a way that they can be connected to waveguides or transmission 
lines with a specific impedance (e.g. 50 €2). 

Instead of the unmodified pillbox cavity, one often uses rounded geometries. 
Several individual cavities may be combined into a larger structure in order to supply 
it with only one RF power source. 

A cooling system is required to keep the lossy parts at constant temperature. This 
is especially important for high Q factors, since temperature changes may otherwise 
lead to significant drifts of the resonant frequency. 

Since an unmodified pillbox cavity cannot be tuned in real time, i.e., since its 
resonant frequency cannot be changed during operation, it is suitable only for 
synchrotrons that work with a fixed RF frequency. This is, for example, possible 
if ultrarelativistic electrons are accelerated where f ~ 1 is valid. Of course, tuning 
is at least necessary during the commissioning phase of a cavity. Due to tolerances, 
the desired resonant frequency will usually not be hit after manufacture. Therefore, 
possibilities to slightly modify the geometry must be offered. For this purpose, 
plungers may, for example, be moved during normal operation in LINAC structures. 


4.4.5 Example 


As an example, we consider an 805-MHz pillbox cavity [42, 43]. The geometric 
dimensions are 


lpillbox = 0.1562 m, lpillbox = 0.0519 m, pillbox / lpillbox = 3.0096. 
This leads to a theoretical resonant frequency of 


fes = < = 734.6 MHz. 


27 F pillbox 


In reality, the modifications of the ideal pillbox cavity (e.g., rounded edges, beam 
pipe, coupling elements, etc.) lead to the above-mentioned resonant frequency of 
805 MHz. At this frequency, one gets 
ô = 2.3292 um, Rsure = 7.40225 mQ 
if one assumes a conductivity of 5.8-10’ S/m (copper). With Eq. (4.65), this leads to 
Qpo = 15262, 


which is close to the measured value of Q5, = 15080 [43]. According to Eq. (4.66), 
one obtains 


Ryo = 943kQ, = Ryo/ lox = 18.18 MQ /m. 
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The design value in [42, 43] corresponds to 19 M(2/m, since the definition of the 


sh 


unt impedance differs by a factor of 2 from our circuit definition and since the 


transit time factor is included in [43] (but not in [42]). 
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Chapter 5 
Advanced Topics 


In this chapter, some more-advanced aspects of longitudinal beam manipulations in 
synchrotrons are discussed. 


5.1 Different Phase Space Descriptions 


In this section, we discuss alternatives to the longitudinal phase space (At, AW). 


5.1.1 Phase Space (9,9) 


In Chap.3, we carefully derived the tracking equations (3.8), 


AYn = AYn-1 + 2 ony, 


2 
MoCo 
and (3.14), 
l n A n 
At, = Atn- + E E . 
D» Bg Co YR.n 


This allowed us to show that the phase space area measured in eVs is invariant. 
These tracking equations are, of course, not the only possible ones. For example, 
we may use the approximation 


ô := — x ——— (5.1) 
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to convert the first equation into 


bn = ôn— it Q —— Å Vr- 
Bi Wi 
For harmonic gap voltages, we get 
CN 
n = 0,1 + ——— (sin n—1 — Sin . 5.2 
1 PW (sin gg, —1 gr) (5.2) 


Here we assumed that Be yn does not change significantly from revolution n — 1 to 
revolution n. We may also multiply the second equation by 


Ogr = 2zhfq = arn 
R 


to get 


n A n 
ARE; = AGREa-1 + 27th — 7— LL a (in 
Bn Br. n YR, n 


Here we assumed that the RF frequency does not change significantly from 
revolution n — 1 to revolution n. If one also assumes that gr, does not differ 
significantly from gm n—1, one gets 


TIR n Ay, 
QREa = QREa-1 + 22th —:— , 
BnÊR.n YR,n 


since 
ORE, = PR,n + AQREa 


holds. If we furthermore make use of the approximation (5.1), we get 


ỌRF,n = QRFa-1 + 2nhymó,. (5.3) 


Equations (5.2) and (5.3) may also be found, for example, as Eq. (3.28) in the 
textbook by Lee [1]. They obviously use the phase space (prr, ô) instead of our 
original phase space (At, AW). If one calculates the Jacobian 


0(0,, ORF.) 
O(bn—-1 , PrRF.n—1) i 


one finds that it equals 1. Therefore, the modified tracking equations preserve the 
phase space area. It should be clear, however, that this is an artifact caused by our 
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sloppy derivation of the modified tracking equations. We know that the phase space 
(At, AW) leads to area invariance on a long-term basis. Due to the approximations 
we used to derive the tracking equations for the phase space (prr, ô), we cannot 
be sure that these equations are still exact. Although the approximations are valid 
with a certain precision in each tracking step, they may lead to large deviations on 
a long-term basis. This should not astonish the reader, since we already pointed 
out previously that making the tracking equations more symmetric also destroys 
area preservation, although this modification is negligible in each step. There is no 
canonical transformation that converts the phase space coordinates (At, AW) into 
the phase space coordinates (prr, ô) or vice versa. 

Of course, one may analyze the phase space (grr, 9) in the same way as we did 
for the phase space (At, AW). A Hamiltonian may be derived, and the bucket height 
or the bucket area can be calculated. 

As an example, we consider the ratio of the principal axes. According to 
Eq. (3.28), we have 


AW 2n Wa? 
ax = JS 1. o 
At Inr| 


If we use the momentum spread 


sa Ap 1 AW 
P Ba Wr 
instead of AW and the RF phase deviation 

A@rr = OgE At 


instead of At, we obtain 


3 2x l fso 
A fso = . 
AQRF |n| Orr Imla fn 


This corresponds to Eq. (3.55) in Lee [1]. 

Since the phase space coordinates (gp, 6) lead to an area preservation that is not 
justified from a physical point of view, we will not use this phase space in most parts 
of this book. 


5.1.2 Relation to Phase Space (At, AW) 


Now we determine the bucket area for the phase space (Agnr, ô). For this purpose, 
we consider the variables 
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Q — At, P = AW, 
q = Agrr, p=t= » 
This leads to 
~ 2 = orr = = (5.4) 
and 
p ô 1 


P AW B2moc2yp’ (aa) 
For the first of these two equations, one has to take into account that Aggr is the 
RF phase. If this varies from —z to z, the variable At will move through only one 
bucket with the time span Tr//h, not through the whole circumference equivalent 
to Tg. 

For deriving the second equation, we made use of the relation 


AW Ay > Ap 
we x Bg —. 
R YR DR 


For the bucket area, we have 


Ag" = Jfa dp 
agra = f fao dP, 


respectively. The transformation law is 


and 


aq à 
ato [p T | ap ap 
BS ap ap | dQ AP, 
Jg OP 
the Jacobian equals 
= a ig Z 2zh _ 2xh 
ab 3p Tafzmoc2ys TRB Wa. 


as Eqs. (5.4) and (5.5) show. Please note that this factor € changes if an acceleration 
takes place. The transformation from q,p to Q,P does not correspond to a 
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canonical transformation. The factor £ does not depend on the integration variables, 
so that we may take it out of the integral: 


gite = E P LAM 
Therefore, Eq. (3.41), 


aaraw AVI. [WaBRIOIP 


Ti ; 
a Rom e 
leads to 
? 
Adore = 8/2 KON o (qq) 
8 z h|ng| Wa fg 


for the bucket area of a single bucket. By means of Eq. (5.5), we may convert the 
bucket height in Eq. (3.32), 


|2 WRB? |Q| V 
AW max stat = eB IQI V 9 | 3 
zh |ng| 
into the bucket height 
1 | 210| 
max stat = A Wimax stat 2 = | Q| 2 
Wai z h|ng|Wafg 


for the momentum spread. For an accelerated bucket, we have 


max = max stat Y (ØR). 


5.1.3 Scale Transformation with Invariant Bucket Area 


If we transform the original coordinate/momentum pair (q, p) into a new one 
(Q, P), and if Q and P depend on q and p only via constant factors, then the 
bucket area changes by the factor 


:-|2 3P 
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as shown above. If we furthermore assume that Q depends only on q, and P only 
on p, then 


holds. If the bucket area is to remain unchanged under the transformation, the 
condition £ = 1 is required. Therefore, if one variable p is multiplied by a factor f 
(P = fp), the other variable q must be divided by that factor f (Q = q/ f) in order 
to preserve the bucket area. 

Let us, for example, begin with the phase space (At, AW) and multiply the 
first variable At by cgrg in order to obtain Aggr. Then AW must be divided by 
rr. Hence, the coordinates (Aggr, AW/ gp) lead to the same bucket area as the 
coordinates (At, AW). If instead of the RF phase Agpr, one considers the angle 0 
of the whole accelerator ring, i.e., 


A0 = Agre/h, 


then the pair (A0, AW/«g) is obtained as another alternative. 


The transition to the new coordinates may be regarded as a canonical 
transformation. Even though we did not introduce generating functions in the 
scope of this book, we now use F3(p, Q). The reader may consult, for example, the 
book of Goldstein [2] for the definition and the properties of generating functions. 
We begin with 


q = At, p= AW, Q = Agrr, 


and due to 
_ _dFs(p,Q) 
dp 
we obtain 


| OF3(AW, Agrr) 


At = 
JAW 


This relation is obviously satisfied for 


1 
FP, = —AW AQgrF TERES 
CRF 
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since Arr = oOgpAt holds. This allows us to determine the new generalized 
momentum variable P: 

OP; OF 3 AW 

dO OAQRE WRF i 


As a result, we obtain the same pair of variables (^ggr, AW/wrr) as above. 


Now we consider the case that the factor used for the scale transformation (wpf) 
may vary with time. Just in order to use a different generating function this time, we 
choose F5(q, P, t). We set 


F,-qP À(t). 
Therefore, we obtain 
OF > P 
= —=P-Xt => P= —, 
aq i 10 
OF, 
ap ^ 4 (t) Q —q-A(t) 
The new Hamiltonian is 
cote spior =r sor 
7 ot VEO A dt’ 


We see that only for constant A is the same Hamiltonian K = H obtained. 

In Schmutzer [3, volume I, p. 417], it is shown that for all canonical 
transformations, i.e., time-dependent ones, the Jacobian equals 1 in general. 
Therefore, the phase space area remains the same even though the Hamiltonian 
becomes time-dependent. 


We finally check that the new function K actually is a Hamiltonian: 


dK dH ðq dH Op A 
— P —_ 
50° §¢ 0° ph A 


eae ibr 
, .] À 
Sopa. pn = 
AP +AP)> + Po 


=-—P, 


232 5 Advanced Topics 


dK ƏH ðq ƏH dp A 
3P 0g aP ^ dp OP 21 


II 


À 

QA—QÀ À 
= À = 

X + Os 


- 0. 


5.) Special Remarks on Linear ODEs of Second Order 


Linear ODEs of second order with variable coefficients occur very often in 
mathematical physics. In the following, we will therefore discuss some of their 
properties. 


5.2.1 Removing the Attenuation Term 


As mentioned in Kamke [4, volume 1, Sect. 16.3], the second term of a linear ODE 
may be removed by means of a suitable transformation. For the special case 


a»(t)Y + a(t) ý + ao(t) y = 0, (5.6) 
the ansatz 
y — uv, 
y = ùv + uv, 
y = üv + 2ùv + uY, 
leads to the ODE 


ü(azv) + ù(2azv + aiv) + u(ao» + aiv + aov) = 0 


TF "P 
2 eae m)pes(e Itb 2) =o. 
y a2 v a» V a» 
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Here we make the second term vanish by setting 


y u dı 
y B 2a 
which leads to 
d 1 
E cec Jp 
V 2 a» 


1 
In|v| = ->J ?! dr + const 
a» 


1 
=> V= Vvo ew(-5 f Sar). 
2 


This choice leads to the ODE 


lai 
= —— — V, 
2a 
. lå- åa, la, lå làa, laj 
v= — 5 y— v={[- ;]" 
2 a5 2 a2 2a; 2a53a5 4a 
one obtains 
" ao lay 1 d ay, ta? 
— — = 0. 5.7 
ZI 2m 26 4 a5 2 


In principle, the trick that was presented here that made the first-order derivative 
vanish cannot change the physical behavior of the system under consideration. 
The attenuation that was obviously present in the original ODE was just (partly) 
shifted into the function v(t). Furthermore, it is clear that the transformation will 
usually lead to a very complicated ODE of the type (5.7), which is no easier to solve 
analytically than the original ODE (5.6). 

However, the mathematical trick showed us that it is very useful to analyze ODEs 
of the type 


ü+ K(t) u = 0, 


because it also allows statements about the original ODE (5.6). 
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5.2.2 Solution by Integration of the Phase 


We begin with the homogeneous linear ODE 
ü+ 27(t)u = 0 (5.8) 
of second order.! If Q did not depend on time, we could use sine, cosine, or 


exponential functions as an ansatz for the solution. For a time-dependent Q, it is 
therefore straightforward to test the ansatz 


u(t) = w(t) exp (i f a a), 
which leads to 


ù = (ùo + j Qouo)e^? 
ü = (üo + jQ2ouo + j Rolo + j Rollo + j 9u9))e* = 
= (uo + j ouo +2) Qolo — Qouo)e!®. 


Here we used 
v(t) = [ auo ar 
If we insert this into the ODE, we obtain 
üo + (Q? — O2)uo = 0 
for the real part and 
Qouo + 2oito = 0 
for the imaginary part. According to 
f duo _ 1l j dQ 
uo 2 Qo” 


the latter may be separated, so that 


1 
In |ug| = =a [Ro] + const 


‘If instead of Q7(t), there were a periodic function K(t), which does not necessarily have to be 
positive, one would be faced with the Hill’s differential equation. 
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= M 

uo = — 

vV Qo 

is obtained. If Qo(t) is known, then u(t) is determined as well, and a solution u(t) 


of the ODE is found. 
We obviously have 


M . : 


M 


3M ius p 
F 0795 = FA"? 2o, 


4 


II 


üo 


which may be inserted into the ODE for uo(t): 


3 se l 3/25 -1/2 
49v ^ Q5 — 79, Bot (Q? - oa, =0 
1Q) 3:92 
2 2 0 


In general, it is, of course, very difficult to solve this nonlinear ODE if Q(t) is given. 
In Appendix A.8, however, we use this result to construct a test scenario that can be 
solved analytically. 


5.2.3 Discussion of a Sample Solution 


Now we consider some concrete numbers for the test scenario defined in 
Appendix A.8. In the synchrotron SIS18 at GSI, U?* is stored at a kinetic energy 
of 11.4 MeV /u. According to Eq. (A.67), this leads to 


"E UR 
PRYR 


At the time ¢ = 0, the total gap voltage is chosen in such a way that a synchrotron 
frequency of 1640 Hz is obtained: 


— 38.732. 


Qo = 10,304 s. 
We fix 


k = 10s! 
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and consider the time span from t = 0 to t = 100 ms (see Eq. (A.62)). Finally, we 
analyze an asynchronous particle with an initial time deviation 


Ato = 300 ns. 


For this example, Fig. 5.1 shows a phase space plot. In order to keep the plot 
simple, only three time intervals with a length of 10 ms each are displayed. It is 
remarkable that the revolutions are almost closed. Therefore, one may calculate the 
area approximately that is enclosed by the trajectory. According to the figure, this 
area obviously does not change significantly. 

Figures 5.2 and 5.3 show how the situation changes if k has a larger value. In all 
cases, kt sweeps from 0 to 1, so that Qo decreases to about 30% of its initial value. 

For values of k that are too large, the curves are strongly deformed, and we may 
therefore no longer regard them as closed. This makes it more difficult to define the 
area that is enclosed in a unique way. 


Figures 5.4, 5.5, and 5.6 show that for sufficiently small k, the values of Q and 
Qo are almost equal. 
If we consider Eq. (5.9), 


2o gd (5.10) 
Qo To ` 
Qo ee (5.11) 
Qo) ^ TE’ ) 
lead to 
2 
2 x =Z. 
To 


Therefore, the behavior that is observed in our example is valid in general. 


Now we check under what conditions the curves in phase space are almost closed. 
Equations (A.69) and (A.70) are abbreviated according to 
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Fig. 5.1 Phase space plot for 
k = 1057! 


Fig. 5.2 Phase space plot for 
k = 100s7! 


Fig. 5.3 Phase space plot for 
k = 100057! 


and 


Ay = 
a 


At 


Ay 
© 


Ay 


Ay 
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+1-10° 


-1-10* 
*110* 
[0] 4 
-1-10° 
+1-10% 
t=0...1 ms 
[0] =f 
, k=1000 s^ 
-1-10 ! t t t t t t t 
o o o o [e] o o [e] 
e iS o e iS o o 
eo N el = N (ap) + 
i ' ' + * + + 
At (ns) 


At = Atgc ! coso 


|-« c? s coso + Qu C sing | 3 


For the sake of simplicity, we consider one revolution from g = 27m + 2/2 to 
Q = 2z(m + 1) + 2/2. In this case, at the starting point and at the end point, we 
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Fig. 5.4 Qo (solid line) and 
Q (dotted line) for 
k = 10s7! 


Fig. 5.5 Qo (solid line) and 


Q (dotted line) for 
k = 100s7! 
O-wco-105010200 
C O O Oo O O Oo O OQ QO rn 
ooo0o0o0o0002328520 
oO o Oo OO Co O Oo o o o 
t (s) 
Fig. 5.6 (20 (solid line) and 10000 
Q (dotted line) for 9000 
k = 100057! — 8000 
"v 7000 
—. 6000 
Ci 5000 
4000 
3000 
2000 
ovr ON o s NH oor DO BHD o 
Qo» O QUO O OG vo... 
oO Oo occ oc coc coc o 
ooóoóo0o0o0o0606028282828 
oO O 2? OOo Oo Oo o oo o 
t (s) 
have 


At — 0, 
and Ay changes only according to the cosine function 


c — cos(Kt). 
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Hence, it is obvious that during one revolution, Ay changes by the factor 


cos(k(t + To)) — cos(kt) 
cos(kt) 


= cos(k To) — tan(kt) sin(kTo) — 1. 


For our choice 
Qo(t) = Qo cos? (kt), 
the requirements above lead to 
(kTo? «1, 
so that 


cos(k(t + To)) —cos(kt) (KT) 


Rd -kT k 
cos(kt) 2 Daai 


is obtained. Due to 
1 
kTo tan(kt) « 2 


the expression on the right-hand side is much less than 1. Hence, with the required 
inequalities (5.10) and (5.11), the revolutions are almost closed. 


Since the curves are almost closed, we may answer the question how large the 
enclosed area is. For this purpose, we may use Leibniz's sector formula 


which gives the area inside a closed curve (x(t), y(t)) parameterized by the 
parameter £ € [0, To]. In order to define this area in a unique way, we demand 
that for a given t, the expression kt will be kept constant during the following 
revolution. Due to k7o « 1, the value of kt will not change significantly. The 
expression g ~ Qot, however, increases by 27r during one revolution. For a given 
revolution, o will then be the only variable quantity on the right-hand side of the 
following expressions: 


At = Ato c! COS Q, 


At ^ 
Ay = cum [-« C? s coso + Qo c sing]. 
a 
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Due to 
At = —a Ay, 
Ay =b At, 
and 
Q2 
b = —, 
a 
we obtain 
To Ay At — AE A 1% 
“=f j Tips | (b A? ay?) dt = 
Ü 2 2 Jo 
1 r^rgo? At A 2 
= zf [Zag c cos? o + — (^ c? s cosy + Qoc sing) | dt = 
2 0 a a 
At2 To A 
B ora [e c? HS kc s?) cos? o —2k c! s Qo sing coso 
a Jo 


+ 2 c? sin? e| dt. 


With 


it follows that 


At2 2x Q2 k? 
ära ze (= Cee 3 cos? o — 2k c ? s sing cos 
2a 0 Q 


+ Qo sin? e| dg. 


Now we have 


2n 27 27 
/ sin’ o dy = J cos? o dp = x and i; sing cos o dg = 0, 
0 0 0 


so that 


Ate x 
Ay = ——2 (2? cA +k e st + 9) 
2aQo 


is the result. We may now substitute A fo and a if we define the oscillation amplitudes 
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Ato : : 
cU At = Atoc! => At Ap = 
a a 


Ay = 


One should note that the product Af A? is constant, even though the factors are 
changing with time: 


025 
Due to 
uoc d deci c 
N = Qoc an = — =-xz—, 
0 0 0 Q à 


this may be written approximately as 

TT ^ » k To E 

Ao x = At AP | 2+ | — tan(kt) à (5.12) 

2 2x 

Finally, with the help of 
1 
kTo tan(kt) « 7’ 

we find that 


Ao x zt At AP 


is almost constant. 


We analyze this phenomenon more thoroughly. According to Eq. (A.62), 
Qo(t) = Qo cos? (kt), 


the angular frequency Qo = (Qo is obtained for t = 0. This value will be reduced to 
a specific final value Og. This leads to a certain requirement for kt. By choosing 
k, we may now select whether this final value is reached in a shorter or a longer 
time t = fgg4. Under these conditions, we have 


A, = Alt = 0) = x Af AP 


and 


, 1 TkT, * 
Ay = Ao(t = tana) ~ xt At AP ( + 7 E anita) ) , 
T 
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For the same final value Qina, the tangent function always has the same value, since 
Ktgnai is thereby determined in a unique way. However, we see that the difference 
between A; and A, can be made as small as desired by choosing k. If k is very 
small, i.e., if the frequency change is slow and the final frequency Qina is reached 
for large tana, this difference will be very small. In fact, it can be made as small as 
one likes by increasing tna) accordingly. 


5.3 Adiabaticity 


The example that was presented in the previous section was a very specific one. 
Nevertheless, we can use it to make some assumptions about phenomena of a 
general nature. 

We summarize the observations we made based in the example: 


* The frequency was chosen in such a way that it does not change significantly 
during one revolution in phase space. 

* Therefore, the curves in phase space were almost closed. 

* From a mathematical point of view, we required that the inequalities (5.10), 


Qo P 1 

Qo To’ 
and (5.11) 

Os m 1 

Qo} TR 
be valid. 


* The area that is enclosed by the orbits remains almost constant (its shape changes, 
however)—even during long time intervals. The slower the frequency is changed, 
the smaller is the change in the area. 


The observation described in the second bullet point motivates the following 
definition: 


Definition 5.1. Consider a Hamiltonian system with the Hamiltonian 


H(q. p. 4) 


that depends on a time-dependent control parameter A(t). For constant A, suppose 
that the orbits in phase space are closed. Under these conditions, the function 
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is called an action variable of the system. The domain A(t) is defined in such a 
way that the boundary curve 9A(1) is a closed orbit (q(f), p(t)) of the system with 
à = A(t) kept fixed while the time parameter f changes. Furthermore, the point 
(q(t), p(t)) must belong to dA(t). 


This means that for each time f, the actual position (q, p) in phase space is 
determined. Based on this position, a specific orbit is considered that would be 
obtained if A were constant (even though A varies a bit in reality). This trick leads 
to a closed orbit that is determined in a unique way for each time f. Please note 
that this closed orbit is not an orbit that the system actually traverses, since the 
real system orbit is not closed. Therefore, we cannot use area preservation in phase 
space for time-dependent Hamiltonians as an argument for the case described in this 
definition. The action J (t) may in principle be time-dependent. 

Please note that Definition 5.1 is a generalization of the definition of J in 
Sect. 2.11.7.2, which was applicable only to closed orbits. With Definition 5.1, one 
may now also consider orbits that are not closed or almost closed. 


A quantity for which the phenomenon applies that was described in the last bullet 
point above is called an (Ehrenfest) adiabatic invariant. 

According to Vladimir Arnold (see reprint of the article "Small denominators and 
problems of stability of motion in classical and celestial mechanics,” Russ. Math. 
Surveys 18:6 85-191(1963) in [5]), one makes the following definition. 


Definition 5.2. Consider a Hamiltonian system with one degree of freedom speci- 
fied by a Hamiltonian 


H(q. p. À) 


that depends on a time-dependent control parameter A(t). Suppose that for constant 
À, the orbits in phase space are closed and that the control parameter varies 
according to A(t) = f(t), where f(x) is a smooth function. 

A function J is called an adiabatic invariant of this system H (q, p, A) if for every 
k > Q, there exists 4o > O such that for all u satisfying 0 < u < mo, the relation 


|J(t) — (0) < x for all t with 0 < ut < 1 


holds. 


This definition becomes transparent if we have a look at our example. Let us 
assume that kt sweeps from 0 to 1.5. We may then set 


ok 
P 5 
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so that 

0ckt «1.5 
and 

O<pt<1 


are equivalent. Therefore, the normalization that is performed by the transition from 
k to u ensures that the final value is obtained for ut = 1. Our example showed 
that for every given deviation x, a maximum value for k can be specified that 
corresponds to the maximum value jo for jz in the definition. 

If we define tg, = 1/p and tgnatmin = 1/0, we may rewrite Definition 5.2 in 
the following form: 


Definition 5.3. Consider a Hamiltonian system with one degree of freedom speci- 
fied by the Hamiltonian 


A(q, p.) 


that depends on a time-dependent control parameter A(t). Suppose that for constant 
À, the orbits in phase space are closed and that the control parameter varies 
according to A(t) = f(t/tgna), where f(x) is a smooth function. 

A function J is called an adiabatic invariant of this system H (q, p, A) if for every 
k > O, there exists fgnai min > O such that for all tna) satisfying tinal > tfnal,min, the 
relation 


|J(t) — J(0)| < « for all t with O < f < faa 


holds. 


This means that the tolerated increase in the adiabatic invariant can be fixed a 
priori as small as desired. By fixing the function f(x), it is clear how the control 
parameter will change in principle, but since £554 is not fixed, the speed of changing 
the control parameter—and hence also the time span for this process—is open. If 
J is actually an adiabatic invariant, it is possible to specify a minimum time that is 
needed for the process in order to satisfy the requirement concerning the tolerated 
increase of J. 

The ODE in our example is a simple case for a Hamiltonian system with one 
degree of freedom given by the Hamiltonian 


H(q, p. 4). 


which depends on a time-dependent parameter A(t). For this type of system, the 
following theorem holds (cf. [6, 7]): 
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Theorem 5.4. The action variable J of a Hamiltonian system with one degree of 
freedom is an adiabatic invariant, provided that the revolution frequency in phase 
space is not equal to zero. 


This shows that it is theoretically possible to limit the increase in the longitudinal 
emittance to an arbitrarily small value by just making the beam manipulation 
process slow enough. Considering longitudinal beam manipulations at constant 
reference energy, it becomes clear that the change in the voltage amplitude V has to 
be adiabatic. 

Theorem 5.4 does not make any statement about how the slowness of the changes 
of the parameter may be determined in order for the area deviation to remain below 
a certain limit. 

For this practical purpose, in the case of longitudinal beam manipulations, one 
usually defines the adiabaticity parameter 


1 


2 
Ws 


das Ws 


dt 


m Ts 
EP 


e= (5.13) 


Ws 


(cf. [8, p. 316]). This definition becomes transparent if one looks at require- 
ment (5.10), which states that 2zre < 1. 


5.3.1 Pendulum with Variable Length 


A famous example using an adiabatic invariant is a pendulum similar to the one 
shown in Fig. 2.18 on p. 105. However, it does not have a fixed suspension point 
where the massless thread is fixed. Instead, the thread passes through a hole in a 
metal plate at the top. Hence, the length R of the pendulum may be varied by moving 
the thread up and down through the hole. This type of pendulum is called a Rayleigh 
pendulum or Lorentz—Einstein pendulum. 

If the length R is shortened very slowly by pulling the thread upward, the action 
variable will be an adiabatic invariant. 

Before we consider a variable length R, we keep R fixed, and we analyze the 
case of small oscillation amplitudes with a « 1. Due to 


20 


AT S desse. 
2 2 


COS @ = COS p — sin 


we obtain 


a? 


2,0 
1—cos à —2 sii? 2 x —, 
2 
so that the potential energy is 


2 
Woot = mgx = mgR(1-— cos a) ~ mgR--. 
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Due to v = Ra, the kinetic energy is 


1 1 
2 24.2 
Wiin = 4 mv =y MR AS. 
The sum Wpot + Wkin remains constant. Hence, the time derivative is zero: 


mgRaà + mR?àà = 0. 


Therefore, we obtain the well-known ODE 


a+ Za =0 
with angular frequency 
om ff 
We now use the length coordinate 
q = Ra 
and the momentum 
p=mRa 


as the pair of coordinates to define the Hamiltonian 


g 
H(q.p) = — a sar 


as the sum Wpot + Win. We verify that H is actually a Hamiltonian: 


9H P, 
dp Ws 
gH m$ = mga 
VEU" iU 


Due to 


P = mRa E —mR 5a = -MgaQ, 
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we actually obtain 


oH 


u” 


For small oscillation amplitudes, a solution of the ODE is 
œ = â cos(ot), 
a = —o & sin(wt), 


q = 4 cos(ot), 
p = —p sin(ot), 
with 


ĝ = Ra, p=mRo@, 


leading to the following value of the Hamiltonian: 
H= : mR?o? & sin? (ot) + Z m= R262 cos?(ot) = 1 mR?o? à? = À mo? à? 
2 2 R 2 2 ` 
The action may easily be determined as the area of the ellipse divided by 27: 


J EET ups! R?oá? l à? (5.14) 
= — = = —m Q =- -m š . 
2n dd co Ac oM HL 


The last two equations show that 


Q — 


Bie (5.15) 
7 = : 


Py | 99 


is valid. 
Now we allow slow changes of the control parameter R with time so that the 
Hamiltonian is modified? according to 


H(q, p, R(t) = —+ ie 


2 
2m 


>This generalization should not be taken for granted. If, for example, the Hamiltonian in Eq. (2.130) 
with the pair of variables (q, p) = (a, à) is taken instead, one obtains different results. Therefore, 
we took the physical coordinates and momenta and the physical energy conservation as a basis to 
derive the Hamiltonian. Of course, one may also keep R as time-variable from the very beginning 
in order to derive the equations of motion and the Hamiltonian. 
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We know that J is an adiabatic invariant, i.e., its value will remain almost constant 
if R(t) is modified slowly. Therefore, according to Eq. (5.15), we obtain 


Hwo-R?, 
Due to Eq. (5.14), 

"ES grt n R4 
holds. This leads to 


~ R n o? 


|2 


a= 


Please note that H is not constant, since energy is exchanged with the pendulum if 
the thread is moved up or down through the hole. When R is reduced, w and the 
amplitude @ of the angle increase. However, the amplitude q = RÂ decreases. 

A more detailed analysis of the Rayleigh pendulum with the same results can be 
found in [9, 10]. 


5.3.2 Iso-Adiabatic Ramps 


Consider a coasting beam that is stored in a synchrotron at constant energy. This 
beam will be captured, i.e., bunched, by means of an adiabatic increase of the 
voltage amplitude Y. This procedure is called an adiabatic capture process. The 
voltage amplitude y plays the role of the control parameter À discussed earlier. As 
we will see, the voltage begins at a small but positive value, so that the synchrotron 
frequency does not vanish. 

We assume that the adiabaticity parameter 


Os 
Qadiab = TS e —2m1:— 


remains constant (so-called isoadiabatic ramp). Please note that in the literature, 
the adiabaticity parameter is sometimes defined without the additional factor 27r, 
and sometimes the absolute value is used as well, so that the coefficient is always 
nonnegative (cf. Garoby in [8, Sect. 4.8.1]); see Eq. (5.13). 

Due to Eq. (3.25), we know that in the stationary case, 


WS 0,stat = kv P with k= fn a -0 
RPR 


holds, so that one obtains 
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2n k $ xÝ 
Qadiab = ^ = ^ . 
Y p k V3/2 
Separation of this ODE yields 
f oww dt = zj pP—Pgqp 
k 
51/2 . KOtadiab 
=> —2V ^" = Badiabt + Cadiae with — Badiab = 
1 
A 4 2 
— V = —__.,,, Badiabt = — —— — Cadiab- (5.16) 
(Badiabt + Cadiab)? id 


This solution is now written depending on the initial value Vit =0)= Y, and the 
final value V(t = T) = V»: 


i 4 5 
Y= >3—, Cadiab = — 
Cadiab f, 


, 


^ 4 1 
V Badiab a 


2 2 1 1 
I= , — = — Cadiab | = . 
(BadiabT s Cadiab)^ T / 5 "NS T NI f, J Y, 


For increasing synchrotron frequencies ws, the amplitude V will increase, and Qadiab 
is positive, so that Bagiab is positive as well. For decreasing synchrotron frequencies 


ws, the amplitude V will decrease, and Qadiap is negative, so that fai is negative as 
well. It follows that 


n 4 

V= y 
(F(Ze - 2e) - x) 
T NA Af fs AT, 
A fi 

>|V= l 


Ct) 


The total time T must, of course, be chosen sufficiently large that 


lo'aaiap| K 1 
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Fig. 5.7 Example of 
isoadiabatic ramps 0.9 


debunching 


bunching 


holds, where Qadiah can be calculated as follows: 


up 2x 1 1 1 2x Wa 1 
Qadiab = 7 Padiab = = = 
Khe eT \ Tm URL ATY WO TR iF 


An example of the amplitude ramp is shown in Fig.5.7. Let us briefly discuss the 
bunching case with Y; > Vj. Since the voltage Y, is switched on instantaneously 
at the very beginning, a certain increase in the longitudinal emittance cannot be 
avoided. One therefore tries to keep Y, as small as technically achievable. For 
a required value of Qadiab, however, the time T will then be large. Therefore, a 
compromise has to be found. 


5.4 Bunch Compression and Unmatched Bunches 


In the following, we will discuss some beam manipulations such as bunch 
compression and barrier bucket operation. These schemes belong to advanced 
scenarios that are sometimes called *RF gymnastics" [11]. 

If only the innermost part of the bucket is filled with particles, one may describe 
the motion in phase space by small values for the momentum spread and the time 
deviation. In this case, we may linearize the equations of motion. Both the time 
deviation and the energy deviation will then be harmonic functions. If the first 
one is proportional to cos(ost), the latter one will be proportional to sin(wsf). 
Assuming suitable scaling, the orbits in phase space will be circles. If the phase 
space occupation looks like a horizontal bar at the beginning, this bar will be 
oriented in an upright way after one quarter of the synchrotron period (similar to the 
first three pictures in Fig. 3.2 on p. 125). Hence, a long bunch with a comparatively 
small momentum spread will be transformed into a short bunch with a larger 
momentum spread. Therefore, this process, which corresponds to a 90? rotation 
in phase space, is called a fast bunch compression. 

It is easy to see what happens in the time domain if one analyzes how many 
particles are located inside a certain time interval. At the beginning (horizontal bar), 
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one will find a comparatively small number of particles in a certain time interval. 
This corresponds to a long bunch with small beam current. After one-quarter 
revolution, we will find many particles in the same time interval, provided that this 
time interval is close enough to the bunch center (or we will find zero particles 
outside). This corresponds to a short bunch with large beam current. 

If we observe this process depending on time, we will identify an amplitude and 
length modulation of the bunch. In reality, the bucket will also be filled in the vicinity 
of the separatrix, so that nonlinearities will be present. The angular velocity of the 
particles in phase space will no longer be constant, but it will decrease by an amount 
that increases with the distance of the particles from the bucket center. A bar-shaped 
bunch that is oriented horizontally at the beginning will therefore be deformed in an 
S-shaped way after one-quarter of a synchrotron period. 

We now analyze the simple case that the bunch is located in the linear region of 
the bucket and that it fills an elliptical area. The ellipse will be matched to the bucket 
so that the ratio of the principal axes is given by Eq. (3.28), 


A W, 2x WR b3 


a = JS 
Ati Inr] 


The index 1 denotes the situation before the voltage is increased at t = 0. Therefore, 
the total length is 2A7,. We now consider a particle at (At, AW) = (0, —AW,). 
Due to the voltage increase, it will move to the point (At, AW) = (Ah, 0) after 
one-quarter of the synchrotron period. The new ratio of the principal axes is given by 


AW 2n Wa f? 
x: = fs A 
Ah Inr] 


, 


since the synchrotron frequency has changed (in the numerator, we replaced AW, 
by AW,, since this corresponds to the starting point of the trajectory). We have to 
take into account that the energy We of the reference particle does not change when 
the voltage increases. 

We calculate the quotient of the last two equations: 


Ab _ fsa 

Ati, fsz 
According to Eq. (3.25), the synchrotron frequency is proportional to the square root 
of the voltage amplitude, so that 


Ah Vi 


AR Y 


is obtained. Hence, we have found an approximation for the bunch length reduction 
as a result of the voltage increase. The above-mentioned S-shaped deformation is, 
of course, not taken into account. 
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As described before, the bunch compression is intentionally based on the 
phenomenon that the bunch contour does not fit to the trajectories. If the beam is 
extracted in time, the short bunch that is generated may be used for an experiment. 

The same phenomenon is also observed in a weaker form if the bunch is 
unmatched by accident (unmatched bunch). In this case, the particles will smear 
over the whole phase space area that is determined by the particles that correspond 
to the outermost trajectory. As a result, this outermost trajectory will be filled 
with particles in a homogeneous way after several revolutions in phase space. As 
mentioned in Sect. 3.3, this effect is called filamentation and phase space dilution. 
The particles finally cover more phase space area than in the beginning. 

This observation seems to contradict Liouville's theorem (here we are even 
confronted with the case that the Hamiltonian does not explicitly depend on time, 
so that Liouville's theorem is valid in its simplest form). Especially during the first 
revolution, we may easily see, however, that the S-shaped area filled by the particles 
has, in fact, the same area as the initial ellipse. Even though this observation is 
more complicated to verify in the following revolutions, one will always come to 
the conclusion that area preservation is still valid. Hence, Liouville's theorem is still 
satisfied. 

After some revolutions, however, a lot of *air" will be enclosed between the 
particles, so that the impression of a completely filled phase space area is induced. 
Since the number of particles is large but still finite, it is difficult to determine 
the border of the area that is filled with particles. Therefore, the contradiction is 
resolved: due to the finite number of particles, the "air" that is curled up leads 
to an effective increase in the phase space area that cannot be withdrawn. The 
filamentation process thus leads to an emittance increase. 

Please note that Liouville's theorem was derived for a continuous distribution of 
particles in phase space. When the spiral arms have become longer and longer so 
that they contain only a few individual particles, this assumption of a continuous 
distribution is no longer justified, and Liouville's theorem is no longer applicable. 
In other words, the seeming contradiction may be resolved by the fact that on the 
one hand, the bunch is described as a continuum, and on the other hand, as a cloud 
of discrete particles. 

The increase in the longitudinal emittance that is caused by unmatched bunches is 
of course undesirable. The larger emittance usually leads to a larger bucket area that 
is required to keep all particles bunched. According to Eq. (3.38), this also leads to 
larger RF voltage (and hence RF power installation) requirements. This is clearly 
a negative effect of the filamentation process. There are, however, also positive 
aspects of the momentum spread of a bunch that may also be explained based on our 
unmatched bunch example. The unmatched bunch as a whole obviously performs 
coherent oscillations, which may primarily be measured as amplitude oscillations 
of the beam current. After filamentation has taken effect, these oscillations will 
have stopped. Therefore, the filamentation process may also be regarded as a 
damping effect. The momentum spread of the bunch suppresses a collective motion 
of the particles. This effect is called Landau damping, and it may prevent beam 
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instabilities from growing, provided that Landau damping is stronger than the 
growth of the specific instability (cf. [12, 13, Sect. 9.5]). 
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According to Sect. 2.1.3 (see Eq. (2.9)) and Sect. 2.1.6, for a strongly bunched beam, 
the beam current amplitude at the fundamental harmonic is twice as large as the DC 
component, i.e., the average beam current. 

In general, the interaction of the beam with the environment or with itself may 
lead to instabilities. Some of these instabilities become stronger as the ratio of 
maximum beam current to average beam current increases. Hence, the bunching 
factor 


pm 
Pes 


Toeam,max 


defined in Eq. (2.37) should be as large as possible. Please note that the wording 
“bunching factor" is misleading because this factor decreases when the bunching 
gets stronger. 

Increasing the bunching factor means to fill a larger fraction of the synchrotron 
circumference /g with bunches and/or to distribute the particles more homoge- 
neously in the longitudinal direction. One method to achieve this is to add a 
second RF voltage with a higher frequency to the normal accelerating voltage 
(dual-harmonic operation). For ions with positive charge below transition, the 
bunches are located on the rising slope of the RF voltage. If the higher-harmonic 
RF that is added has a negative slope at this point, the phase focusing effect will be 
reduced locally. Hence, the bunches will show a flat profile. 

A different method that also increases the bunching factor is barrier bucket 
operation. Let us assume that h bunches are present in the synchrotron ring and that 
they are captured as usual by a sinusoidal RF voltage. If some of these sine waves 
are now omitted, the adjacent bunches will now merge across the missing sine slope. 
Hence, a longer bunch with a sausage-like shape is created. In other words, two 
single-sine pulses may be used to keep the beam bunched between them. It is even 
possible to shift the phase of one of these sine pulses with respect to the revolution 
frequency. This allows one to adiabatically squeeze the bunch together, thereby 
increasing its momentum spread. One speaks of moving barriers in this case. 


5.5.1 Barrier Bucket Signal Generation 


Let us assume that a standard cavity system with quality factor Q, (loaded Q) is 
used to generate single-sine pulses for barrier bucket operation. The cavity system 
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can be described by the standard equivalent circuit shown in Fig. 4.5 on p. 181, so 
that the transfer function is given by Eq. (4.26) 


R Ores S 
P Qp 


res 2 2 
50, + S* + Wie, 


Zio (S) = 


Qp 1 " Ores Qp 1 


Yio = = . 
Tie MU EE eT 


We want to generate a single-sine pulse 


Veap(t) = Veap sin(wit) [G(0) - O(t — T) = 


= Voap Sin(@t) O(t) — Veap sin(œ@ (t — T1)) O — Tı) 


with œ = 27/7). According to Table A.4 (p. 418) and to the time shifting property 
of the Laplace transform (Sect. 2.2), this corresponds to 


[7 | —ns 
Veap(t) 9—* Vals) = Vap =—— (1 -e'""). 
gap (t) eap(S) sap 2 TA ) 


Now we want to determine the required generator current for negligible beam 
current. In the Laplace domain, we get 


Las) = Yea) Veapls) = (1 — 67^) J.(s) (5.17) 
with 
Poa Q M [11 1 
Ix(s) = gap @ P + + Ores 0) ie ee 
(s) Rp | low. SHO ^ s Qs s(s? + eX) 


Now we need a transformation back to the time domain. The first two expressions in 
the square brackets are directly available from Table A.4. For the last term, a partial 
fraction decomposition leads to 


E € s 
s(s-co2) af \s sro. 


Now the transformation back to the time domain can be accomplished with the help 
of Table A.4: 


I(t) = eq) ^9 IC Q _ os Et DESC DE. os E? 
p Qi Q1 


R Ore S 
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The required generator current is obtained using the time shifting property based on 
Eq. (5.17): 


Lat) = 5-1, — T). 


It is obvious that the solution can be simplified significantly if the cavity is tuned 
to the angular frequency @, that corresponds to the duration T; of the single-sine 
pulse, i.e., if Ores = 0: 


^ 


Ves 


I(t) = Q(t) T [Op + sin(vit)] 
P 
Prap : Prap ‘ 
=> Igen(t) = O(t) R KO + sin(w,t)|—O(t—T)) R [O, + sin(@,(t — T))| 
P P 
=> Lyenlt) = cem [Op + sin(wt)] [O(t) — OG — T]. (5.18) 
p 


We see that even though the cavity is tuned to the frequency of the single-sine pulse, 
a DC offset pulse is needed that is Q, times higher than the peak value of the 
sinusoidal current component. This is not very efficient if a narrowband cavity is 
used. Hence, the quality factor (loaded Q) of the barrier bucket cavity system should 
be kept as low as possible (broadband cavity system). Nevertheless, it is possible 
to produce single-sine voltage pulses by means of the superposition of a DC current 
pulse and a sinusoidal current pulse even if Q, is on the order of ten [14]. 

Of course, in reality, there are always deviations from the ideal behavior. 
Therefore, it may be necessary to correct the theoretical generator current given 
by Eq. (5.18) slightly in order to avoid microbunching effects. One way to optimize 
the shape of the gap voltage is to perform a Fourier analysis of the measured gap 
voltage, which makes it possible to calculate a predistorted control signal [15]. 


5.5.2 Phase and Amplitude Relations for Dual-Harmonic 
Operation 


As in most cases, we assume ions with positive charge below transition. Let 
us consider the case that a higher-harmonic component k@gp is added to the 
fundamental harmonic wpr. This leads to the total voltage 


V(t) = i5 sin(cgrt + Q1) + $5 sin(kK@ppt + p2). 


We now require that a saddle point be created at the location of the bunch and that 
the slope be positive to the left and to the right of this saddle point (as it was before 
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the second harmonic component was added). For the bunch center at t = 0, we 
therefore require 


V(t = 0)= Vo, V'(t =0)=0, V” = 0)=0, and V’’(t=0) > 0. 
Due to 


V'(t) = orr Vi cos(@grt + 91) + korr V2 cos(kogpt + g2), 
v"(t) = Dan fi sin(@prt + gi) — k^oge f; sin(k«ngrt + 2), 


V” (t) = -op Vi cos(ogpt + 91) — kag, V» cos(kopet + o2), 


this leads to: 


Vo = V, sing: + Vo sing», (5.19) 

Y, cos Qj = —k 5 COS Go, (5.20) 
Y, sing, = —k? Y; sing», (5.21) 
—TY, cosy, — k? Vo cosg > 0. (5.22) 


The last equation shows that the substitution 


—_ 
P2 = 92— 7 
is suitable, since we have 
/ 
COS Q» = — COS, 
and 
sing» = — sing’. 


Equations (5.20) and (5.21) then lead to 


tang; = k tang). (5.23) 
Equation (5.20) provides 
V, a oe (5.24) 
V, k cosy)’ 


If we insert Eq. (5.21) into Eq. (5.19), we obtain 


ae 1 
V = V sin (1- 5:). 
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Fig. 5.8 Phase and amplitude relations between first and second harmonics for k — 2 


Or 
Vo = Vo sing’, (k? —1). 
From k > 1 and Vo > 0, it follows that 
0 < 91.9) zm. 


Phases outside the interval ]|—z, +7] do not lead to signal forms that differ from 
those within the interval and are therefore excluded. 
Inserting Eq. (5.20) into the inequality (5.22) leads to 


YA cos gy (k?-1) >0 
and 

Vo cosg, (k? —k) > 0. 
This reduces the selection to 


0< 91,95 < 4 
S Pi, P2 2 + 
The phase relation given by Eq. (5.23) and the amplitude relation given by 
Eq. (5.24) are both displayed in Fig. 5.8 for the simplest case k — 2. 
The signal forms V(t) that are obtained for different values of o; are shown in 
Fig. 5.9. It is obvious that phases qj > 45° are usually not of interest, because the 
corresponding bucket? becomes too small. 


3The shape of a dual-harmonic bucket differs from that of a single-harmonic bucket discussed in 
Sect. 3.11. 
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Fig. 5.9 Dual-harmonic signal forms V(t) for k = 2 


5.6 Bunch Description by Means of Moments 


We will now analyze the influence of gap voltage modulations. The results presented 
in this section and in the next one are based on the article [16] and were extended 
in [17]. 

Based on the unmodulated harmonic gap voltage 


V(t) = Vo(t) sin(gpr(t)) 


with 


pre(t) = [owe dt, 
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we now introduce a phase modulation Aggap(t) and an amplitude modulation e(t) 
such that 


V(t) = OA + €(t)) sin(ger(t) — Avgp(t)) (5.25) 


is obtained. 

The reference particle is defined in such a way that it arrives at the accelerating 
gap when @rr(t) = r(t) + 22k is satisfied. Here, the integer k is the bunch 
repetition number. For an asynchronous particle, the arrival time is defined by 
gre(t) = gn(t) + 27k + Agnr(t). The magnetic field B in the bending dipoles 
and the quantities Vo, pr, and Qg are chosen in such a way that the reference 
particle follows the reference path. All these quantities vary slowly with time in 
comparison with the synchrotron oscillation. The modulation functions e(t) and 
A@eap(t), however, may vary faster. 

According to Eqs. (3.18) and (3.19), the nonlinear differential equations are 


: 2x hyg 
Agrr = ——— AW, 5.26 
PRE TeBzWe (5.26) 
p _ 20 
AW = ——[(1 + €): sin(gg + AgrF — AGgap) — sin gr]. (5.27) 


TR 


For small values of | Agar — ^9gap| « 1, we have 


ENS e fg +6) (he — Ag + uA) | 
Defining 
AGeap = AQup— —— tàng (5.28) 
l+e 
leads to 
AW x 2 90598 i D CA gui Ag) (5.29) 


TR 
By a combination of Eqs. (5.26) and (5.29), we get 


Ag 2x hug Q Vo COS QR 
RF = 
Té Bg Wa 


(1 + e)(Agnr — A@gap)- 
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According to Eq. (3.25), the synchrotron frequency is defined by 


2nhVo(—nr Q cos gr) 
Tz Bg Wn 


, 


Ws = Ws = 2zfso = l 


which yields 
Aónr + wg(1 + €) Agnr = ox(1 + €)AGgap. (5.30) 


Using the new variables 


we obtain 


II 


y = -Co$( + €) (x — Ag). 


Here the factor C was introduced because we want the trajectories to be circles if 


no excitations are present (e = 0 and Agap = 0). Based on this requirement, we 
can easily determine C: 


x = cos(ast) => y =Cx = -Cows sin(ast) =>C=-—. 


Thus, we obtain (note that C and ws vary slowly, and therefore we neglect the time 
derivative) 


of 
Il 


—Ws y, (5.31) 
y = ws (1 s €) = A gap). (5.32) 


5.6.1 Phase Oscillations 


Whereas Eqs. (5.31) and (5.32) are valid for individual particles, we now consider 
bunches with M, particles. The mean values are defined as 


5.6 Bunch Description by Means of Moments 261 


This leads to 
1 Ny 1 Ny 
x = — Xk = —Ws— Xyk = —ws y (5.33) 
b k= Nr 
and 
1 Nb 1 Nb 
¥=— Die = O81 + )— Ga — Ag) 
uen Nb jay 
— y = as(1 + €) — Any). (5.34) 


If we combine the results (5.33) and (5.34) for slowly varying ws, we obtain 
X = —ws = —ex(1 + €)(X — A@gap). (5.35) 


We may interpret x as the bunch center. Hence, we see that the equation for the 
bunch center has the same form as Eq. (5.30) for the individual particles. This means 
that the whole bunch may oscillate with the synchrotron frequency. One should note, 
however, that we allowed only small oscillation amplitudes to get to this result. Such 
an oscillation of a whole bunch is called a coherent dipole oscillation. It may, for 
instance, be generated by placing a matched bunch off-center into the bucket. Since 
all particles rotate in phase space with the synchrotron frequency, this will, in this 
case, also be true for the whole bunch. However, it is clear that for a realistic bunch 
size, such an oscillation will soon lead to filamentation. Hence, our linearization 
will describe only the coherent dipole oscillation in the very beginning and only for 
small oscillation amplitudes. 


5.6.2 Amplitude Oscillations 


We define the following quantities: 


1 Nb " 1 No R 1 Ns 
ay = Mae ay po» f= Ny 2.00 (5.36) 
ju ANE: a 2 a di -2 
e p 9) d res E 


= -2 
Vy — ay — y^. 
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Please note that v, corresponds to the variance of the quantities x, if a division 
by Ny — | is used instead of division by Ny. Since we are interested only in large 
(particle) numbers Np, this difference is negligible. 

The quantity ,/v, represents the (rms) bunch length, whereas ,/v, represents the 
(rms) height of the bunch in the phase space (x, y). We get 


ia 
a, = — 2x,Xy, = —2ws£, 
No kXk sé 


ioe jh 
dy = Ny 2, 2» = 2ws(1 + ON, 2.0 — A@gap) 


— dy = 2os(1 F 3t = VAG@eap) 


— eee 
g= N, Dey + XK VE) = 
= —Wsdy + s(1 + €)(ax — XAGgap), 
Dy = dy — 2EX = —2og£ + 20gXy = —2osa. (5.37) 


Here we defined a = & — xy in order to have the same form in the expressions for 
ax and for vy. We obtain 


by = à, - 2yy = 2ws(1 + €) (E — VAGgap) — 
— 2ws(1 + €)y(x — A@gap) 


=> by = 2os(1- €)a, (5.38) 


E- xJ- X} = 
—0Osdy + €s(1 + €) (ax — X A@gap) F 


Q. 
II 


II 


+ os? — os (1 + €)X(X — A@gap) 
=> à = —asvy + os(1 + €)v. (5.39) 
Now we are able to derive a differential equation for vx, i.e., for the bunch length 
oscillation. 


Combining Eqs. (5.37) and (5.38) yields 


by = —(1 + 5. (5.40) 
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We now combine Eq. (5.37) with Eq. (5.39): 
By = 2wgvy — 2wg(1 + €)vy (5.41) 
SVy= 2wGhy — 20$(1 + €)? — 2WREvy. 
Using Eq. (5.40), we finally get 
V= —4we(1 + €)dy — 2weévy. (5.42) 
Please note that for e = 0, the standard differential equation 
V. + Qos)v, = const (5.43) 


is obtained, which corresponds to an oscillation with frequency 2ms, a so-called 
quadrupole oscillation. Due to the linearization, an initial quadrupole oscillation 
will continue forever. 

We saw above that a dipole oscillation is generated if a matched bunch is placed 
off-center in the bucket. In order to generate a quadrupole oscillation, we do not 
place the bunch off-center in the bucket, but we consider an unmatched bunch. Since 
a matched bunch has a circular shape in our phase space coordinates (x, y), this 
means that a slightly elliptical bunch has to be considered. Let us assume that the 
major axis of the ellipse in phase space is oriented in the x direction at the beginning. 
Since the individual particles rotate in phase space with the synchrotron frequency, 
it is then clear that after a quarter of a synchrotron period, the major axis will be 
directed in the y direction, i.e., the ellipse is then standing upright. After half a 
synchrotron period, the major of the ellipse will again be oriented horizontally. This 
explains the oscillation frequency 2ws of the quadrupole oscillation. The following 
points have to be emphasized: 


* The derivations presented in this section imply that only small deviations from 
the matched bunch are allowed. 

* The larger the bunch is, the more time will the particles on the bunch contour need 
for one revolution in phase space. Therefore, the oscillation is more accurately 
described if an effective synchrotron frequency ws is considered instead of the 
synchrotron frequency ws, which is valid for particles close to the bucket center. 
In this case, ws describes the coherent motion of the particles. 

* For realistic bunch sizes, filamentation will occur after a few oscillation periods, 
so that that a pure quadrupole oscillation will be visible only at the very 
beginning. 


Now we derive the differential equation for vy, i.e., for the amplitude oscillation. 
Equation (5.38) yields 


b, 


l+e 


= 2wsa. 
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The time derivative is 


Y,(14-€e)— ev, 
OTE = 20k + 28 + ev. 


where we used Eq. (5.39) on the right-hand side. We divide by (1 + €): 


Vy év, 2 Vy 
= = —20 imi LE 
(+e)? (+e "ise 


+ DCs 


Now another time derivative leads to v, on the right-hand side, so that we can use 
Eq. (5.40) to eliminate v, completely. After some steps, we obtain 


3),é 
ACT 


é 3e 
uz (4030 +€)- = 


=e aa) = 2wsévy. (5.44) 


This differential equation for v, differs from Eq. (5.42) for v, only by terms that 
are of higher order with respect to e. Furthermore, the sign of the excitation term 
206v, is different for v, and v,, which matches our expectation, since the bunch 
is short when its amplitude is high, whereas the bunch is long when its amplitude is 
small. 

Please note that we have not introduced any approximations to derive the 
differential equations (5.42) and (5.44) from Eqs. (5.31) and (5.32). 

According to [4], these differential equations have the following solution: 

Vx — Caw? T Cx2Wx1Wx2 F Cx3W29, (5.45) 


Vy = yw * Cy2WWy2 + Cy3Wyo- (5.46) 
The functions wy; and wy are the linearly independent solutions of 
Wy + wg(1 + e)w, = 0, 


whereas the functions wy; and wy» are the linearly independent solutions of 


: E s 
Wy = pee? + ox(1 + €)Wy = 0. 


In the trivial case € = 0, we may choose 
Wx1 = Wy; = cos(ost), Wx2 = Wy? = sin(ost) 


as a solution. Due to Eqs. (5.45) and (5.46), vy and v, will oscillate with twice the 
frequency, in accord with Eq. (5.43). 
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5.6.3 Linearization 


The derived equations (5.33), (5.34), (5.41), and (5.40), 


X 


II 


—asy, 
y = as(1 + €)(X — AGgap), 
y= 2wevy — 2o$(1 + €)vx, 
Vy = —(1 + €)V», 
can be written as a state-space model* 
X = f (X,€, AGgap) 
with state vector 
m T = = . 
x= (x1 X2 X3 X4 xs) = (x y Vx Vx vy) 
and the nonlinear function 


—Wsx2 
, ox (1 + €) Ga — Arap) 
fie A gap) = X4 
20$ Xs — 2o&(1 + €)x3 
—(1 T €)x4 


In the following, a linearization with AX = X — X, around the operating point 


Zop = (00 vo 0 vo) , €op =0, A@gapop = 0 


is performed, which corresponds to the matched circle-shaped bunch. This lineariza- 
tion (see Sect. 7.1.3, cf. [18]) leads to the linear system 


AX(t) = A- AX(t) + bie(t) + Do A@gap(t) (5.47) 


with the system matrix (Jacobian matrix) 


0 —WS 0 0 0 
2 0 0 0 0 
ð pa 
A= 9f ={]0 0 0 1 0 
Ox " 


op 0 0 -2e$ 0 2o$ 
00 0-10 


^ A general discussion about the state-space representation is presented in Sect. 7.1.2. 
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and the input matrices 


3 IF 
bi = ifl = (0 00 —2o£vo 0) 
de 
op 
and 
> af T 
bo = - =(0-a@ 5000) . 
IA@gap i ( ? ) 


Please note that the matrix A has a block diagonal structure with one block 
corresponding to the dynamics of the bunch center x and one to the dynamics of 
the bunch variance vy. In addition, the bunch center is influenced only by A@gap, 
and the bunch variance only by e. 

Comparing the equations for Ax3 and Axs in (5.47) yields Ax3(t) = —Axs(t) 
and thus 


Ax3(t) + Axs(t) = vx(t) + vy(t) — 2vo = const, (5.48) 
which implies that the bunch variances are connected by an algebraic equation and 
cannot be controlled independently. It must be possible in principle that the solution 
X of the differential equation reaches the operating point Xo, (e.g., as an initial 
condition). For the operating point, 

Ax3 + Axs = 0 (5.49) 
is valid, which therefore holds in general for every t, due to Eq. (5.48). 

With (5.47) and (5.49), linear differential equations of second order can be 
derived for the bunch center using Axı = x and for the bunch variance using 
Ax3 = Vy — Vo! 

X + os = oS As. 
Vx + 4o (vx — v) = —2wgvoe. 


A phase modulation mainly influences the dipole oscillation whereas an ampli- 
tude modulation primarily affects the quadrupole oscillation. 


5.6.4 RMS Emittance 


In the previous sections, we defined the longitudinal emittance of the beam as the 
area in phase space that is filled by the particles. This is a very transparent definition 
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from a geometric point of view. For a real particle distribution whose density differs 
from point to point in phase space, however, this definition is not satisfactory. In 
practice, one cannot decide easily where the boundaries of a given bunch are. 

Therefore, one sometimes defines the emittance as the area of a contour that 
contains 95% of all particles. On the one hand, this percentage is chosen arbitrarily, 
and on the other hand, it is not easy to define this contour in a unique way. Therefore, 
an emittance definition is needed that can be determined for every cloud of particles. 
The motivation for this definition of the RMS emittance [19,20], which is presented 
in the following, is based on [21]. 

Let us assume that particle number i is located in a Cartesian coordinate system 
(which represents our phase space) at the position r; = x; €, + y; éy. The area of 
the triangle formed by particle number i, particle number k, and the origin is then 
given by the vector product 


Ti X Tk = T Ex + yi Cy) X (Xk €x + yk €) = = (xi yk — xxyi)- 


Sd 


1 
> Áik = 2 |xi Vk — Xkyil. 


For the next step, we abandon the idea of calculating an exact area for the particle 
cloud. We just need an expression that has some similarity to an area. Therefore, we 
simply sum up the squares of these areas for all possible particle pairs: 


The terms where i = k holds do not contribute anything to the sum. Therefore, we 
divided by N,(N, — 1) to get the average. We obtain 


Ny No 1 Np Nb 
a= (xi yk xyi) = — (x7 yg T xg y? 72xi Xk yi Yk). 
TEE TE 222 EUER 
The first two terms lead to the same sum, since only the roles of i and k are 
interchanged: 


No Nb No Nb 
A= (2x2 yg —2xi Xk yi Ve) = (x? yg — Xi xk Vi yk). 
xag n3 22 2-09 som = gag o LL rios 
(5.50) 


We now return to our definitions (5.36), 


Np 
= 1 2 
ay := X^ = — X 
x Ns i k 
k=1 
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and 


which lead to 
e 1 Nb Nb 1 No Nb 
aay = x? y? = Ni (x s) (>: s) =H 36230937 
b b i=1 k=1 


This obviously reproduces the first term in Eq. (5.50). In a similar way, the definition 


leads to 
1 Np Ny 
P= (yy = N2 393077275 
b j=1k=1 


which reproduces the second term in Eq. (5.50). We therefore get 


24*(1- 5-) = aa, = Gy? 
Please note that the term in parentheses is close to 1 for sufficiently large numbers 
Nb. Since we summed up the squares of the areas of the triangles, we have to apply 
the square root to get a quantity with the correct dimension. This defines the RMS 


emittance 

E= Coy x? y? — a), 
for which different constant factors C, are used in the literature (e.g., C, = 4 
in [19]). 


Due to the construction of the emittance (based on triangles that have the origin 
as one vertex), it is obvious that the value & is not invariant under translations of 
the origin. Points that are far from the origin contribute with large areas, whereas 
points close to the origin contribute with small areas. Therefore, the origin should 
correspond to the center of the particle cloud: 


20, y=0. 
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Nevertheless, the RMS emittance has the disadvantage that particles at the bound- 
aries of the bunch have more influence than they deserve and that it is not always 
a measure for the area (especially for deformed bunches). For bunches with small 
distortions, however, the RMS emittance may often be used successfully. 

We may regard the RMS definition as a special case for a finite number of 
particles. For a continuous distribution, one would use expected values instead: 


2 
(=) = E(X?) E(Y?) — EXXY), E(X) — 0, E(Y) — 0. 


If one now assumes that the random variables X and Y are independent, one 
sees that 


2 
(=) = E(X?) E(Y?) 


holds. In this case, 


€ 
— = Ox Oy 
C. 


is obtained. For a bunch that has an elliptical shape in phase space, this result is 
expected, because the area of an ellipse with the two semiaxes ry, ry is zrxry. 
If the distribution of the particles is Gaussian, it is obvious that C; can be used to 
define an elliptical contour that contains a certain percentage of particles. 


For purposes of illustration, we conclude this section with a simple example. Let 
us consider only M, = 3 particles with the following positions: 


7, = (+10, +10), 
P = (0, +10), 
7; = (—10, +10). 


This leads to N,(N, — 1)/2 = 3 triangles with areas 50, 50, and 100, respectively. 
The average of the squares is 15000/3 = 5000, so that 


A = V5000 z 70.71 


is obtained. This can also be calculated formally based on 


200 300 
a, = ——, dy eri re iM, &£ — 0. 
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In this example, the origin does not correspond to the center of the particle cloud. If 
we shifted the origin to this center so that 


x20, y=0 


holds, we would get an area of zero (A = 0). This is due to the fact that the three 
particles are located on a straight line. 


5.7 Longitudinal Bunch Oscillations 


We now analyze a few specific oscillations of bunched beams in longitudinal phase 
space. The undisturbed bunch, i.e., a bunch that is matched to the bucket, is the 
starting point. As in the previous section, a scaling of the phase space coordinates 
will be performed in such a way that the contour of the matched bunch is a circle. 
Instead of physical phase space variables, we again use simple coordinates (x, y) 
for which the undisturbed bunch is a unit circle: 


X = cos Q, y — sing. 


The physical phase space representation is obtained if both coordinates are multi- 
plied by the corresponding factors. 


5.7.1 Coherent Dipole Mode 


As we already discussed in the previous section, the coherent dipole mode of 
oscillation is obtained if the bunch as a whole is shifted along one coordinate so 
that it is located off-center in the bucket afterward: 


x = € + cos Q, y = sing. 
For the radius r, we obtain 
r? =x +y? =14+? 42e cose. 
With the help of 


a 
S epp bizs 


we find, for sufficiently small e «& 1, 


ra l+e coso. 
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5.7.2 Quadrupole Mode 


A quadrupole oscillation is obtained if the ratio of the principal axes is slightly 
modified. For our circular bunch, this means that it becomes elliptical: 


X =a cosg, y =b sing, 


r? = a? cos? g + b’ sin? g = a? + (D? — a?) sin? g. 


Due to 
sin? o = ; — 5 cos(2e), 
we obtain 
r= dr u p + E xd cos(29) — E " E (1 + : " z cos(2¢)) : 
For 
a=1+-, b=1- 7 
we obtain 


rz 1 4- € cos(29). 


The quadrupole mode leads to the effect that the bunch is elongated in phase space. 
The rotation in phase space then leads to an oscillation between short bunches with 
large peak current and long bunches with small peak current. Hence, a bunch length 
and bunch amplitude modulation is present. 


5.7.3 Generalization 


We are now able to see that the two cases discussed before may be generalized to 
the formula 


r 221-4 € cos(m@). 


The dipole mode is obtained for m = 1, the quadrupole oscillation for m = 2. For 

m = 3, the sextupole oscillation is obtained; for m = 4, the octupole mode, etc. 
The mode number m also specifies the eigenfrequency of the oscillation. As the 

diagrams in Fig. 5.10 show, the bunch in phase space is a polygon with m rounded 
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m=0 m=2 m=4 


Fig. 5.10 Longitudinal modes of oscillation 
corners. The rotation of the bunch with frequency fs results in a projection onto the 


time axis whose frequency is m times higher. Together with the revolution period, 
one obtains spectral components at k fg + m fs. 


In the case of coupled-bunch oscillations, the A bunches in the ring interact with 
each other. In general, not only do the bunches oscillate as a whole (as would be the 
case for m — 1), but the individual bunches may be deformed, as described by the 
bunch shape mode number m. 

If we consider coupled oscillations for a specific m, we find that there are h 
modes altogether, which are characterized by the coupled-bunch mode number 7 
with 0 < n < h — 1, since h bunches may oscillate in h ways with respect to one 
another. In the simplest case, m = 1 (dipole oscillation of individual bunches) and 
h = 2, the two bunches may oscillate either in phase (n = 0) or out of phase 
(n = 1). In general, the phase advance from bunch to bunch is 


347 
m-. 
h 


Hence, coupled-bunch oscillations may be characterized using the two mode 
numbers m and n (cf. [22] and [23, Sect. 5.6]). 
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The modes of oscillation may alternatively be defined on the basis of the spectral 
lines observed in the beam signal. If, for example, strong spectral components are 
observed at k fp + 2 fs, this would indicate a quadrupole oscillation by definition. 


The modes of oscillation that were introduced here may be excited if the initial 
conditions do not correspond to those of a matched bunch. If, for example, the bunch 
is not centered inside the bucket, coherent dipole oscillations will be the result. 

A different cause of longitudinal oscillations is (longitudinal) impedances that 
act on the beam. If these impedances lead to an unstable situation, specific modes 
of oscillation will be excited; they have certain growth rates. With respect to 
the modes of oscillation defined above with mode numbers m and n, one then 
speaks of coupled-bunch instabilities. Instabilities may be damped using feedback 
systems (cf. [24]). So-called longitudinal feedback systems are used to reduce 
undesired longitudinal beam oscillations, whereas transverse feedback systems 
damp transverse beam oscillations. 


5.74 Spectrum of the Dipole Oscillation 


Consider the time function 


+00 


f(t)= M $6 -kTa- n). (5.51) 


k-—oo 


where tT, is periodic with period Ts of the synchrotron oscillation. Here Tp is the 
revolution time,” and Ts is an integer multiple of Tp, so that f(t) is strictly periodic 
with period Ts. The function f(t) obviously represents a strongly bunched beam 
that performs coherent dipole oscillations. The corresponding Fourier coefficients 
are 


1 +Ts/2 . 
f(t) eios! dt. 


C, = => 
Ts J-rs/2 


Hence we have 


1 "Y 
Ch = T. 2 e jnoslk Tr +t] dt. 
keM 


5We assume h = 1 here. 
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Here M denotes the set of all indices for which kTg + v, runs from —735/2 to 
+Ts/2. In order to determine this set in a unique way, we want to satisfy 


Tk 7 € sin(wst) 
approximately. Since os < wr holds, we may insert 
t = kTR 
approximately, so that 
Tk = € sin(k wsTr) = e sin(k 2x Tg/ Ts) (5.52) 


is now considered as an exact definition. The limits of integration will be obtained 
for 


kTg = £Ts/2, 
i.e., for 
T: 
k 2x. 
2TR 


At this point, we require that Ts/ Tg = cg/«s be even in order to have an integer k 
at the integration limits. For these values of k, the quantity tg vanishes. Therefore, 
the integration limits are located exactly on two Dirac pulses. Since we have to 
integrate only one period, only one of these two Dirac pulses must be taken into 
account in the summation. Therefore, we have 


Therefore, we obtain 


1 1 —jnos| S +esinz 2 i 
= T j [$4 js T È cos (nws |k Tr + € sin 2zkTg/ T3)]). 


The first term is obtained for k = 0, the second one for k = jk. It follows that 


AS i 
1 ZTR 1 
Ch ——|l14-(-10"42 » cos | 2zn — [k Tg + € sin (2zkTg/ Ts)] 
Ts t Ts 


(5.53) 
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We are now looking for a specific expression for the coefficients c, at the 
revolution harmonics. 

The coefficients c, correspond to the frequencies nws. Hence the revolution 
harmonics are located at 


COR Ts 
POR = p— Ws = pr Ws >n=p 
ws Tr 


Ts 
TR 


Since Ts / Tg is an even number, n is also even, and it follows that 


2 


WTR Tg 


cos (pa. sin (2ztk Tg / T») : 
k= Tr 


For € = 0 (no coherent dipole oscillation), we obtain 


2 2 ( Ts 1 
Cn — r + FERD] aa T 1 Ue 
Ts Ts 2Tg TR 
which is what one expects for a simple Dirac comb without phase modulation. Now 
we would have to show that the coefficients c, that do not correspond to revolution 


harmonics vanish for e = 0. At this point, however, we omit the calculation (for 
odd ratios Ts / Tg, the calculation is presented in the next section). 


Now let Ts/ Tg be an odd integer. Then the summation limits are defined by 


It follows that 


EET i 
€, — m 01042 M cos (2n [k Tg +€ sin Gne /Ty]) .| (5.54) 
Ts mel Ts 


Also here we seek a specific expression for the coefficients c, at the revolution 
harmonics. To this end, we make the substitution 
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and obtain 
oe v, 
Cn = —|14+2 cos (2o. sin (2ztk Tg / n) 
Ts 2 Tr 
As expected, we get for € = 0, 


1 T Ts 1 1 
Cn — wm mL a = Ss 
Ts Tg Tg 


Now we show that all other coefficients that do not belong to the revolution 
harmonics equal zero. As one finds in Gradshteyn [25] (formula 1.342,2), 


- m+1 . mx x 
by cos(kx) — cos x | sin — cosec— 
= 2 2 2 


holds. From Eq. (5.54), we conclude for e = 0 with the help of this formula that 
(itzel (2 d) den" 
Cg ==> cos|-| — mn—| - 
Ts 4 \ Tg Ts 
: 1 Ts Tg Tg 
-sin | — | —-—1] 2zn— | cosec | zn — 
4 Tg Ts Ts 
= 1 1 2 JU 1 Tg : T 1 Tg Tg 
he | s|=n(14 —n{1-— =|). 
c T; COs | 5 T sinj z T cosec | zn T 


it follows that 


m. cos(a + b) sin(a — b) 
prc | ae sin(25) | ' 


With the help of trigonometric identities, one easily shows that 


cos(a + b) sin(a —b) _ 1 (sinQ2a) 1 
sin(2b) 2 (= 7 ) 
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is valid. This leads to 


1 sin(2a) 1 sin(zn) 
Ch = " = . 
T: 2 Ts g; T 
s sin(2b) S sin (xn à) 


S 


The numerator is always equal to zero. The coefficient c, can equal 1/ Ts only if the 
denominator is zero as well, which is the case if 1 Tg / Ts is an integer, i.e., if 


Tr 
n nc p 
holds. This, however, is just the condition derived above for the beam harmonics. 
Hence, the spectrum for € = 0 corresponds to a Dirac comb, as expected for a Dirac 
comb in the time domain. 

The Fourier coefficients derived here (Eq. (5.53) for even ratios Ts/Tr and 
Eq. (5.54) for odd ratios Ts/ Tg) are exact formulas without approximations that 
are valid for the coherent dipole oscillation defined by Eqs. (5.51) and (5.52). These 
formulas can also be proven in the scope of distribution theory [16]. It is easily 
possible to consider realistic bunches instead of the Dirac pulses if one performs a 
convolution as shown in Sect. 2.1.6. 


5.8 ASimple Space Charge Model 


We have heretofore assumed that each charged particle with charge Q that belongs 
to a bunch experiences the same voltage V(t) (depending, of course, on its arrival 
time) produced by a cavity. If the density of particles becomes larger and larger, 
this is no longer the case. The charge distribution of the whole particle cloud will 
influence an individual particle. Such phenomena are called space charge effects. 

In this section, a simple space charge model is analyzed. For this purpose, we 
consider a reference frame in which the particle bunches are at rest. Therefore, a 
pure electrostatic problem with B = 0 has to be solved. In this case, Maxwell's 
equations reduce to 


div D = py, (5.55) 
curl E — 0. (5.56) 


5.8.1 Field in the Rest Frame of the Bunch 


We now assume that the beam pipe is perfectly conducting and that it has a 
cylindrical shape (radius rp,). The longitudinal axis of the beam pipe defines the 
z-axis of a cylindrical coordinate system (coordinates p, g, z), and the beam pipe is 
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assumed to be infinitely long. This means that the curvature of the synchrotron is 
neglected. The beam itself is modeled as a charge distribution with nonzero charge 
density inside a cylinder of radius rpeam < rp: 


Pgo(z) for 0< p< ream (region A), 


Palp: z) = for Fbeam S P < rep (region B). 


In each cross section at constant z, the space charge density is constant for p < Tbeam- 
According to? 


Àq (2) =T "beam 4.0 (z) , 


this space charge density p, may be converted into a line charge density A,. 
Due to the special setup, we may require D, = 0 and no g-dependence of the 
fields. In cylindrical coordinates, Eqs. (5.55) and (5.56) may be written as 


dD, 1 OD. 
D = = py (p,2). 5.57 
dp F p p t az Pq (Ps 2) ( ) 
Phe (5.58) 
dz ao. 


We calculate the derivative of the first equation with respect to and insert the 
second equation: 


3D, 1 D 4 1 0D, " 3D, ET (5.59) 
0p p ^" p p og o 07 f 


If one uses the derivative of Eq. (5.57) with respect to z instead, one obtains by 
inserting Eq. (5.58), 


9? D. P 10D, 0D. 0p, 


9p? p Op T ü2 Ag” aad 


We now attempt to solve Eq. (5.59) by means of a separation ansatz: 


D, = f(e) g(z) 


6The total charge of each bunch is obtained by 


N= f py av = fay ae 
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1 f 1 108f 19g 
=> - =0 
f op p j pf 9p g dz 


The last term on the left-hand side may depend only on z, whereas all the other terms 
may depend only on p. Therefore, these terms must be constant: 


1f 1» | 1 f 


-—+ = Co, 

f p? p pf dp - 
1 8g 
gaa 


We need solutions that are periodic in the z direction, because the fields must repeat 
themselves after one revolution in the synchrotron (we assume that this requirement 
in combination with the straight cylindrical beam pipe leads to solutions that are 
similar to a closed, bent beam pipe). Therefore, Cy > 0 will be valid, and we set 
Co = m 


q? d 
jr Sf _ (2 +1) f =0, (5.61) 
dp dp 
dg 
— + k?g =0. 
dz? ui 


The second equation obviously has the solution 
g(z) = gı cos(k;z) + g2 sin(k;z) 


with constants g} and g2. Due to the periodicity of the solutions after one 
synchrotron revolution, 


2 
k,l =2np = ke = p> with p €{0,1,2,...3 


must be valid. 
By means of the substitution u = kzp, the first equation (5.61) may be 
transformed into the modified Bessel’s differential equation 


2 
ert 2i Q2 +m?) f 20 


Te aa 
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with m = 1. Two independent solutions are the modified Bessel functions I, (u) 
and K,, (u); see Table A.2 on p. 415 and Fig. A.7. Hence, we get 


f(p) = fi hi(kzo) + fo Ki(kzp) 
> D, = (fi I, (kzp) F h Kı (k-p)) (gi cos(k,z) + 82 sin(k.z)) 
with constants fı and f2. For the derivative with respect to z, we obtain 


ve = k; (fi Ii(kzp) + fo Kilkzp)) (—g1 sin(k;z) + g2 cos(k;z)). 


According to Eq. (5.58), we get D. by means of an integration with respect to p: 
D. = k: (=g sinki) + g2 costo) | (fi id) + fa Kip) dp. 


Since the functions K„ (u) have poles at u = 0 for m € {0,1,2,...}, the function 
K,(u) cannot be used in region A (0 < o < Fbeam), because there is no singular 
charge density at p = 0. Hence, the solution in region A is 


D, = li (k:p) (gi cos(k.z) +g% sin(k.2)) , (5.62) 
2 = €(p) (78i sin(k:z) + g4 cos(kzz)), (5.63) 
where 
p 
t(p = f Kd.) do + £0) = oke) — 1--t(0). — (5.64) 


In the last step, we used Table A.2 on p. 415, formula (A.78), 


Iu) = I (u), (5.65) 


which implies 


J aio do = Io(Kk;p) + const 


and the function value Ip(0) = 1. In the following, we will also make use of the 
general formula (A.77), 


Ko(w) = —Ki(u), (5.66) 
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which implies 


f k,Ki(k;p) dp = —Ko(kzp) + const. 


In region B (rgza < P < rpp), we have 


D, = (f hi(kp) + £P Kilkzp)) (gf cos(k;z) + g? sin(k;z)). (5.67) 
D, 


p p 
f kA (k:p) dp + f? k-Kı (k:p) dp + € (n) : 


=( 

(72? sin(k;z) + g? cos(k.z)) = 

= fi? [Io(kzp) = Io(Kzrbeam)] + Jr [Ko (k:Fbeam) = Ko(k;p)] + E (Fbeam)) . 

- (=g? sin(k.z) + g2 cos(k;z)). pm 


The field continuity between the two regions A and B at p = rye leads to the 
integration constant ¢(7peam) in the last equation, and it also implies 


pesce 4-5, 


Furthermore, we get 
I, (Kzrpeam) xz fe Ii (Kzrbeam) + ia Ki (Kzrbeam). (5.69) 


The field continuity is also the reason why we did not use different symbols for k; 
in the two regions. 

At p = Ppp, the ideally conducting beam pipe leads to the condition E; = 0 
(the longitudinal component of the electric field remains unchanged by the Lorentz 
transformation, so that E. = 0 in the laboratory frame corresponds to E; = 0 in the 
rest frame of the beam). This leads to 


fê [Io (kzrop) = Io(Kzrbeam) | + fP [Ko(Kzreeam) = Ko(kzrbp) | + E (Theam) = 0. 
(5.70) 


The last two equations can be used to determine the constants f? and xs . However, 
£ (0) still has to be calculated in order to get €(7peam) by means of Eq. (5.64). 
Now we determine the space charge density in region A. Due to 


dD 

ET = kJ kp) (gf cos(k;z) + g4 sin(k;z)). 
oD. : 
ux ckU (72$ cos(k,z) — g4 sin(k;z)), 
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D 
dp 
A Ag $ 1 
= (ef costaz) ef sinka) (tie) 7 no =t); 
According to [26, p. 376, formula (9.6.28)], we have 


PS dito dau) 
u du 


= - T; (u) + Ti (u) = Io(u) 


1 
=> — h(k;p) + I (kzp) = Io(k;p). 


kzp 
so that 
Pa) = (gi! cos(k:z) + g7 sin(k:z)) (kelo(k-p) — k:¢(P)) . 
or 
Pa) = & (gf cos(k:z) + g5 sin(k;z)) . (5.71) 
with 


E = Ko(kzp) — k;£(p) = k: (Tlo(kzp) — £(p)) 
is obtained. The derivative with respect to p is 


d 
= = KI (kap) — Kp) = 0. 


Here we used Eq. (5.64). With Eq. (5.71), 
a 
dp 


is also valid, which means that in each region, the space charge density depends only 
on z, as required. Please note that the quantity € introduced above does not depend 
on p, even though the individual terms do depend on p. One may therefore evaluate 
E for all values of p. For p = 0, we get 


E =k, 0-60), (5.72) 
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since I9(0) = 1 holds. 
As a last step, we now have to satisfy the boundary condition for the normal 
component of the electric field at o = rpp: 


D, = 03. 


In general, o; denotes the surface charge density defined by 


f f [mo f [osos fay ae 


In our special case, the radius is p = rpp, Dan = — D, holds, and the charge on the 
beam pipe must be the same as the charge of the beam with negative sign (image 
charge in the rest frame of the beam): 


_ _ 2 
Oq 201 bp = —Àq = ST Tees oq 
2 
ES Aq E l'oeam q 
Dol p=rop j 
27 ry 2r 


According to Eqs. (5.67) and (5.71) this leads to the condition 


2 
r 
f? I; (kzrpp) + A Ki (k;rop) = = (5.73) 
bp 


In combination with Eqs. (5.69), (5.70), and (5.72), this defines how ¢(p) and € 
depend on each other. 


The solution discussed above does not include the case that the charge density and 
the fields are constant in the longitudinal direction. For p = 0, all field components 
vanish. 

Therefore, we now consider Eq. (5.59) for the case that D, does not depend on z: 


d?D 1 1 dD 
2 D,+ f= 


dp p p dp 
dD dD 
2 p p 
=> + —~D,=0 
p dp? d p 


This is a homogeneous Euler-Cauchy ODE, which can be solved by the 
substitution 
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so that we have 


du do du dp 
and 
d D, E d dD, dp S dD, "ur = dD, " 40^ D, 
du? dp dp / du dp dp? dp do? ` 
We thereby obtain 
dD, Hu Ü 
du? ae 
The ansatz 
D, 2 eku 


leads to the characteristic equation 


k?—-120 >k 


+1, 
which yields the solutions 
Do ~p and Dp ~ 1/p. 


In region A (0 € p < Tteam), the second solution would lead to a singularity at 
p = 0, although the charge distribution will not be singular. Therefore, we have 


A A 
D; =hip 
and 
B 
we 


l 
DË = h® p+ 2 


We evaluate Eq. (5.57), 


90D, 1 90D. 
D T= 
dp + p pt az pq (2), 


for the two regions A (0 < o < rpeam) and B (Tpeam < P < rop): 


A 


2h} + c (E 
1 3z oum P4.0) = q.0.DC: 
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h? n? ðD? 9D? 
hè- +h? + 4 2=0 22h i. 
dr Qu LE ee i+ 


From a physical point of view, solutions for D, that increase or decrease linearly 
with z may be excluded, since the fields must be periodic with respect to the 
synchrotron circumference. Therefore, and because of e = ve = 0, only a 
constant D. may be considered. However, D. must vanish for p = rpp. Due to the 


field continuity at o = beam, D; must then be zero everywhere. Therefore, we have 


0,DC 
po wag 
2 
For p = Fbeam, We obtain 
B 
h3 E, — Pq.0.DC 
ry = 1, beam = 2 Tbeam- 
eam 
Therefore, we get the following solution: 
A Pq,0,DC 
D; = 5 [? 
2 
D? = Dq.0.DCl beam 
P 20 


ENDO, 
Due to Ag.o.pc = M r$, P4.0,DC, We get 


Àq.o.DC 

DAs 4 g, 5.74 
à 

D? = De (5.75) 


p 2zp 


The general solution is the sum of the DC charge distribution result (Eqs. (5.74) 
and (5.75)) and the harmonic solutions (Eqs. (5.62), (5.63), (5.67), and (5.68)). 
Before we write down the general solution, we now assume that it belongs to a 
reference frame S that is the rest frame of the beam. Later, we will analyze a Lorentz 
transformation to the frame S that is the rest frame of the synchrotron, i.e., the 
laboratory frame. In the frame S , we now have? 


7Rewriting the equations that were derived above is accomplished by adding a bar to those 
quantities that belong to the frame S and by adding an index k for the different Fourier components. 
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- Àq.o Dc 


Di = DON pc 5 uie kp) (gu cos(k-4Z) + gok sin(k;x2)) , (5.76) 
beam k=1 
D? = MY) (gix sin(az) + gax cos(kaz)) . (5.77) 
k=1 


D? = Agonc Y (Sir hp) + fox Kı (kP) - 
k-i 
- (gix cos(k;z) + gre sin(k:2)) , (5.78) 
D? = » Fix [lo (kek) — To(Kekrbeam) | 


F fk [Ko(kzk?beam) = Ko(kxp)| + bk (Tbeam)) j 
- (^w sin(kaz) + go cos(kaz)) . (5.79) 


Taking the Lorentz transformation into account, we see that the constant kx equals 


It is assumed that the charge density distribution is given by Eq. (5.83) below, so 
that the constants g1;, g2; are known. 

For each k, the three constants fik, fox, Ek (Tbeam) that were introduced above and 
two further constants ¢ (0), & can then be determined by solving the linear system 
of equations that consists of Eqs. (5.80), (5.81), (5.82), (5.84), and finally Eq. (5.85) 
for the specific value p = rbeam. 

The first of these five equations is a rewritten form of Eq. (5.69), 


I (kx Theam) = fik I (ka. Tbeam) + Tox Ky (kac Tbeam)> (5.80) 
the second of Eq. (5.70), 


fik [To(kzk bp) = Io (KzkTbeam) | + fok [Ko crocum) E Ko(kzcrop)] + k (Tbeam) = 0, 
(5.81) 


Please note that the upper indices A and B for the constants fix, fox, Zik, gox are no longer 
necessary, since they are unique. 
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and the third of Eq. (5.73), 


- - Teeamek 
fik li(Kaerop) + fox Ki (kexrop) = Tocambk (5.82) 
2r vp 
From Eq. (5.71), we obtain, for the charge density in region A, 
ee - - 
fq = pqopc + EN Ex (gie. cos(k;.z) + g2x sin(k-xZ)) . (5.83) 
k=1 


with 


& = ku (Tolk p) — (P) 


constant, so that this expression may be evaluated for different values of p, e.g., 
p= 0: 


& = ka (1 — 60). (5.84) 
Equation (5.64) now reads 


t. (p) = lo(k-xp) — 1 + & (0). (5.85) 


5.8.2 Transformation to the Rest Frame of the Synchrotron 


For the Lorentz transformation, the following formulas are valid in our specific case 
(cf. Eqs. (2.56)-(2.59), (2.60)-(2.63), (2.69)-(2.74)): 


p= p. z= y(z— vt), kaz = ykz — ykavt =: $ t), 


Hí = yvĎ4, HĒ —yvD?, 
Jz = yv Pq, 
Pa = Y Pa» 
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D,(ó, p) (Asm?) -(¢, p) (Asm~?) 


11 
x10-5 x10 
| 


cows 
Ó) qw Le CO n rt Ww 


0.04 
p (m) 


Fig. 5.11 Electric displacement field D for the line charge density given in Fig. 5.12 (parameters: 
lg = 216m, ry = 7 cm, Fbeam = 1 cm) 


Therefore, we obtain 


À 

DÀ = P pt p» np (gik cos + ga, sing), — (5.86) 
aras k=1 

D4 = V t(p) Cgi sing + gx cos). (5.87) 
k=1 


À 
DP zo UNDO y Y( fu Ii (kp) + fox Kı (kp) : 
k=1 

“(Six Cosh + gax sing), (5.88) 
D? = Di fik [Io (kap) — Tolkzkrbeam) | 


+ fok [Ko (kk rocam) Us Ko(k;.p)] + bk (Team) g 


- (—8gık sing + gax coso), (5.89) 
oo 
Pa = paoc + y 9 LE (gik coso +ga sin), 
k=1 
asd - 
— 2y X kaêr (—8gik sin ġ + gok cos ġ) . 
k=1 


Figure 5.11 presents an example for the field D that is obtained if a line charge 
density according to Fig. 5.12 is assumed. 
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Fig. 5.12. Line charge 10-9 
density Ag = zt rg, pq With 1 
an average beam current of 
Theam = 13.6 mA for 0.8 | 
B = 0.15583, and 
Tveam = 20.0 mA at h = 4 PS 
1 06r 
= oat 
we 
0.21 
0 


5.8.3 Longitudinal Electric Field 


Now we introduce some approximations. We assume that only a few Fourier 
components, say 10, are needed to describe the beam current. Furthermore, we 
assume that the maximum energy is below y = 6. Therefore, the maximum Kk; 
is equal to 


with k = 10 and y = 6. Here, lg is the circumference of the synchrotron, for which 
a length contraction 


= d 
h-- 
y 


has to be taken into account in the rest frame S of the beam. If we now assume 
that the beam pipe radius rp, is smaller than 10cm whereas the synchrotron 
circumference lg is larger than 200 m, we get 


k;aroy < 0.1885. 


Therefore, we will assume 


Kop < 0.2 


in the following. The specific numbers may, of course, be modified for different 
cases. 
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For small arguments z, one obtains? 


z A 
K(9)e-hz  h(w€5. KO~7 


ARI" 


To(z) z 1-4 


We use these approximations to simplify Eqs. (5.80)-(5.82): 


ky l'beam ka Im 


= = : 5.90 
2 = fik + fox m (5.90) 

k2 (rà, — KS on) r k2 r2, 
ie + fac InP + APS + O) = 0, (5.91) 

4 Tbeam 4 
k, r 1 r2 re 
fix E LL = Reni "em (1 po). (592) 
2 Kop 2ryp 2ryp 


In the last two equations, we used Eqs. (5.84) and (5.85). The first of these three 
equations leads to 


2 
d B S (k kFoeam)? AA 


If we insert this into Eq. (5.91), we get 


k2 r2 1 r2 1 
zk bp Top bp 
+ . | In = + +¢ 0) = 0. 5.94 
1 Sok ( = 2 2 2 k( ) ( ) 


If one inserts Eq. (5.93) into Eq. (5.92), one obtains 


kar fk r oe 
LN 2 (= _ ree ) = 2. ka (1— &(0)) 
p 


2 us zk beam 


L2. 42 2 4 
ky r beam! bp r beam 


dk 0 = 50). 


cem 2 2 
2 rin ~ To) 20 ein = Typ 


This may be inserted into Eq. (5.94): 


k2 r? AA k2 ri, r i 7, 
zk" bp af 2 b E E: eam a t, (0) In bp ; +3 +6 (0) =0 


4 (Tp ~ Team) (Tip = locam) l'beam 2m Peat 


8For 0 < z < 0.2, the error is below 3-107? for Io(z), below 8.2% for Ko(z), below 0.5% for Iı (z), 
and below 4.7% for Kı (z). 
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kris p l7 1l 
=> &(0)} 14+ 2 n nH] 
2 (róp = Tisan) Tbeam 2 Theam 2 
2 4 2 
k2 -2r à F eam T Thami ( lbp 1 Top ES 1 
zk = 2 
2(ro,— feud P'beam 2 beam 2 
2 2 2 
2 _ Top "A beam In Pop - 1 "op EE I 
4 2 Team 2rh.. 2 
= re, r 1 
= k2. |- beam (in bp 3 ) 
2 l'beam 2 


2 Tbp 
beam (m beam + i) 


| 
~~! 
nN 
af 


2 + (kx —À 


For ren > 1, the fraction in the denominator is in the range |—0.5, O[. If we also 


take into account that kzkfbeam < kzkTop < 0.2 holds, we see that this part in the 
denominator can be neglected in comparison with 2: 


k2 r2 1 Thb k? Te r2 1 Ty 
0)2— zk' beam +] p — p beam +1 p . 
Si ) 2 2 n Fbeam 2 n5 2 n l beam 


(5.95) 


Therefore, according to Eq. (5.87), the longitudinal field on the beam axis is 


Top 


PRICE 
D,| p=0 = — 235 G + In )y 25 (—gık sino + gay cos). (5.96) 


l'beam 


By means of Eq. (5.83), we obtain 


dÀ dp d 
— = TTE am — = n TTE am y» & ( —81k sin(k;.z) F 82k cos(k. TE 
dz dz = 
(5.97) 
Due to > > 1, the expression in Eq. (5.95) in square brackets is in the range 


Tbeam 


]0, 0.5[. With kext op < 0.2, one sees that 


I5 (0)| < 1, 
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so that 


is valid according to Eq. (5.84). Therefore, the sums in the two equations (5.96) 
and (5.97) are identical. Hence, we obtain 


L4 To X dåg 
Dz\p=0 = — l ; 
zlp=0 2n (5 + In Z) & 


According to the Lorentz transformation, 


di, 19A, 
dz y? az 
is valid, and we finally obtain 
1 Top 0A, go àq 
D.|j292 ———+ {14+2 1 —— 
dlp-o Any? ( g Z) az Any? az 


with the geometry factor 


r 
go=1+2 In >. 


Fbeam 


The result 


S0 0Aq 


E pee aii 
clp=0 Areyy? dz 


(5.98) 


may also be found in Edwards/Syphers [27] as formula (6.33) and in Ng [28] as 
formula (2.42). In these references, a much simpler derivation is offered, which, 
however, requires some advance knowledge about the field. Please note that in our 
derivation and in [27], A, denotes the charge density. Sometimes, A, norm is defined 
as a normalized density function for the bunch, so that the total bunch charge N, Q 
has to be added explicitly as a factor: 


Àg = Np Q Àq.norm- 


Finally, it has to be emphasized that the derivation presented here is based on 
the simplest model with transversally constant charge density. If different models 
are used, one also obtains different expressions for the geometry factor. This is 
discussed, for example, in Reiser [29, Sect. 6.3.2], and in Zotter [23, Sect. 12.1.1]. 
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5.8.4 Space Charge Impedance 


We determine the current at a constant position z: 
"NE ‘ $ - E 
Theam = j J -dA = mra]: = A beamYVPg = VVAq- 


In S, the line charge density hq depends only on z and not on time, since it 
determines the static solution. By means of the Lorentz transformation, however, 
z = y(z — vt) depends on z and on ¢ in the laboratory frame S. Therefore, the time 
derivative is 


OD beam di, 0z 22 di, 
= ——yv 


a laa l ae | 
z=y(z—vt) 


(5.99) 


Now we calculate the voltage that is seen by a specific particle of the bunch. In the 
rest frame S of the bunch, we have 


go Wg 
47t€9 dz ` 


E.|p=0 = Ez|p=o = — 


dag . 
d is always constant? 


z 


Since the particle is moving with the bunch, the derivative 
Therefore, the integration is simple. We have only to multiply this expression by lr 
to get the voltage in S: 


E lk dA 
v= fÈ = f Eam -EE Ea, (5.100) 
4z€o dz 


The expression oe has to be evaluated at the position of the specific particle. In the 


frame S, it will be given by z = z + vt, so that 


Zo = Z = yzo 


is obtained. If the beam current is also measured at z = zo + vt, we may combine 
Eqs. (5.99) and (5.100) and obtain 


= goln 1 OT beam A goln Of beam 


V= = 
Arey —y?v? ðt 4meoy?v? ðt 


?Please note that the synchrotron oscillation period Ts is much larger than the revolution time 7g. 
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If this equation is transformed into the frequency domain, the time derivative will 
be converted into a multiplication by ja: 


Zolr ^ 
Arey? Loss). 


Vo) = jo 
According to our standard equivalent circuit in Fig. 4.5 on p. 181, we have to define 
the longitudinal space charge impedance as 


Liss = _ Vo) 


Lica (w) 


if we want to treat it similarly to the impedance of a cavity. Hence we get 


golr 


Z= =jo VE 
: ne 47z€oy2v? 


(5.101) 


If we evaluate this expression at the nth harmonic of the revolution frequency, i.e., at 


€ = nog = E Tr " 
we obtain 
Zsc 80 s: £o Zo 
= =— 5.102 
n 2eoy?v d 2y?B ( ) 
Here we used 
1 
ip and Zyz |E x 376.73 Q, 


Joo €0 


respectively the velocity of light and the impedance of free space. According 
to the sign in Eq.(5.102), the space charge impedance is capacitive, although 
the frequency dependence corresponds to an inductance. Formula (5.102) can 
be found in many publications and textbooks on accelerator physics (cf. Hof- 
mann/Pedersen [30, eqn. (8)]; Edwards/Syphers [27, eqn. (6.50)]; Zotter [23, 
eqn. (12.1)]; Ng [28, eqn. (2.45)]; Chao/Tigner [8, Sect. 2.5.3.1, p. 128, formula (1)]; 
Reiser [29, Sect.6.3.3, eqn. (6.114)]). In many cases, however, the definition 
of the sign is reversed. Instead of the impedance itself, one may also consider 
the impedance per length. In this sense, Eq. (5.101), e.g., corresponds to equa- 
tion (6.94b) in Reiser [29]. 
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According to Eq.(5.98), the electric field induced by the space charge is 


Aq R 
y: This 


4 


à : -T : 
proportional to ——~. In terms of time, it is therefore proportional to + 
is due to the fact that we have 


Aq  dA,0z dag 
əz dz dz P dz 


and 


From a physical point of view, this change of sign is also obvious, since the head 
of the bunch is located at larger z than the tail of the bunch. With respect to time, 
the head of the bunch will reach a certain point earlier than the tail of the bunch. 
We now have a look at the four cases shown in Fig. 3.3 on p. 133. If we draw the 
electric field that is generated by the space charge for each of these four cases, 
we get rising slopes in the bunch center for the right-hand diagrams and falling 
slopes in the left-hand diagrams. This corresponds to a defocusing effect in the upper 
two diagrams, since the slope is opposite to that of V(t), and to a focusing effect 
in the lower two diagrams, since the slope is the same as that of V(t). Therefore, 
the longitudinal space charge leads to a defocusing effect below transition. Above 
transition, it may lead to a beam instability (cf. Edwards [27, Sect. 6.2]; Reiser [29, 
Sect. 6.3.3]). 


We now take GSI’s synchrotron SIS18 at injection energy (positive charges 
below transition) as an example. Let us consider the stationary case. Under these 
conditions, we have 


B = 0.15503, y = 1.012238, 


and we are interested in the Fourier component of the space charge voltage at n = 
h = 4. We assume 


" 
—P.—27 > gy 4.89, 


Tbeam 


which leads to a space charge impedance of 


Zx = —j -23 kQ 
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if Eq. (5.102) is evaluated. If we now assume a beam current amplitude of 
Is = 20mA 
at the RF frequency (h = 4), this results in a space charge voltage 
V = -Zso dy = +j - 460V. 
A beam current 
Tveam(t) = 20 mA - cos(wrrt ) 
therefore leads to a voltage 
V(t) = 460 V - cos(ærrt + 2/2) = —460 V - sin(wgpt ). 


This is actually defocusing, because the RF voltage must be proportional to 
+ sin(wprrt) to keep the particles bunched. 
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Chapter 6 
Power Amplifiers 


In this chapter, power amplifiers for synchrotron and storage ring RF systems are 

discussed. The main task of the power amplifier is to provide RF power to the 

synchrotron cavity. This is done by conversion from DC to RF power. The DC power 

is drawn from the line power by means of power supplies that are responsible for 

providing all voltages and currents that are required to operate the power amplifier. 
A variety of devices are used in power amplifiers for particle accelerators [1,2]: 


* Gridded vacuum tubes (e.g., triodes, tetrodes) [3,4] 
* [nductive output tubes, IOTs (klystrode) [5] 

* Klystrons [6] 

* Solid state amplifiers 


The first three types (gridded tubes, inductive output tubes, and klystrons) are 
vacuum tubes. These devices thermionically liberate electrons from a cathode to 
create a high-current electron beam, which is accelerated by a high DC voltage 
toward the anode (collector). The beam always travels within a vacuum to reduce 
interaction with rest gas. After emission, the beam is bunched. If gridded tubes and 
inductive output tubes are used, this bunching is done by a fine grid in front of the 
cathode. The voltage of this grid is modulated with the desired frequency, thereby 
directly modulating the current through the tube. In a klystron, this bunching is 
done by modulating the voltage in one or typically several buncher cavities, thereby 
bunching the coasting beam emitted from the gun in flight. 

For gridded tubes, the voltage of the anode is modulated by the impacting beam, 
and the RF current is directly drawn from there. If an inductive output tube and 
klystron are used, then the modulated electron beam travels through a catcher cavity 
in front of the collector, where it excites an electromagnetic field. The power from 
this catcher cavity is extracted by a coupler and can be delivered to the load. 

Solid-state amplifiers consist of a large number of transistors operating in parallel. 
Due to the reduced mobility of the electrons within the transistor compared to 
vacuum, the output power of solid-state amplifiers at high frequencies is rather 
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limited compared to vacuum tubes, usually restricting them to medium power 
applications such as driver amplifiers (even though their range of application is 
being extended continually). 

The three different types of vacuum tubes are used in different applications with 
respect to particle accelerators. The factors that are most important in determining 
the choice are the operating frequency of the power amplifier and whether it is a 
narrowband or a broadband application. Generally, gridded tubes are favorable at 
frequencies below a few hundred megahertz. At high frequencies, gridded tubes 
are limited by time-of-flight effects. Tubes usually have a high bandwidth, since 
they do not exhibit any low-frequency limitations. Klystrons, on the other hand, are 
unsuited for low-frequency operation, since their dimensions become impractical 
in this case. In addition, the frequency band of klystrons is rather limited, due 
to the bandwidth of the cavities it uses. Inductive output tubes fall between the 
operating frequencies of gridded tubes and klystrons. Summarizing, gridded tubes 
are favorable in applications below 100 MHz, especially if broadband behavior 
is required. Klystrons are optimal for high-frequency narrowband applications. In 
general, hadron synchrotron and storage ring RF systems fall in the former category 
(low frequency, broadband), and therefore gridded vacuum tubes are usually the best 
choice for a power amplifier for this type of RF system. Tubes are also much less 
sensitive than semiconductors to a high radiation dose environment. Therefore, the 
following section will focus on power amplifiers using gridded vacuum tubes. 


6.1 Gridded Vacuum Tubes 


In this section, different types of gridded vacuum tubes are discussed. More 
detailed information may be found, for example, in [3], which also influenced the 
presentation in this book. 


6.1.1 Diode 


The simplest type of vacuum tube is a diode, as shown in Fig. 6.1. A vacuum diode 
features two electrodes: a cathode and an anode (also called plate) in a vacuum 
environment. A cylindrical arrangement with an outer anode cylinder enclosing an 
inner cathode cylinder is usually used. This assembly is enclosed in a compartment 
made of metal or glass with several feedthroughs to connect the electrodes. The 
cathode is heated by means of an electric current to initiate the thermionic emission 
of electrons, thereby introducing free charge carriers into the vacuum. When one 
now applies a positive voltage to the anode with respect to the cathode, these 
electrons may travel through the diode, creating a negative current flowing from 
the cathode to the anode. 
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Fig. 6.1 Schematic view of a 
diode 


p 


Fig. 6.2. Directly heated 
cathode (left diagram) and 
indirectly heated cathode 
(right diagram) 


Vh Vh 


As we will see later, this current is dependent on the type of vacuum tube 
(geometry, material selection), the temperature of the cathode, the vacuum pressure, 
and the voltage between anode and cathode. 

Reversing the polarity of both electrodes results in no current flowing through the 
device, since the anode is not heated. No electrons will be emitted from the anode 
that can travel through the tube. On the other hand, all electrons emitted from the 
cathode will also not be able to pass through the tube, due to the voltage barrier 
introduced by the anode. The transport of (negative) current through a vacuum tube 
is possible from only the cathode to the anode. Therefore, a vacuum diode may be 
used for rectification purposes, similar to semiconductor diodes. 

The heating of the cathode can be done in two different ways. For direct heating, 
as shown in the left-hand diagram of Fig. 6.2, the current used to increase the 
temperature of the cathode travels directly through the cathode. For indirect heating 
(see the right-hand diagram of Fig. 6.2), a dedicated filament allows the heating of 
the cathode. In addition to this, the heating may be performed by DC or AC. 

A directly heated cathode with one side of the cathode at ground potential and the 
other side at the heating potential exhibits a voltage drop over its length. This voltage 
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drop leads to different voltages between different parts of the cathode and the anode, 
thereby influencing the current traveling through the tube. To reduce this effect, 
as well as the self-heating of the cathode by the emitted electrons, the resistance 
of the cathode is usually chosen to be fairly low. Nevertheless, in case of AC 
heating, a modulation of the tube current with the frequency of the heating current 
(usually 50 Hz) is observed, and a correction may be necessary, depending on the 
application. In an indirect heating scheme, the whole cathode remains at an almost 
constant potential. In addition to this, the total area of an indirectly heated cathode is 
usually much larger than that of the wire configuration of a directly heated one. AC 
heating without any corrections is applied whenever possible. On the other hand, 
the required heating power is much larger than in the direct heating scheme, due to 
the larger volume that is kept at high temperature. Especially for high-power tubes, 
this may become a limiting factor. It will also take much longer for an indirectly 
heated cathode to reach its operating temperature. The temperature and therefore 
the current density that can be emitted from an indirectly heated cathode is smaller 
than that of a directly heated one. 

In the following, the current density emitted by such a heated cathode will be 
discussed. Electrons within the cathode are bound to the metal. To release them 
into the vacuum, they have to overcome the binding energy of the metal (electron 
work function), which is usually on the order of a few electron volts. The electrons 
inside the metal exhibit different energies; they follow a band structure with a partly 
occupied conduction band. 

The emitted current density is calculated assuming an infinite plane surface. The 
emission takes place perpendicular to this surface, along the z-axis. 

The density of states stat inside the metal is given by 


2m, V? 
AN stat = 4r ( D ) N WaW, 
with the electron mass me, Planck’s constant h, and the energy W of the observed 
state. The density of occupied states dn is given as the product of the density of 
states d stat and the distribution function F (W ) obeying the Fermi-Dirac statistics 


F(W) = e e kh, (6.1) 


where W, is the Fermi energy, kg = 8.6173 - 10 ^? eV/K Boltzmann’s constant, 
and T the (absolute) temperature. One can see that at T = OK, the energy 
distribution of the electrons has a sharp edge (at the Fermi energy) with all lower 
states occupied and all states above empty. Once the temperature increases, higher- 
energy states inside the band structure of the metal and even unbound states begin 
to become populated. Here, we are interested in electrons featuring these unbound 
states, because they represent electrons that are thermionically emitted from the 
cathode. Taking tungsten as an example, the temperature must be below the melting 
point 3695 K. Therefore, kg T is below 0.318 eV, which is much smaller than the 
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binding energy Wing = 4.5eV. This explains the approximation in the last step, 
since we are interested in unbound states where W — Wọ is sufficiently large in 
comparison with kg T. 

The product of the last two equations yields 


2m,V? wew 
dn = F(W) dns = 4a ( T ) e kT y WaW. 


The calculation is simpler when we are discussing the momentum p instead of the 
2 
energy W = #-: 


We will now use the formula 
4r p’dp = dp, dp, dp, 


where dpx, dp,, and dp; are the differentials of the momentum components in 
Cartesian coordinates. Furthermore, due to 


J = pq, 
the differential of the current density in the z-direction is given by 


Pz 
Me 


dJ, = —ev, dn = —e— dn. 


This results in! 


2 
P 
Wg— 2me 


e T p.dpx dpy dp.. 


j hme 


Integrating this equation in the x- and y-directions from minus infinity to infinity 
and in the z-direction from Pyac to infinity accounts only for such electrons with 
sufficient energy to be able to leave the metal, thereby forming a current density J, 
in the z-direction: 


2e w (9? n m om um m 
J, = — 3 e*aT e TmekgT d p. e TnekgT dp, e 2mekBT p.d pz. 
h3me a ^ Jp 


—oo vac 


! Please note that in this equation and in the following, the same symbol e is used for the elementary 
charge and Euler’s constant. Since the latter is the base of the exponential function, this should not 
lead to misunderstanding. 
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The first two integrals are of the type 


oo 
f et dx=, |Z ^ (a»0), 
-6 a 


and the third integral is 


ax? e ax 
xe ^ dx = — 2 -F const. 


This leads to 


4zekgT We Diac 
J,= -—n oe mekgTe ImekgT , 


Substituting the momentum again for the energy and observing? that 
Wboina = Wyac — We 


yields the Richardson or Richardson—Dushman equation 


Wind 


Js = —J, = AgT?e "ai (6.2) 
with the Richardson constant 
Ax m.kze A 
ApS 2 Ben 10: 
ü h? cm? K2 


For the operation of a vacuum tube, a high-saturation current density Js is desirable. 
Therefore, the cathode is operated at high temperature, and the cathode material is 
chosen so as to exhibit a low binding energy and the ability to withstand operation at 
these high temperatures. For high-power applications, tungsten or thoriated tungsten 
is usually employed. 

In applying an electric field at the surface of the metal, the binding energy 
is slightly reduced. This leads to an increase in emission from the cathode. 
This phenomenon is called the Schottky effect. The reduction in binding energy 
amounts to 


? py; is the momentum corresponding to the energy Wyac, which denotes the potential energy of an 
electron in vacuum just outside of the metal; Whina is the binding energy, which denotes the minimal 
energy (at T — 0) required to remove an electron from the metal. For metals, this quantity is equal 
to the work function, which at T = 0, denotes the energy required to transfer an electron from 
Fermi energy to the outside of the metal (vacuum energy). Usually, all energies are referenced 
relative to Wac = 0. 
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Fig. 6.3 Evolution of an 
idealized potential 
distribution between cathode 
and anode with increasing 
temperature (increasing 
charge density) 


t,-const. 


T,<T,<T,<T, 


lr.de/dz(z-0)0] 2 
Cathode Anode 


AW = ae (6.3) 


with E, the electric field strength at the surface of the cathode. 

Under some circumstances, not all of the electrons that are emitted by the cathode 
can travel to the anode. The potential distribution between the cathode and the 
anode is defined not only by the potential difference and the geometric arrangement 
between these electrodes. The electrons that are traveling from the cathode to the 
anode also influence the potential distribution due to the charge they are introducing. 
This effect is called space charge. Under some operational conditions, the presence 
of these electrons can constitute a limiting factor with respect to the total current that 
can travel through the tube. To illustrate this effect, consider two parallel electrodes. 
Without any space charge effects, the potential distribution between these electrodes 
is given by the straight line shown in Fig. 6.3 denoted by T; (no heating). If we 
now begin to heat the cathode, electrons are emitted, and all of them travel from 
the cathode to the anode, thereby introducing charge carriers in the space between 
the electrodes. These charge carriers will now begin to have an influence on the 
potential, as shown by the curve 7» in Fig. 6.3. They will shield the potential seen 
from the anode. This effect is most pronounced at the cathode. When one increases 
the temperature of the cathode, the number of electrons that are emitted increases 
according to Eq. (6.2). All these electrons will travel to the anode, thereby further 
amplifying the space charge effects and flattening out the potential distribution. 
These mechanisms continue with rising temperature (75, 73) until the gradient of the 
modified potential at the location of the cathode becomes zero (grad ® = -E- 0) 
at temperature 74. The electric field at the location of the cathode now vanishes. 
And with rising temperature, any additional electrons that are emitted by the cathode 
will be unable to travel from the cathode to the anode. An electron cloud is formed 
at the cathode, where electrons emitted from the cathode are in equilibrium with 
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Fig. 6.4 Arrangement of two 


parallel electrodes used to Lin c 
derive the space charge 
limited current = Ano de 


z=0, v=0 
p=0 Cathode 


electrons that move from the cloud back into the cathode. So from the temperature 
T4 upward, the current transported through the tube is almost independent of the 
cathode temperature; the potential distribution also remains unchanged. 

Let us now calculate this effect under the following conditions (see Fig. 6.4): 


* Two infinitely extended plane electrodes that are separated in the z-direction by 
d with constant potentials: 


o 


z=0 = 0, o|.-; = Vanc (Dirichlet boundary condition). 
* The current density is limited by space charge effects: 


do 0 

dz = — 
* The electrons are the only charge carriers between the electrodes. 
* The electrons are emitted with zero velocity: 


v[;2o = 0. 


* The electron energies are sufficiently small; relativistic effects are negligible. 

* Thechange in anode voltage is slow compared to the transit time of the electrons. 

* All magnetic fields in the diode caused by the moving electrons in the vacuum as 
well as in the conductors (e.g., cathode) are neglected. 


The distribution of the potential is given by the Poisson equation (2.54), 


Ao = P (6.4) 


€0 


where 6 is the electric potential and p, the space charge density. 
Calculating the potential for two plate electrodes of infinite dimensions that are 
separated in the z-direction leads to 
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od pa 
IO euge. 6.5 
dz €0 ( ) 
The charge and the current density are connected by the relation 
J = —J; = —pyv, (6.6) 


where v is the velocity of the electrons. 
The kinetic energy of the electrons (nonrelativistic case)? is equal to the electric 
energy gain: 


] 2 


De = gey ; (6.7) 


Here m, denotes the mass of the electrons. Combining the last three equations yields 


d^oó 


—- = kJo!/?, 6.8 
dz? oe) 
with 
1 e 
cea 
€0 2e 
constant. It follows that 
do d?’ nd 
e epi 
dz dz dz 


zc i = aya n 89 
dz | V dz i dz ` 


The current density J remains constant with varying z. By means of an integration, 


we obtain 
do)" _ n; f -1292 4 
dz i dz : 


do V? 
=> (=) = 4kJo*V? + A, 
g 


3The following example illustrates this assumption: for electrons with a kinetic energy of 20 keV 
one gets 


B = 0.2719, y = 1.03914, 


and the error of the nonrelativistic formula for the kinetic energy is about 5.9%. 
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At the surface of the cathode, 


d® 
dz 


$|.—o = 0, 


z=0 


is valid. This results in A = 0, and we obtain 


de 
— eet 
dz 


— J o !/^q$- 2V7 f az 


4 
> 29 = 2A KJz + B. 


Using the boundary condition 
P|.-9 = 0 
at the cathode and 
$|.-4 = Vape 


results in B = 0 and 


2 
zane = Vkld 


3 4/3 
iia (54) Jn, 


This equation gives the dependency of the potential in the space-charge-limited case. 
The line depicting T; in Fig. 6.3 follows this d */? dependency. Regarding the current 
density, we have 


4 3/2 


= kde a, DC? (6.9) 


or in general, for different geometric conditions and integrating over the whole 
cathode surface A., we have 


Tape = KA Vip. 
with 7, pc the total current traveling through the tube. If we assume that the voltage 


and the current will change slowly enough to justify our static field calculation, we 
may use this equation also in the non-DC case: 
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Fig. 6.5 Characteristic I 
current curve of a vacuum 
diode; the axes are not true to 
scale 


^. Schottky 
effect 


Initial * Space charge 
current limited 
N 
V, 
I, = KAV’. (6.10) 


This equation is called Child's law or the Langmuir-Child law, stating that the 
current is proportional to the power of 3/2 of the voltage between both electrodes. 
The constant K depends on the geometry of the tube. For the planar electrodes 


considered so far, we get 
4 4 2 
K=—,=— dl. 
9kd* | 9d? V me 


A more detailed analysis of the behavior of electrons between two parallel elec- 
trodes under space charge conditions, which also takes different initial velocities 
into account, is given in [7]. 

For tubes, a cylindrical assembly of a cathode with an outer radius r, and an anode 
with an inner radius of r, is often realized (ra > rc). This configuration yields, for a 


long cylinder [8], 
4 2 , -1/2 VO 
| Qui UN ic EL NIST la (6.11) 
9r2 \ me \re Fc 


Figure 6.5 shows a typical characteristic curve of a vacuum diode. Plotted here is the 
current through the diode as a function of the voltage between cathode and anode at 
a constant cathode temperature. 

One can distinguish three different sections. The first part, where the anode volt- 
age is negative, is called area of initial current. Here the current rises exponentially 
with the voltage. This behavior can be described by Eq. (6.2) modified in that the 
electrons now have to overcome not only the binding energy of the metal but also 
the potential difference between both electrodes: 


Woind—¢Va,DC 


J=ApT’e S&T. (6.12) 


This equation is valid as long as the current is not limited by space charge effects, 
which will become relevant even at negative anode voltages. Only the electrons that 
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leave the metal with sufficient kinetic energy are capable of doing so; therefore, 
the current is strongly dependent on the temperature of the cathode. In general, the 
magnitude of this initial current is much lower (several orders of magnitude) than 
that of the saturation current. With increasing anode voltage, the behavior of the 
anode current is dominated by space charge effects; it is almost independent of the 
cathode temperature; its devolution with the anode voltage is given by Eq. (6.10). 
This behavior remains intact with increasing anode voltage until the current reaches 
the saturation current given by Eq. (6.2). At that point, all electrons that are emitted 
from the cathode can travel through the diode; space charge effects are no longer 
relevant with respect to the current. The current will again become dominated by 
the temperature of the cathode. This transition is not sharp, since the temperature is 
not constant over the whole cathode. When one continues to raise the voltage, the 
saturation current increases slowly according to the Schottky effect; see Eq. (6.3). 

In the scope of this chapter, vacuum tubes will be applied in amplifiers. Here, one 
wants the current of the tube to be strongly influenced by the anode or grid voltage. 
In addition, it is beneficial if the current does not depend on the temperature of the 
cathode, allowing much more relaxed requirements regarding temperature stability. 
Therefore, vacuum tubes in amplifier configuration are generally operated in the 
space-charge-dominated region. 


6.1.2 Triode 


The vacuum diode presented in the previous section is unsuitable for application 
in an amplifier design, because for a given cathode heating, the tube current is not 
controllable independently of the anode voltage. To overcome this limitation, an 
additional cold electrode is introduced into the tube, called the grid, resulting in 
a triode. The grid is located between the cathode and the anode; it consists of a 
metal wire helix or metal mesh with an electrical connection to the outside of the 
tube. Now, for a given heating current, the electron flux from cathode to anode is a 
function of the grid and the anode voltage. The following considerations illustrate 
these dependencies: For a diode, the current in the space-charge-dominated region 
is given by Eq. (6.10), 


T, = Kaos V7, 


where V, is given by the capacitance between anode and cathode and the charge 
induced on the cathode: 


QO. 
Cac 


In the case of a triode, the current traveling to the anode can be expressed by 
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la = Kode laua 


ctrl 


as a function of an effective control voltage 


Qc 


Va = : 
Crot 


Here 
Ctot = Cac + Cac 


represents the combined capacitances of the cathode with respect to the anode and 
the grid, respectively. The charge Q, is given by 


Qe = Ca Va + Cgc Vz» 
resulting in 


Cac Va + a 


la = K iode ( C. C 
ac gc 


Or 
y V 
Ia = Kriode (v. + 2) (6.13) 


Here the behavior of the triode in the space-charge-dominated region is described 
by means of the amplification factor 


and 


7 Cis 3/2 
K triode = Kiriode ( ao) . 
ac gc 


The amplification factor Qa indicates how much stronger the influence of the grid 
voltage on the anode current turns out to be than that of the anode voltage. The 
reverse factor 1/14, describes the ratio between the influence of a change in the 
anode voltage on the tube current with respect to a change in the grid voltage. 

One can see that a triode can be described as a diode with its anode at the position 
of the grid whose voltage with respect to the cathode is given by Vor. According to 
Eq. (6.13), three quantities of a triode (74, V;, and V,) are interconnected. To evaluate 
the performance of a triode, typically two of these quantities are plotted while one 
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Fig. 6.6 Plate characteristics, mutual characteristics, and constant current curves of a triode 


is held constant. If the anode current as a function of the anode voltage is plotted for 
several constant grid voltages, the plate characteristics are obtained as shown in the 
first diagram of Fig. 6.6. One can see that for different grid voltages, the curves are 
shifted with respect to each other along the anode voltage axis, which is due to the 
different impacts of the grid and anode voltages on the anode current. 

The mutual characteristics as shown in the second diagram of Fig. 6.6 display the 
anode current as a function of the grid voltage for constant anode voltages. Lastly, 
the constant current curves (right-hand diagram in Fig. 6.6) are obtained if the grid 
voltage is plotted as a function of the anode voltage for constant anode currents. 

In addition to these curves there are three useful quantities to describe the 
behavior of a triode. These are the amplification factor 4a mentioned above, the 
mutual conductance gm, and the internal resistance R;. They are given by the 
following expressions: 


V, 
Ese (6.14) 
dV, I,-—const 
0f, 
Em = à (6.15) 
V, V,=const 
OVa 
Ri = o (6.16) 
UA V; —const 


The significance of the amplification factor has already been introduced. It can be 
deduced, for example, from the plate characteristics. The ratio between the shift 
in anode voltage and the differences in grid voltages between two neighboring 
constant anode current curves can be used to determine ua. The mutual conductance 
describes the sole impact of a change in grid voltage on the anode current. It is a key 
figure concerning the amount of amplification that can be realized by a given tube. 
The mutual conductance can be deduced, for example, by determining the slope of a 
tangent in the mutual characteristics. Finally, the internal resistance R; is a measure 
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of the influence of the anode voltage on the anode current. It is given, for example, 
by the reciprocal value of the slope of a tangent in the plate characteristic curves. 
Based on Eq. (6.13), 


y: 3/2 
I, = Kuiode (v. + r) 
u 


a 


L 2/3 
= "n d (<<) i ^s 


we now calculate the partial derivatives mentioned above. The first result, 


—Ha: 


confirms Eq. (6.14). The other two derivatives are 


Qn 3 Aka 
m — = > Krriode | V Aes , 
g OV, 2 triod ( g ae =) 
po 2 "Rm 2 pa” 1 
Ue dl, m gra K triode Kriode 7 que j Ha Kuiode 
The product of these two equations yields 
Em Ri = Ha, (6.17) 


which is often called the Barkhausen equation. 


6.1.3 Tetrode 


In amplifier configurations, especially for RF cavities, tetrodes are often employed. 
Tetrodes exhibit two cold electrodes between the cathode and the anode, the control 
grid (grid 1) and the screen grid (grid 2). The main purpose of the control grid is 
to modulate the anode current, whereas the screen grid is introduced to reduce the 
reverse amplification factor of the anode. The anode current in the space-charge- 
limited region is given by 


V, y 3/2 
e ) (6.18) 


I, = Ktetrode (v. T LL 
Hg2 Ha 


as a generalization of Eq. (6.13). 
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6.2 Tube Amplifiers 


In this section, RF power amplifiers based on vacuum tubes are discussed. More 
detailed information may be found, for example, in [9]. 

In the context of tube amplifiers for synchrotron cavities, the main task of the 
amplifier is to provide the AC current to achieve the required gap voltages. As 
discussed in Sect. 4.1.15, the gap voltages used in hadron synchrotron cavities for 
low harmonic numbers are typically in the range of a few hundred up to a few 
thousand volts. Since the shunt impedance of these cavities is usually fairly low, 
at least compared to LINAC cavities or electron synchrotron cavities, the required 
amplitude of the AC currents is in the range of a few amperes up to dozens of 
amperes. So in general, the type of amplifier discussed here has to provide high 
currents at voltage levels of several kilovolts, resulting in power levels of up to 
several hundreds of kilowatts. In designing an amplifier for this type of application, 
usually two main goals have to be taken into account: Firstly, the signal quality is 
an important factor. Every distortion in the current delivered by the tube will lead 
to a distortion of the gap voltage seen by the beam, albeit reduced by the loaded 
quality factor of the cavity. These distortions will have an effect on the shape of the 
bucket. Secondly, the power level of this type of amplifier requires at least some 
considerations regarding the efficiency of the conversion from DC to AC power. 
These two requirements contradict each other. In general, an increase in efficiency of 
a tube amplifier is accompanied by an increase in distortions. So when designing an 
RF system consisting of amplifier and cavity, a trade-off has to be achieved based on 
the requirements of this particular system. In classical terms, this type of amplifier 
can be located somewhere between a broadcast amplifier and a high-power HIFI 
amplifier. In general, the amplification factor (the ratio between the input and output 
voltage) is of less concern here, since the input voltage can easily be preamplified 
to sufficient levels. 

Another important topic in designing the power amplifier of a synchrotron RF 
system is impedance matching. Therefore, it is necessary in most applications to 
consider the design of the power amplifier and the synchrotron cavity as a combined 
task. There are many different approaches to achieving this matching, such as by 
fixing the impedance of the cavity or parts of the cavity that will be driven in parallel 
to a fixed impedance, usually 50 Q. In that case, usually one or more semiconductor 
amplifiers are used. Due to the 50-Q regime, it is possible to separate the cavity 
from the amplifier (e.g., housing the radiation-sensitive semiconductor amplifier in 
an area separated from the beam line). Another approach regarding the impedance 
matching is to locate the amplifier very close to the cavity, thereby reducing the 
length of the power transmission lines as much as possible. In doing so, it is not 
necessary to match the impedance of the transmission line. We will focus on this 
scheme, since it allows the transmission of very high power levels from the amplifier 
to the cavity. In this scheme, again, the impedance of the cavity is a major factor in 
designing the power amplifier, and it may also be beneficial in designing the cavity 
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to adapt the impedance seen by the power amplifier in order to allow better matching 
to certain tubes. 

In dealing with this set of requirements, the natural choice of power source is 
the tetrode. Compared to a triode, the tetrode exhibits a higher amplification factor, 
due to a screen grid that can be controlled independently of the control grid and 
the anode voltage. A tetrode can also be operated at lower anode voltages, due to 
the fact that the control voltage can be kept sufficiently high by a proper choice of 
the screen grid voltage. This enables a tetrode to be operated in a given scenario at 
lower DC anode voltages compared to a triode, thereby increasing the efficiency. 
These benefits generally outweigh the fact that the current emitted by the cathode 
of a tetrode partly flows to the positive screen grid, reducing the anode current. This 
effect is fairly small, especially since the geometry of the tetrodes is optimized to 
minimize it. 

Pentodes feature a suppressor grid that prevents secondary electrons emitted by 
the anode from traveling to the screen grid. In comparing pentodes to tetrodes in 
the high current operation scheme, this is usually not beneficial, since for the high 
voltage application discussed here, it is easily achievable to maintain a sufficiently 
high voltage difference between the anode and the screen grid to block this anode 
to screen grid current.^ 

Figure 6.7 shows atypical layout of a tetrode-based amplifier in grounded cathode 
configuration. Here, the cathode of the tube is kept at ground potential. Several 
voltage supplies are required to operate the tube. A high voltage power supply is 
responsible for obtaining the voltage difference between cathode and anode. This 
power supply has to provide fairly high DC currents. In addition, a voltage supply is 
required to provide the DC voltage of the control grid and another supply will ensure 
the DC voltage of the screen grid. A filament supply, not shown in Fig. 6.7, provides 
the necessary current to achieve sufficient heating of the cathode. The designer of 
power tube amplifiers will always separate the DC resistance seen by the anode 
voltage supply from the AC resistance. This can be done by the use of a transformer, 
as shown in Fig. 6.7 or, for example, by implementing a large choke coil in parallel 
with the load resistor. Each remaining DC resistance will reduce the anode voltage 
and thereby increase the power that has to be delivered by the voltage supply to reach 
a given AC voltage amplitude on the load resistor. Usually, the input AC voltage 
to the control grid is also provided via a transformer, separating the AC generator 
(e.g., driver amplifier) from the DC control grid voltage. The input impedance of 
this transformer is usually matched to 50 €2 to allow the transmission of this input 
signal over a larger distance. According to the definition, the mutual conductance is 
given by 


NA 
iudi Va Va 


^In most cases, the potential barrier introduced by the space charge effect of the high anode current 
alone is sufficient to inhibit the secondary electrons from traveling to the screen grid. 
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Fig. 6.7 Layout of a single-ended tube amplifier in grounded cathode configuration 


for a sinusoidal control grid voltage 
Vairac = Vei,ac cos(ot). 


When using the orientations of voltages and currents as shown in Fig. 6.7, the anode 
AC current is given by 


Ta ac = &mVo1,ACc- 


This equation holds only in case of a short circuit operation. When R, is larger 
than zero, the retroaction of the anode voltage on the anode current, moderated by 
the reverse amplification factor 1/444, has to be taken into account (see Eq. (6.18)), 
resulting in 


Va AC 


Ta AC = &mVetr,Ac with  Vem,ac = Va1,Aac + 
a 


Using the Barkhausen equation (6.17), 


gm Ri 
Ua 


=i; 
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Fig. 6.8 Representation of a tube amplifier by a current source (/eft) or voltage source (right) 


and V, Ac = — I, ac Ra leads to 
Lao = Vea 
a,AC R; zu R, 4 
V, poe V. R, 
aAC = —HMaYg1,AC RR. 


In case of a short circuit operation, this simplifies to 


Ha Vai, AC 
Tj AC,sc Se 
Ri 
Va. AC,sc =0, 
and for open-ended operation, to 
Ta, AC,oe =0, 
V4 AC.oe = —aVaiAc- 
The voltage amplification wu = — acl Pai ac varies with the load resistance, 


remaining always below the open-ended amplification y = pHa. 

The tube may be described as a current source or as a voltage source, as depicted 
in Fig. 6.8. These equivalent circuits describe the small-signal AC behavior of the 
tube as seen from the load. They cannot be used to describe the DC performance of 
the tube or the internal processes within the tube. 

For each load resistance R;, the relation between V, Ac and Ta ac is given by 


Vaac = —Ra lac. 
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Fig. 6.9 Plate characteristics and example of a load line 


The actual value of the anode current is given by 
la = Tape + laac 


Vac 
— I, = Tape = R, . 


This represents the equation of a line with slope —1/R,. The resulting line 
is called load line of the tube. An example of such a load line is shown in 
Fig. 6.9 together with exemplary plate characteristics of a tube. Such a diagram is 
a very efficient tool for visualizing the behavior of a tube amplifier under certain 
operational conditions. The line shows the actual values of the anode voltage, the 
anode current, and the control grid voltage for each moment in time. The point on 
the load line where Vg; = Viipc is called the operating point of the amplifier 
(cross in Fig. 6.9). 

An amplifier can be used in different modes of operation, depending on the 
amount of time during which the amplifier provides current to the load. Here one 
distinguishes between class A, class B, and class C operation. The mode of operation 
is determined by the type of tube (the associated characteristic curves) and the 
choice of DC anode voltage, DC control grid voltage, AC control grid voltage, and 
screen grid voltage. Depending on these parameters, the tube may block the current 
flow for a certain period of one RF cycle. 

If the parameters are chosen in such a way that the tube can provide current during 
the whole RF period, e.g., by keeping Vo.pc sufficiently high or Vg1 Ac sufficiently 
low for a given V, pc, the tube is used in class A operation. In class A operation, the 
anode current at the operating point differs only slightly from the DC anode current. 
The anode DC current is almost independent of the amplitude of the control grid 
AC voltage. 

If the parameters (Vi pc, Vaipc. Vei,ac, Ve2,pc) are chosen in such a way that 
a given tube provides current for exactly half of each RF period, this is called 
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PEE Class A 
^", —:— Class AB 

x. -*-- Class B 

^. =-= Class C 


Fig. 6.10 Different classes of operation, typical operating lines of class A, AB, B, and C 


class B operation. The anode current at the operating point is zero in an idealistic 
approximation, and the amplitude of the AC control grid voltage will have a strong 
influence on the DC anode current. All modes of operation between class A and 
class B are called class AB (e.g., if the tube delivers current for three-fourths of an 
RF period). 

If the tube delivers current for less than half of an RF period, this operation is 
called class C. Again, the anode current at the operating point will be zero, and the 
amplitude of the control grid voltage will have an even stronger influence on the DC 
anode current. Idealized operating lines for different classes of operation are shown 
in Fig. 6.10. As will be discussed later, the efficiency of the amplifier as well as the 
amplitudes of the higher harmonic current components will increase when the class 
of operation changes from A to B to C. 

One aim of amplifier development is to ensure that the output signal of the 
amplifier follows the input signal in a linear way. In the case of the amplifier 
discussed here, the actual value of the anode AC current has to be proportional 
to the actual value of the AC voltage at the control grid that will be delivered by 
a driver amplifier. There are several mechanisms that reduce this linearity. One 
reason for nonlinearities arises from positive control grid values. If the control 
grid is positive, a fraction of the current will begin to switch from the anode to 
the control grid. In addition, the activation of the control grid now requires input 
power during certain times of the period; this may induce further distortions of the 


5Due to the characteristics of the tetrode, the anode current will not drop to zero sharply. It will be 
a continuous process. 
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control grid voltage. These imperfections can easily be avoided if the control grid 
is always operated at negative voltages. A second type of nonlinearity arises from 
a nonconstant amplification factor, which will have an impact on the anode current. 
If the anode voltage becomes sufficiently low compared to the screen grid voltage, 
a significant portion of the current emitted from the cathode may switch from the 
anode to the screen grid. Under these operating conditions, a slight variation of 
the anode voltage has a huge impact on the anode current; hence the amplification 
factor rises sharply in that region, producing nonlinearities. The extent of this type 
of distortion can be greatly reduced when the operating line of the tetrode is chosen 
in such a way that there is always a sufficient gap between the anode and the screen 
grid voltage. As mentioned earlier, the mutual conductance is not a constant; it varies 
strongly with the operating parameters of the tetrode, as can be seen here: 


E Ol, 
Em Vai A A 
Using Eq. (6.18) yields 
3 Va Vo 
$m = = Ktetrode Va +—+ — 
2 Ma Hg2 


According to Eq. (6.18), this introduces a third type of nonlinearity that cannot be 
avoided. The amplitude of higher harmonic components of the anode current rises 
with the ratio between the AC anode and the DC anode current, as we will see now. 
Neglecting the influence of the anode voltage (short circuit operation), the anode 
current around the operating point can be expanded into a Taylor series 


1 1 1 
Ia = Ta DC.op + Ai Vg1,AC F 5 4: aac + -A3 VA ac F 54 A^ lac qeu 


6 
with 
dl, I, d^, d^I, 
1= , a = uqv2 > 3 = 4173. , = W174. t 
dVa lop dVi|.. TAN TAIN 


Assuming a distortion-free signal 
Vz1,ac = Vet.ac cos(ot) 
at the control grid results in 
5 l 1.2 2 | | os 3 
Ia = lapcop + Ai Voi ac cos(ot) + 7 Vac cos (wt) + c ^ ac cos" (ot) + 


1 A 
+54 4 ac cos (ot) +++. 
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Using 
cos (ot) = : + : cos(2ot) 
E 
3 3 1 
cos (ot) = " cos(ot) + 7 cos(3ot), 
4 asd 1 
cos (ot) = = + 2 cos(2ot) + — cos(4ot), 
8 2 8 
yields 


I = lypcop + Ala + Ty ace Cos(@t) + Ê acz Cos(2ot) + Laco cos(3ot) +++ 


with 
I aeons je 
Al, = 4 4 Vac zd 64 44Mel.ac money (6.19) 
X R 1 ^ 
Taaco = A1Veiac + g 43M el.ac Te, (6.20) 
A TNCS NOT 
Ia AC20 = 4 Vac + ag A Velac ale yeas (6.21) 
^ 1 n 
lico = 5t 43Velac H. (6.22) 


The quantity AZ, represents the shift of the DC anode current with respect to the 
anode current at the operating point due to the asymmetric characteristic current 
curves. As mentioned during the discussion of the different classes of amplifier 
operation, this shift increases with rising amplitude of the control grid voltage and 
especially in moving from class A to class B or class C. The quantity dcus 
describes the amplitude of the nth fundamental of the anode current. Again, the 
higher harmonic content rises when the amplitude of the control grid voltage 
increases as well as in moving from class A to class B or class C operation. 
In order to quantify the harmonic distortion, we will use the ratio 


^ 


T, AC.no 
khan =e d 


a,AC,w 


for the individual harmonics. 
We will now perform a first estimation regarding the amount of harmonic distor- 
tion for a particular mode of operation of a tube. Note that these approximations 
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assume that the tube is operated in the space-charge-limited region, which is strictly 
true only in class A operation. Furthermore, for the sake of simplicity, the effect of a 
variation of the anode voltage on the anode current is again neglected (short-circuit 
approximation). 

In the space-charge-limited region, we have 


Vo Va 
I, = Kietrode V = Keetrode (v. + Lia + E . 
Hg2 Ha 


This equation is based on Eq. (6.18), but we now assume a general exponent ¢ 
instead of the specific value 3/2, since this may be useful in describing specific 
tubes more accurately. 

For the operating point, 


t 
Ta, DC,op — = Keetrode Vor DC.op 


is valid, so that 


dl, t—1 Tape op 
A, = =CK etro eV, E 
: dV est fop = VERS ee op Vetri, DC,op 
d? I, I. DC,op 
A, = 2 zl 44 — 1) Keetrode LER DC,op =¢(¢ —]1)———— 3 
dV op Vots: DC,op 
is obtained. Equation (6.20) leads to 
A f. C 
Ia AC.o x AV, gl,AC = Ela pc, op EUA (6.23) 
Viu, DC,op 
Equation (6.19) yields 
Ds ] På ac 
Al, ~ 74V ac = 76(6 — DaDo 
4 : 4 Vrae 
By means of Eq. (6.23), this may be written as 
AL z 1 Ü = RX w 
a 4 4 Tape op 
Equation (6.21) leads to 
: b eur 
Bacao © 742V ac = 766 7 Wave, Bp cn (6.24) 


ctrl,DC,op 
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By means of Eq. (6.23), this may be written as 


This allows us to calculate 


k = ae 1 t— 1 AO 
hd,2 = W AR s 
haco 4 t Tj pC,op 


(6.25) 


It can be seen that in this approximation, the second harmonic distortion increases 
proportionally to the ratio of the amplitude of the current of the fundamental 
harmonic compared to the current of the operating point. So these distortions can 
be reduced either by reducing the AC current or by increasing the current at the 
operating point. 

By means of Eq. (6.23), the result (6.25) may alternatively be written as 


n C20 1 V.iAc 
iio n (Fed) 
ahi 4 Vow, DC.op 


The efficiency of the class A power amplifier may be defined by the ratio 
between the RF power at the fundamental harmonic (only this is useful for standard 
acceleration) delivered to the cavity and the DC power received by the amplifier: 


n = Pa aco 
ampl — 3 S 
Pa DC,op 
With 
la ^ 

Pa AC) = 3 Maaco Ta AC) 
and 

Pa pC.op = Va pc.opla.DC.op: 
we obtain 


] _ 1 Va AC,o Ti AC 
amp, = qur 7 * 
2 Va pc.opla.DC.op 


Here one can see that the efficiency is proportional to the ratio of the amplitude of the 
current of the fundamental harmonic to the DC current of the operating point. This 
emphasizes that system efficiency and minimal distortion are contradicting targets in 
the design of a synchrotron RF amplifier. In general, the ratio Ie: ACo/ La,DC,op Cannot 


324 6 Power Amplifiers 


exceed | in class A operation, and the ratio Vises / VaDC.op always stays below 1, 
due to the fact that the anode voltage always has to remain sufficiently above the 
screen grid voltage to ensure that (electron) current can flow from the cathode to the 
anode. Therefore, the efficiency in class A operation is limited to 


ampl < z- 
Nampl 2 


6.3 Tube Operation 


The power delivered by the tetrodes used for synchrotron cavities is rather high, and 
these tubes are operated at moderate efficiencies, resulting in a significant heat load 
of the tetrodes. Most synchrotron cavity power amplifiers are designed in such a 
way that they can also be operated without RF input for some time. In that case, the 
efficiency is zero, and the whole power delivered by the power supplies is dissipated 
in the tube. This power has to be removed by active cooling systems to prevent 
overheating of the tetrode, which would result in melting and the destruction of 
the tube. Usually two different methods of cooling are applied: Most of the power 
is dissipated in the anode of the tetrode, which is cooled effectively by deionized 
water. The water requirements such as conductivity, flow rate, and pressure drop 
are usually listed in the data sheet of the tube. The remaining heat load (e.g., grid, 
cathode) is handled by forced air cooling of the tube casing and socket. 

The tubes must be handled with care to maximize the lifetime. This includes 
certain precautions in transporting or handling the tube. It is, for example, very 
important to restrict the maximum acceleration force experienced by the tube. 
Certain operating parameters of the tetrode, e.g., anode or grid voltages and currents, 
must not exceed predefined values. These values have to be observed during 
operation, and appropriate action, e.g., a normal or a fast shutdown procedure, has 
to be taken when one of these values exceeds its threshold. In some cases, especially 
in case of an overcurrent on the grids, this shutdown procedure has to be performed 
very fast. Therefore, the crucial parameters have to be monitored by a fast electronic 
module, and the reacting device—usually located in the power supply unit—that is 
responsible for the grounding of tetrode voltages also has to be fast (e.g., ignitron or 
solid state switch). In case of a pulsed RF system that uses tetrodes above their CW 
rating, it is also necessary to monitor the total amount of power dissipated in the 
tetrode during each pulse. This can be done by integrating the DC power delivered 
to the tetrode and the RF power provided by it. When the difference between these 
two quantities exceeds a predefined threshold, the tube has to be shut down. 

Special care has to be taken regarding the activation and deactivation of the 
tetrode. The sequence used to activate and deactivate the different power supplies 
is crucial. Regarding activation, first the cathode supply (filament) is turned on. 
It may take up to several minutes for the cathode to reach a stable temperature; 
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afterward, the negative DC voltage of the control grid is applied before the main 
anode voltage is turned on. Finally, the screen grid voltage is activated. Now the tube 
is ready to operate. This sequence ensures that there will be no excessive current 
from the cathode to one of the grids or toward the anode. This sequence is reversed 
in deactivating the tube. 
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Chapter 7 
Closed-Loop Control 


In this chapter, an introduction to the basics of continuous-time feedback systems is 
given. For more detailed treatments, the reader is referred to textbooks such as [1—5]. 
A simple amplitude control loop serves as an example in the following sections. The 
concepts presented here, however, may also be applied to more advanced control 
loops (cf. [6, 7]). The RF control loops are often called low-level RF (LLRF) 
systems to distinguish them from the high-power parts. 


7.1 Basics of Continuous-Time Feedback Systems 


Since many discrete feedback systems may be treated as quasicontinuous if the sam- 
pling time is small enough, discrete-time systems are not covered in the following. 
The analysis of discrete-time systems is, however, possible in an analogous way to 
continuous-time systems with the Z-transform instead of the Laplace transform [8]. 
Most feedback analysis and design methods may then be used for discrete systems 
in a very similar way. 


7.1.1 Linear Time-Invariant Systems 


The systems under consideration are assumed to be linear and time-invariant (they 
are so-called LTI systems). Assume a general dynamic system 


y(t) = gtx} 


that maps the input signal x(t) to the output signal y(t). If the system is time- 
invariant, a time shift at the input will lead to the shifted output 


PIX (t — to)} = y(t — to). (7.1) 


H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 327 
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6 7, 
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In case of a linear system, a linear combination of two input signals x; (t) and x2(t) 
will lead to the same linear combination of their corresponding outputs yı(t) = 


{xı (t)} and yo(t) = eíx»(t)), i.e., 
gaix (t) + a2xo(t)) = aiyi(t) + aryo(t) (7.2) 


holds for arbitrary constants a, and a». 
A consequence of properties (7.1) and (7.2) is that the output of LTI systems can 
be calculated in the Laplace domain as 


Y(s) 2 H(s) X(s), (7.3) 


where the transfer function H (s) corresponds to the impulse response A(t) of the 
system as defined in Sect. 2.3, and X(s) is the Laplace transform of the system 
input x(t). This fact is of particular importance, because it enables the analysis and 
design of feedback systems in the Laplace domain. For a demonstration of the fact 
that Eq. (7.3) holds for any LTI system, we follow [9] and approximate the input 
signal x (t) by the step function 


oco 


xslt) = 9 x(n) (6€ = 1) - O0 = 5) ~ x, 
v=0 
where t, = vAt are discrete sampling times with distance At and O(t) is the 


Heaviside step function. It is assumed that x(t) is zero for f < 0, as introduced in 
Sect. 2.2, for all functions for which the one-sided Laplace transform is used. The 
step response of the system, i.e., the output for x(t) = O(f), will be denoted by 
ye(t) in the following. For the input Xstep(t), the LTI properties then lead to the 
output response 


oco 


Ystep(£) zz > AG) (vote — t,) — ye(t — t1). 


v=0 


The continuous output response y(t) is obtained for the limit Ar > 0:! 


3 ye(t — v) — ye(t — 1+1) 

: OV = ty) ~ YOU 7 bv+l 

t)= lim x(t AT 
y(t) = lim 5 ^x(n) x: 

v=0 

oo 

= f x(T) ye(t — T) dr. 
0 
'The assumption is made that the step response ye(f) is continuous at £ = 0, continuously 


differentiable for £ > 0, and zero for £ < 0. However, the proof is also possible if ye(t) is 
piecewise analytic for £ > 0 and zero for t < 0 [10]. 
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If the derivative yo (t) is denoted by the function A (t), this is a convolution integral, 
and Eq. (2.27), 


y(t) 2 h(tr) *x(t) o—eə Y(s) = H(s) X(s), 
holds. The choice of h(t) is indeed not coincidental, because a comparison with 
Sect. 2.3 shows that due to O (t) = 6(f), this is the already defined impulse response, 
and the relation 
h(t) = jolt) o—e  H(s)- sYe(s) 

holds for t > 0, i.e., the impulse response A(t) is the derivative of the step response 
with respect to time. Conversely, it can easily be shown that systems defined by 
Eq. (7.3) are linear, because in the Laplace domain, the output Y (s) results from a 
simple multiplication of the input X (s) and the transfer function [10]. In addition, 
they are time-invariant, because the shifted input 

x(t—19) o—e X(s)e 
leads to the output 

Y(s)e * e—o y(t — to). 
In summary, we can conclude that the definition of LTI systems by the proper- 


ties (7.1) and (7.2) is equivalent to Definition (7.3). 
In many cases, the transfer function H (s) has the form 


H(s) = (7.4) 


with real coefficients b, and a, and nonzero coefficients bm Z 0 and a, 4 0. This 
is a rational transfer function, and the system (7.3) is then represented in the time 
domain by the linear ODE 


: d d" 
aoy(t) 4- a1y(t) 4- ... + angl © = box (t) + bix(t) +... + bnm © 
(7.5) 
with constant coefficients. A transfer function (7.4) is called proper if m < n and 


strictly proper if m < n. In the latter case, H (s) tends to zero as |s| — oo. 
It is sometimes more convenient to use the zero-pole-gain representation 


H(s) = K(s — zi)(s — z2) ... (8 — Zm) 


7.6 
sN (s — p1) ...(s — pa-N) s 
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X(s Y (s) 
AE E E m E aeea addi bo + bis + ... + bms™ 


Fig. 7.1 Derivation of the state-space representation 


The zeros z, are those values for which H(s) becomes zero, whereas the poles 
Py # O are singularities of H(s). In case a pole and a zero are exactly equal, they 
cancel and do not influence the input-output behavior of the system. The gain can 
also be expressed as K = bm/an. 

As will be discussed in the following, the system represented by H (s) is called 
stable if all poles have a negative real part, i.e., Re{p,} < 0 and N = Q. In this 
case, all poles lie in the open left half of the complex s-plane, which is referred to 
as OLHP. The abbreviations ORHP (open right half-plane), LHP (left half-plane), 
RHP (right half-plane) follow accordingly. If at least one pole has a positive real 
part, the system is unstable. 


7.1.2 State-Space Representation 


The higher-order ODE (7.5) can be rewritten as a system of ODEs of first order. 
Consider the transfer function H (s) with input U and output Y , as shown in Fig. 7.1. 
The input variable U(s) corresponds to X(s) in the previous section. The notation 
is changed here to be consistent with the standard notation in the control system 
literature. Without loss of generality, it is assumed that H (s) has the form (7.4) but 
with a, = 1, i.e., the coefficients of H(s) are normalized by a, Z 0. By splitting 
H (s) in two blocks with its denominator and numerator, a new variable X(s) may 
be defined as shown in Fig. 7.1. 

In the time domain, the following ODEs can be derived from this block diagram: 


: d^! d 
u(t) = aox(t) + aix (t) +... + ag 1i ——— x(t) + 


n 
dr’-! 7x), 


dt” 
i d” 
y(t) = box (t) + bix (t) +... + bua O 
Defining the states (see also Sect. 2.8.1) 


TEn ISEk e Xp = —— x(t), (7.7) 


leads to the system of equations 
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Xi (t) = x2(t), 


X(t) = x3(t), 


Xn—1(t) = Xn(t), 
Xn (t) = —aoxi(t) — ... — Gn—1 Xn (t) + u(t), 


y(t) = boxi(t) +... + bmXm+1 (t). 
With the definition of the state vector 
4 T 
X(t) = ba( x0) ... xn(t)] . 


the matrix representation 


0 1 00 0 
" 0 0 10 0 
t 
x AQ) 4L: |u), 
1 0 
—ajy —ad, ... —An-| 1 


y(t) = [bo ... bm 0... 0] XC), 


is obtained, which is called the controllable canonical form and is a special case of 
a state space representation. Different choices of the states (7.7) lead to different 
representations, but these have the general form 


dx(t) _ 
dt 
y( =C- X), 


A-X(t) -- B-u(t), 


with the state vector X of dimension n, the input vector ú of dimension p, the output 
vector y of dimension q, the n x n system matrix A, the n x p input matrix B, 
and the q x n output matrix C. All matrices are assumed to have constant and real 
elements. A feedthrough matrix for a direct influence of ú on y can be avoided in 
most practical cases. The Laplace transform of these equations yields? 


s X(s) - X(0) = A X(s) + BU(s), 


2In the following, we write X(0) instead of X(04-) because we assume that the value at £ = 0 is 
defined by the limit t — 0 for positive values of f. 
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Or 
X eGI-Ay" (5 Ü(s) + ¥(0)) (7.8) 


where J denotes the n x n identity matrix. The Laplace transform for the output y 
leads to 


YG)-C(sI-A)! (5 U(s) + x()) 


In case of a system with a single input and a single output (SISO system), the 
transfer function H (s) is obtained as 


H(s) = C(s I — A)! B, 


where C is a row vector and B a column vector (p = 1, q = 1). 


7.1.3 Linearization of Nonlinear Systems 


Every practical system contains nonlinearities. Examples are nonlinear friction and 
constraints on the input that lead to saturation. Fortunately, in many cases, the 
considered nonlinear system behaves similarly to a linear system in the vicinity 
of its operating point. Consider a nonlinear system described by 


dx(t) 


qy POW). HO) 


with the analytic vector function v. Suppose that X = Xp and ú = úp constitute a 
constant equilibrium point, i.e., 


Vp, fip) = 0. 


With the use of the Jacobian matrix 


dvi vi ov 

on $n VES ovn 
y Qvo v2 p 
wv — ax, Oxo ''' OXn 
- * 
Ox LETTORE 

Ox, Oxo ''' Ox, 


the Taylor series expansion around the equilibrium can be written as 


iy, 


A xm 0 
coq 
Qu |F 


dx(t) 
dt 


= V(Xp, Up) + - (4 — ug) + Vno(X — Xp, u — tte), 


D 
Ox İF 
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where | denotes the value at the equilibrium and vg, are higher-order terms. For 


F 
small deviations 
AX(t) = X(t) Xp, Au(t) = u(t) — ug 


from equilibrium, the higher-order terms may be neglected, and the linear system 


dAX(t 
x ) 2 AARC) 3 B- ARH) 
with 
E: 8p 
"Wr " Or 


can be used as a linearization of the nonlinear system. 


7.1.4 Dynamic Response of LTI Systems 


The output of an LTI system depends on its transfer function H (s) and on the input 
signal u(t). In the following, the response of a general LTI system with respect 
to important test signals is discussed. This prepares the definition of stability. It 
is assumed that the poles and zeros of H(s) are all distinct, apart from N poles 
at s = 0. In most cases, this is a valid assumption. The calculations for the case 
with poles or zeros of higher multiplicity are similar but more intricate. Because the 
coefficients in Eq. (7.4) are real, nonreal poles p or zeros z are always accompanied 
by their complex conjugate counterparts p* and z*. The complex conjugate operator 
commutes with every holomorphic function f(x) on its domain of definition if f(x) 
is real for real x. Thus in this case, f*(x) equals f (x*). In particular, this applies 
to every polynomial and rational function with real coefficients. 
According to Eq. (7.6), the considered transfer function can be written as 


KT. S — Zrv) IT24 > Zov)(S = zy) 
p IL — Dev) [parts — Pov )(s — pt) 


H(s) = (7.9) 


where the z,,, and p,, are the nonzero real zeros and poles, Ze» and p., are the 
nonzero complex zeros and poles, and K is the real gain. The total polynomial 
degree equals m = mı + 2m» for the numerator and n = N + nı + 2n» for the 
denominator. For a proper transfer function, n > m holds. 
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7.1.4.4 Impulse Response 


The impulse response is of practical interest for the study of pulse-shaped distur- 
bances that may act on the feedback loop. In addition, this case is equivalent to the 
response of the state-space representation with zero input and certain nonzero initial 
conditions x(t = 0) Æ 0. 

According to Eq. (7.3), the excitation of the system with the Dirac function 


u(t) = 6(t) o—e U(s)=1 
yields 
Y(s) = H(s)-1 = H(s) 


in the Laplace domain. To calculate the response in the time domain, the partial 
fraction decomposition 


N 


5. 2538-295 (Su, Ka) 


v=0 v=1 


is used. Here one assumes that the transfer function H(s) is proper, i.e., n > m. 
The constants K,,, can be calculated as follows. Multiplying Eqs. (7.9) and (7.10) 
by (s — pri) for a specific i = 1,...,n, and setting s = p,,; leads to 


Kri 


II 


[H (s) (s — Pri dls=p,; 


K IE = Zr) IL = Zev) (Dri = Za, 
px IT vz (Pri = Pen) IE Gs =, Dev) (Dri m PŽ») 


The constants K; , are always real, because in the denominator, the expression 


(Pri = Pow) (Pri = Poy) > (Pri LN Re{ pen)? sp (Im( pew D? 


is real, and the same applies to the numerator. A similar calculation yields the 
constants 


Keri = [H(s) (s — Dei s=pe > 
Koi = [H(s) (s = Palt » 


and using the above-mentioned commutability property of the complex conjugate 
operator leads to 


* 
Koi = Kii- 
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The constant Koy is obtained by multiplying by s ; it reads 


KI. (rv) Ea lol 
IT: =1(—Prv) [ES [Pex]? 


For the remaining constants Ko;, a system of N linear equations is obtained by 
evaluating Eqs. (7.9) and (7.10) at N points s = s; that are different from the 
zeros and poles of the system. The constant Koo is zero for strictly proper transfer 
functions H (s), i.e., forn > m. 

The transformation of Eq. (7.10) into the time domain 


Kos = [Hs |= 


Y(s) = H(s) e—o y() —h(t) 


yields the impulse response 


N 
t 
h(t) = Koo (t) "ur 5 Ko» — DI + > Ky geht 
v=1 . = 


n2 


esentium) 
yzl 


as Table A.4 shows (@(t) is omitted for the sake of simplicity). The elements of the 
last sum can be rewritten as 


gRe t [ Kew PAL 4 Ke. dnd . 


and the term of this expression in square brackets is equal to 


[Ka v| (nena + e ee) ‘ 


where |K| and {K are the amplitude and phase of the complex number K, 
respectively. Altogether, the impulse response for t > 0 is 


N nı 
hO = Kao 50) 32 Kus = pit Ket 
(7.11) 


n» 
42Y ^ | Ka, | eRtPer cos mf pew }t + AKay). 


v=1 


and it tends to zero as t — oo if all poles have negative real parts. 
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7.1.4.2 Step Response 
The response y(t) = ye(t) to a step command 
u(t) = O(t) 


can be calculated in an analogous way with U(s) = 1/s. An alternative is the use 
of the convolution integral 


a(t)= | A(t) @O(t—t)dt= | h(t) dr. 7.12 
yo(t) J (*) O@ — 7) ^ (x) (7.12) 
With 


t 
f e™ cos(wt + p) dt = (e? cos(wt + p) — cos ø) 
0 


qu 
o bts : 
+ Pao (e" sin(wt + p) — sing) 
1 st w 
m (e cos (ot + ọ — arctan 5) 


JE ui 
— cos (o — arctan 3)) ; 


the integration of (7.11) for t > O yields 


ni 


N 
t” Kr, 

yo(t) = Koo + »3 Kov + 5 A (e^ - 1) 4 
v=1 . poi FRY 


n2 


2| Ky 
F be : i | (gestes cos(Im| pe, }t T K Ka, mad 4 Dev) 
Pow 


"ESI 


—cos(4 Ka. — 4 Pew)) (7.13) 


This calculation shows that the step response yo will approach a finite value for 
large times ¢ if and only if the conditions 


N = 0, Prv < 0, Re{ Pev} < 0 


are satisfied, i.e., all poles have negative real parts. Because the limit lim;—oo yo (t) 
is then finite, the final value theorem can be applied: 


lim ye(t) = lim s Yo(s) = H(0). 
too s—>0 
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The initial value theorem leads to 


0 ifn>m, 


lim ye(t) = Koo = lim s Ye(s) = lim H(s) = 
Am, Pet) 007 voo als) S0 e) K ifn-m. 

For this reason, systems with n = m are also said to have direct feedthrough. In 
contrast, strictly proper transfer functions with n > m have a continuous output 
response at t = 0. 


7.1.4.3 Frequency Response 


An important test signal is the harmonic excitation 


; w 

t) = [) o—. — ——. 

u(t) = sin(wt) Sap 

The amplitude of the test signal may be chosen arbitrarily because of the linearity 

property (7.2). If it is assumed that none of the poles of H (s) is equal to + jw, the 
decomposition of the output response in the Laplace domain can be written as 


w Ko K* 
Y(s) = H(s = + 2 + Yerans (5). 
(s) Oe s—jo s+jo ` G) 


where Yirans has the same structure as the expression in Eq. (7.10), but with Ko o = 0. 
A multiplication by (s — jæ) and the evaluation at s = jœ leads to 


B w(s — jæ) u w c d gs 
2 i LE s H w? le. i LE s+ zl, i 2j HUE 


In the time domain, the output response reads 


y(t) = Koe” + Rog + trans (t) 
jot —jot 
LT - H'Ge)— 
2j 2j 


= |H(jo)| sin(ot + X H(jo)) + yuass(1). 


= H(jo) 


F Ytrans (t) 


If the transfer function H (s) has only poles with negative real parts, the transient 
response Ytans Will tend to zero, and y(t) tends to a constant oscillation. The 
amplitude and phase of this oscillation with respect to the excitation u(t) is 
determined by H (jo), i.e., the value of the transfer function at s = jw. Because of 
the linearity property, this also applies to any shifted or scaled sinusoidal excitation. 
For this reason, the function H(j@) depending on the frequency o is called the 
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frequency response of the system H (s) and is obtained by introducing s = jo 
into H (5). 

There are two main reasons why the frequency response is important for feedback 
systems. First, H(j«) can easily be measured by exciting the system with different 
frequencies c, even if the transfer function H(s) of the physical system is not 
known. Second, H (jc) can be used for the stability analysis of the closed feedback 
loop with the Nyquist criterion (see Sect. 7.4.2). 

So far, it has been assumed that jo is not a pole of H (s). Without further calcula- 
tion, it can be reasoned that if jœ is a pole, H (s) has a singularity at H (jc) and the 
excitation with frequencies close to w will lead to very large amplitudes. If the cho- 
sen frequency is exactly c, this will result in a perfect resonance, and the oscillation 
at the output will grow without bound, although the input is a bounded signal. 


7.1.4.4 General Input Function 


In the previous sections, the Laplace transform was used to calculate specific output 
responses for SISO systems. In case of general input functions, multiple-input and 
multiple-output (MIMO) systems, or initial values, it is often more convenient to 
consider the state-space representation. In Sect. 2.8.6, it was shown that autonomous 
linear systems of differential equations 


dr 
—-—4A.r r(0) =F 
7 (0) = 7 
have the solution (2.99), 
F(t) =e Fo, 

where e^ is the matrix exponential function. In the presence of an input vector u(t), 
the system is no longer autonomous in general. The input may be a control effort or 
a disturbance such as a noise signal. In Sect. 7.1.2, the Laplace domain solution of 
a system with inputs was given by Eq. (7.8) as 

X(s) = (sI — A)! x0) + (sI — A) BU (s). 
Comparing this with the solution 7 (t) of the autonomous system, it is apparent that 
tA 


(s1I— A)! e—o e 


must hold, i.e., we have found the Laplace transform of the matrix exponential 
function. Transforming X (s) into the time domain thus leads to 


t 
X(t) = e^x(0) + f e^ Bi(r) dr. 
0 
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It can be shown that the matrix exponential function has the following properties, 
similar to those of an ordinary exponential function (cf. [11]): 


ve 


e series representation: e = I + 35. A" 


* inverse: (e^). Lg 


e multiplication: e^^e^4 = e(»*1)4 


7.15 Stability 


In Sects.2.8.6 and 2.8.10, it was shown that a linear autonomous system is 
asymptotically stable if and only if all eigenvalues of the system matrix A have 
negative real parts, i.e., are situated in the OLHP. Equivalently, the same holds 
for the roots of the characteristic equation. Asymptotic stability for autonomous 
systems implies that a trajectory that starts at some initial value will tend to a fixed 
point. 

For a system with nonzero inputs u(t), this definition may not be sufficient. The 
input can be a persistent disturbance with a certain amplitude that prevents the 
system from approaching the fixed point. For a feedback system, it is, however, 
necessary that the states x(t) or the output y (t) remain bounded. This motivates the 
following definition: 


Definition 7.1. A dynamical system 


dx(t) 
dt 


= vi(x(t), u(t), YO = v(x), um) 


with input u(t), states x(t), and output y(t) is assumed to be in equilibrium for 
t = to with arbitrary real fo, i.e., X(fg) = Xp, where Xr is a fixed point. This fixed 
point is said to be bounded-input bounded-output (BIBO) stable if for every finite 
cı with ||u(t)|| < cı for t > to, there exists a finite c» such that || y(z)|| € c2 for 
t> to. 


(See, e.g., Ludyk [11, Definition 3.37, p. 159].) 
The step response (7.13) shows that yo (t) is bounded if all poles of H (s) have 
negative real parts. Because of Eq. (7.12), this is also true if 


«ei - [f Rot < | holar = f Oe 


holds, i.e., if the impulse response A(t) is absolutely integrable. 
In general, the following theorem holds. 


Theorem 7.2. An LTI SISO system is BIBO stable if and only if the following 
(equivalent) conditions are satisfied: 
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* The transfer function H (s) has only poles with negative real parts. 
* the impulse response h(t) is absolutely integrable. 


(See, e.g., Ludyk [11, Theorems 3.39 and 3.40, p. 160].) 
In addition, there is a close relationship between BIBO and asymptotic stability. 
The transfer function H (s) can be written as 


2 aig — C 3diGI — 4) B 
H(s) = C(sI- Ay B = E 


where adj(A) denotes the adjugate? matrix of A. Thus, the poles of H(s) are 
obtained by calculating the roots of the characteristic equation 


det(s] — A) = 0, 


and these are identical to the eigenvalues of A. However, due to pole-zero 
cancelations, the poles are, in general, a subset of the eigenvalues of A, i.e., not 
every eigenvalue is a pole of H(s). If A has only eigenvalues with negative real 
parts, the system is asymptotically stable, and this always implies that the poles 
have negative real parts. This consideration leads to the following theorem: 


Theorem 7.3. An LTI system that is asymptotically stable is also BIBO stable, but 
a BIBO stable system is not always asymptotically stable. 


(See, e.g., Ludyk [Theorem 3.41, p. 160][11].) 


7.2 Standard Closed Loop 


The block diagram in Fig. 7.2 is called the standard feedback loop. It has one input 
and one output and is thus also called a single-input single-output (SISO) system. 
The feedback system can be described by the following equations: 


Y(s) = Xo(s) + Hy) Xa) FS UG). 
U(s) = He(s)Xe(s), 


X.) = Y) - HaG)[ Xa) + YG)]. 


Solving these equations for the output Y (s) leads to 


3The cofactor matrix of A is a matrix that consists of the (i, k) minors of A multiplied by the factor 
(—1)'t*. The adjugate matrix of A is the transpose of the cofactor matrix of A. 
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Fig. 7.2 Standard feedback loop: transfer functions of process Hj(s), controller H.(s), and 
measurement Hy (s). The signals are reference Y; (s), control error X. (5), input U(s), output Y (s), 
and disturbances X4; (s), Xa»(s), and Xq3(s) 


YG) = Hs G)|Y«G) — HaG)XaG)] + Hay(s)| Hp(s)Xai(s) + X69] 


(7.14) 
with the reference to output transfer function 
Hy(s) Hc 
H(s) = pe) Hels) (7.15) 
1 + Hp(s)H.(s)Hm(s) 

and the disturbance to output transfer function 

1 
Hay(s) = (7.16) 


1 + Ap(s)He(s) Hm(s) 


A unity feedback system has Hm(s) = 1, and in this case, the disturbance to output 
transfer function 


1 


Hay) — 1x H,(s) He(s) 


is also called the sensitivity function, and the reference to output transfer function 


Hy(s) = Hy(s) Hc(s) 
1 + Ap(s) Hc(s) 
is the complementary sensitivity function. Note that Hay(s) + Hry(s) = 1. 
Usually, the process transfer function H,(s) has to be determined in a separate 
modeling step before the analysis or the design of the feedback loop. The modeling 
can be based on analytical equations if the underlying physical principles are well 
known. If this is not the case, measurements may be used for a system identification. 
In both cases, modeling assumptions have to be made to limit the complexity of the 
system. Often, nonlinearities in the feedback loop are linearized, and high-frequency 
dynamics are omitted. 
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Fig. 7.3 Model of the amplitude feedback loop 


7.3 Example: Amplitude Feedback 


As a realistic example of a feedback loop, the amplitude feedback control of 
a ferrite-loaded cavity will be considered. The feedback is needed to hold the 
amplitude [m of the RF voltage close to a given reference value [E In our 
example, the cavity feedback loop behaves highly nonlinearly with respect to the RF 
frequency frp and the reference amplitude Vier. In the following, the operating point 


A 


fnr = 3MHz, Veap,tef = 2kV, 


will be considered. A model of the feedback loop was obtained in [12] based on 

measurements, and the corresponding block diagram is shown in Fig. 7.3. In the 

following, only amplitudes of RF signals are used, not the RF signals themselves. 
The feedback loop consists of the following subcomponents: 


* The cavity is driven by the anode current with the amplitude Í,. The amplitude 
of the resulting gap voltage [m acts approximately as a first-order system (PT1) 
with respect to tg (see also Appendix A.7.1). The "gain" is equal^ to Ry m 
2700 Q, and the time constant is Tca, ^ 4ps. The set points are Vias = 2kV 
and f, = 0.75 A. 

* A capacitive divider is used to downscale the gap voltage of one-half the gap 
with a factor of 1000. This has no significant influence on the time constants in 
the loop. With respect to the total gap voltage, the scaling is Kea = 1/2000. 


^Due to the output impedance of the tetrode, this value is about one-half the pure cavity impedance 
specified in Table 4.1 on p. 198. 
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Fig. 7.4 Small-signal model of the amplitude feedback loop 


* An amplitude detector with time constant Ta, = 5s is used to obtain the 
amplitude Veap, der. This amplitude i is then compared to the reference Veg. The set 
points are Ya. det = 1 V and Veet = = 1.04V. 

* The parameters of the controller are Ke = 14.9, Ta = 17.2 us, and Tx. = 
487.2 us. A saturation limit sat follows that limits the control output to +7.23 V. 
The offset voltage is Vas = 0.2 V. In the feedforward loop, the gain is Ky = 
0.6. According to these values, the set point of the control effort is Y. = 1.02 V. 

* The (amplitude) modulator produces a sinusoidal signal modulated with V.. The 
sinusoidal signal with initial amplitude 0.316 V (0 dBm) is damped with a factor 
of —12.2 dB; this corresponds to a factor of 0.245 for the voltage amplitude. 
Altogether, the modulator can be modeled as a gain Kmoa = 0.316-0.245. Hence, 
the set point of the driving voltage is Var = 79mV. 

* The gains of the driver and tetrode amplifiers depend on the RF frequency and 
the amplitude of the gap voltage. For the chosen setting, we have Gygain 7 27S 
and Kygain ~ 0.35. 


Signal time delays with a magnitude of about 1 us are neglected in the following. 
However, they would be important for larger feedback gains. 

The given set-point values were obtained by choosing Va = 2kV. Because the 
stationary gain of the cavity transfer function is Rp, the necessary anode current 
amplitude equals i, = Via / Ry. All other set-point values in the feedback loop 
follow accordingly. This results in a reference Ve that is slightly higher than | m 
and thus in a stationary control error Y, = 40 mV. This steady-state error could be 
avoided by introducing an integral controller in the loop. However, it is also possible 
to adjust the reference in such a way that the desired value Paap is reached, as has 
been done in this case. 

The system is nonlinear due to the saturation function. This function and the 
offset values Pet and P. otf can be neglected if only small deviations with respect to 
the set point are considered. This leads to the linearized feedback loop in standard 
notation, as shown in Fig. 7.4 with amplitude error Abos = Vis — Var and 
reference A Ye = 0. Similarly, all other values are defined relative to their set-point 
values, e.g., the relative control effort is AV, = f. — 1.02 V. 

A calculation of the reference to output transfer function according to (7.15) 
yields 
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Ke K mod Gv gain Kvgain Rp (ST 1 + 1)(sTac + 1) 
(sTaet RS DT + 1) (sT cav + 1) T KeK mod Gvgain K vgain Pp ETa RE 1) Kca 


Hy(s) = 


A zero-pole-gain representation of this transfer function can be obtained by a 
numerical calculation of the poles and zeros. The gain is equal to the ratio of the 
factors of the highest order in s in the numerator and denominator. For the amplitude 
loop, these orders are s? and s?, respectively, and the gain is 


= K, Kmod G vgain K vaain Ry Te 1 Tiet 
Tiet Toz Teav 


K = 2.6- 108 57. 


The resulting zero-pole-gain representation is 


A Poa 7 7 
Hy(s) = AVen(s) = 26-108s-! (s — a)(s — z2) 

did C= pi)(s = p = ps) 
with zeros 


zı = —5.81-10*s7!, z —-2.105s^!, 
and poles 
p 2-242.105s!, po3 = —(2.14+ j 1.44)-105s7!. 
Thus, the closed-loop system is BIBO stable. The pole p; is closest to the imaginary 


axis and dominates the dynamics of the feedback. The dominating pole corresponds 
to a closed-loop bandwidth and a time constant of 


1 
Oy = —pı =2.42-10's! => Ty — —— 7 40us. 
p 
The absolute values of the remaining poles are larger by an order of magnitude. 
They are thus negligible for a first rough evaluation of the closed-loop dynamics. 
7.4 Analysis and Stability 


The closed-loop transfer function 


bo + bis + bys? 


Ay (s) = 
yG) ao + aS + ans? + s? 


can be obtained from the given open-loop transfer function using only basic 
manipulations. The calculation of the poles p; from the characteristic equation 
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0 = ag -- ais + aas? + s? 


is a more complex task, and numerical computations are necessary for higher-order 
systems in general. For a stability analysis, one may, however, not be interested in 
the exact values of the poles, but only in the decision whether all poles have negative 
real parts. There are several stability criteria that can be applied without solving the 
characteristic equation directly. The Hurwitz and Nyquist criteria will be presented 
in the next sections. 


7.4.1  Routh-Hurwitz Stability Criterion 


The Routh-Hurwitz criterion is a necessary and sufficient condition for the roots 
of the polynomial 


do tays +... taps" | + s” (7.17) 


to have only negative real parts, in which case the polynomial is then called a 
Hurwitz polynomial. The criterion is of particular interest if the coefficients a; 
contain undetermined parameters. An example of such a parameter is the controller 
gain in the feedback loop. With the Routh—Hurwitz criterion, inequalities in these 
parameters can then be obtained for the closed loop to be stable. 

A first necessary condition is given by the following theorem: 


Theorem 7.4. /f the polynomial (7.17) is Hurwitz, then it has only positive 
coefficients aj > 0, i = 0,1,...,n—1. 


(See, e.g., Ludyk [11, Theorem 3.43, p. 161].) 

This enables a first simple test whether a polynomial can be Hurwitz. If any of 
the coefficients is missing, i.e., a; = 0, or any aj is negative, there will be roots with 
nonnegative real part, and the polynomial is not Hurwitz. 

A necessary and sufficient condition is presented by the Hurwitz criterion. It uses 
the v x v Hurwitz determinants 


Qn—1 An—3 An—5 ... An—2v+1 


1 Qn—2 An—4 ... An—2v42 
0 An—1 An—3 «++ An—2v43 
H,:=det} 9  ! an... an-w+4 |, (7.18) 
0 0 üg—] +++ An—2v+5 
0 0 0 An—y 
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where the coefficients a; in the matrix with an index i « 0 are set to zero. As an 
example, the first three determinants for a polynomial with degree n > 5 are 


Hı :— ay-1, 


H ‘= det ei | 
ER , 
1 ü,—2 
An—1 An—3 ün—5 


H3 := det 1 An—2 An—4 
0 Qn—-1 An—-3 


The Hurwitz criterion is given by the following theorem: 


Theorem 7.5. The polynomial (7.17) is Hurwitz if and only if the Hurwitz determi- 
nants H, defined by (7.18) are positive for v = 1,...,n. 


(See, e.g., Gantmacher [13].) 
A simplified version of this theorem needs only half the determinants: 


Theorem 7.6. Suppose that all the coefficients of the polynomial (7.17) are posi- 
tive. For odd n, the polynomial is Hurwitz if and only if the Hurwitz determinants 
Ho, H4, ..., H4. are positive. For even n, the polynomial is Hurwitz if and only if 
the Hurwitz determinants H3, Hs,..., H,— are positive. 


(See, e.g., Gantmacher [13].) 
Consider as an example the amplitude feedback introduced in Sect. 7.3. The 
denominator of the closed-loop transfer function reads 


a + d18 + azs? + s? 
with 
dy = 1.612910? $?, ay = 7.6901 - 10° s7?, az = 4.5205 10? s. 
In the following, the physical units of these coefficients will be ignored to avoid 


confusion with the Laplace variable s. Since all coefficients are positive, this 
polynomial with n = 3 is Hurwitz, because 


a2 ao 


A = aet( 
1 dı 


) = dd, — dy = 3.3150 - 10!6 > 0. 


Now assume that the feedback gain K, in the loop of Fig. 7.4 is a free parameter. As 
a consequence, the coefficients ag and a, become parameter-dependent: 


do = 1.0136 - 10^ K, + 1.0263- 101^, a, = 1.7435 - 10? K, + 5.0924 - 10!°. 
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Fig. 7.5 Root locus of the amplitude feedback. The poles pı, p2, and ps are obtained for K. = 
14.9 


The Hurwitz criterion now leads to the conditions 


a>0 => kK,.>-1.01, 
a >0 => K,>-—29.21, 
H, >0 > K,»-3337. 


Thus, the feedback loop is stable for Ke > —1.01. Due to the stability of the open- 
loop system, the closed-loop system obviously remains stable even if the feedback 
gain is slightly negative. A positive feedback gain K., however, is the typical case 
for the amplitude control. Figure 7.5 shows the closed-loop poles in the complex 
s-plane as a function of the positive gain Ke > 0. This type of diagram is also 
referred to as a the root locus. For K. = 0, the closed-loop poles are equal to the 
open-loop poles 


1 1 1 
0) = ———, 0) = ———, 0)2-— 
pi (0) To p2(0) jm p3(0) T 


that are obtained from the open-loop transfer function (cf. Fig. 7.4) 


A ond (s) 


Haec s (s) 


For increasing K., the closed-loop pole p, moves to the left toward the open-loop 
Zero 
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of Hopes (5), whereas the poles p» and p3 approach each other and for a certain Ke 
between 0 and 14.9, a complex conjugate pole pair arises. The root locus indicates 
that the closed loop remains stable also for higher Ke — oo, because all three 
branches of the root locus remain in the OLHP. Since the branches of the root locus 
are the positions of the closed-loop poles,? the closed loop is stable. This is in 
agreement with the result of the Hurwitz criterion. 

Please note that for a practical implementation, very large feedback gains Ke 
would not be recommendable for several reasons: 


* For sufficiently large gains, the complex pair p23 dominates the dynamics of the 
loop, resulting in an unacceptable oscillatory behavior. 

* Large gains may increase disturbances, especially the measured noise. 

* The feedback of the real system may become unstable for very large gains due to 
unmodeled high-frequency dynamics and delays. 


7.4.20 Bode Plots and Nyquist Criterion 


The Hurwitz stability criterion is based on the characteristic equation, i.e., on the 
denominator polynomial of the closed-loop transfer function. The Bode plots and 
the Nyquist criterion are approaches that are different in the sense that they rely on 
the open-loop transfer function 


Hopes (5) := He(s) Hp(s) Hm(s) 


of the standard feedback loop; cf. Fig. 7.2. Consider as an example the system 


En 
Au 


This system is assumed to have a real zero zı Æ 0, a real pole p; Z 0, a complex 
pole pair p» and pj, and N poles at s = 0. The frequency response of Hopes (5) is 
given by 


Hopen (s) = 


(7.19) 


Hopen (jo) = 


Gov (1-2) (0-2) (1-8) 


5The root locus is usually obtained by a numerical calculation of the closed-loop poles for different 
values of the gain. 
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The complex pole pair can also be written as 


Jc) Jc) o? 1 1 w? 2Re 
( J )( A j-1 z i( 4 =)=1 ;- jo {Po} 
p2 p» Pap» p p |p2l |p2l 


In a Bode diagram, the amplitude and phase of Hopen are plotted versus the 
frequency w > 0. A logarithmic scale is used, which has the advantage that the 
multiplication of two transfer functions is equivalent to the sum of their Bode 
diagrams. The amplitude of Hopen in decibels (dB) is calculated as 


| Hopes Cj) ag := 20 logio | Hope (j0)]. 


In our example, using the properties of the logarithmic function leads to 


. e? 
| Hopes) |ag = 201log;o | K| + 20logig ,/1 + o 20N logio @ — 
y 1 
i T T o? i i Cu 
— 20log — — 20log : 
Pt i | p2|? | p2|? 


This expression is the sum of five components. The first is the constant 


|Hi(jo)|as := 20 logy |K]. 


The second function is due to the zero and can be approximated by two asymptotes: 


3 O0 dB for o < |zıl, 
| Ho (jo)las :— 201081 ,J1+ — ~ 43dB for o = |zil. 
s 20 logo w — 201log;o|zi] fore > zl. 

(7.20) 


The N -fold integrator leads to 
| HCjo»)|ap := —20N logio a. 


For the pole pi, the result is similar to the case of zero zı, but with opposite signs: 


OdB for o < |p), 
B o? 
|H4(jo)|as :— —20 log so jit P x 4 —3dB for o — |pil. 
1 


—20 logio 0 + 20logig|pi| foro» |pil. 
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Finally, the pole pair has the following asymptotes: 


2? 2R 2 
|Hs(jo)|as := —20 logy T m <3) + (CR 
| p2] |p2l 


0dB for o < |p;|. 
—40 logio e + 40log;o|p;] for @ > | pol. 


~ 
^ 


The phase of Hopen is given by 


5 
4 Hopes (J 9) = X. <H; (jo). 


i=l 


The phases < H; (jæ) can be approximated by asymptotes in a similar way as shown 
for the amplitudes. For example, the zero leads to the phase 


0 for w — 0, 
. A for w = |zi| and zı < 0, 
N Jo 
«moy = (1-2) = zx +5 for o — oo and zı < 0, 
1 
i for o = |zi| and zı > 0, 


5 for w — oo and zı > 0. 


Figure 7.6 shows the Bode plots of the transfer functions H; (jæ) with their 


asymptotes for a system with N — 1, positive gain K, and with the zero and poles 
in the OLHP, i.e., a stable system. The following observations can be made: 


The gain Hi(jo) = K leads to an amplitude shift of the open-loop transfer 
function Hopen- 

The zero z; > 0 raises the amplitude and phase; cf. H2(jw). At the frequency 
€ = |z|, the amplitude is close to 3 dB, and the phase equals 2/4. For large 
frequencies, the amplitude increases with 20 dB per (frequency) decade and the 
phase approaches 7/2. 

The amplitude of the integrator H3( jc) tends to infinity for small frequencies. 
This fact enables steady-state accuracy for the closed loop with regard to stepwise 
disturbances. However, the phase of —7:/2 may lead to stability problems in 
some cases. This can be shown with the Nyquist stability criterion, which will 
be presented below. 

The pole p, has the opposite effect to that of the zero zı. For large frequencies, 
the amplitude slope is —20 dB per decade, and the phase approaches —7:/2. 

For small or large frequencies, the complex pole pair acts as a double pole at 
w = |p2|. However, for frequencies close to | p2|, a resonance may occur. This 
means that |H5(j@)| may become considerably larger than 1. The frequency at 
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Fig. 7.6 Bode plots of the open-loop transfer function (7.19) for N = 1, K = 2, zi = —l, 
pi = —l, and p; = -i T 2j 


which the maximum of |H5(j@)| occurs can be calculated analytically, and it 
reads 


Ores = v Im{ pr}? — Ref pr}? ~ 1.94, 


i.e., Im( p?) > Re{ p2} is a necessary condition for a resonance. Disturbances or 
input signals with frequencies close to «e, will be amplified significantly in the 
open loop. A resonance in the open loop may be one reason why feedback is 
necessary. Feedback can provide additional damping, so that the resonance is not 
present in the closed-loop frequency response. 


For the Bode plot of the system with the transfer function Hopen, the Bode plots of 
the subsystems H; have to be combined. As already shown, this simply corresponds 
to the sum of the amplitude and phase plots due to the use of a logarithmic scale. 
This also applies to the asymptotes. To sketch the asymptotes of the Bode plot 
of Hopen, it is therefore possible to proceed as follows. First, the break points 
are calculated as the absolute value of the zeros and poles, i.e., @ = |z; (0)| and 
€ = |pi(0)|. The argument 0 for both z; and p; emphasizes that the open-loop zeros 
and poles are used. Next, one begins with the asymptote of the N -fold integrator H3. 
This asymptote is a line with slope —20N dB per decade (of the frequency o) that 
crosses the point with amplitude 20 log,)(K) at œ = 1s~!. For N = 0, the Bode 
plot begins with a horizontal asymptote. One then proceeds to higher frequencies, 
changing the slope of the asymptote at every break point. For a single pole, the 
slope changes by —20 dB per decade; for a single zero, by 20 dB per decade; and 
for multiple poles or zeros, accordingly with the multiple of these slopes. For the 
phase plot, one begins with a horizontal asymptote of —N 7. At the break points, the 
asymptote is changed stepwise with = for a single pole, 5 for a zero, and a multiple 
of 5 for multiple poles or zeros. For the amplitude feedback, this procedure leads to 
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Fig. 7.7 Bode plot of the amplitude feedback example 


the asymptotes as shown in Fig. 7.7 for Ke = 1. The exact Bode plot is shown as a 
solid black curve. The static open-loop gain equals 


Hope (jo =0)= K moa G vgain K vgain Rp Kea = 0.99 


for Ke = 1. Ato = p,(0), the first pole leads to a negative slope of —20 dB per 
decade. Next, the zero zı (0) raises the slope to zero, before the two remaining poles 
finally lead to a slope or cutoff rate of —40 dB per decade. The phase begins at zero 
and drops to 


for large frequencies. 

The frequency at which the amplitude drops by —3dB is called the cutoff 
frequency. It is denoted by @ = 2004 1 in Fig. 7.7 and is also called the 
bandwidth of the open-loop transfer function [1]. 

Because the Bode plot contains all information about the open loop, there is a 
unique correspondence between this diagram and the transfer function Hopes (s). If 
the open loop is stable, the Bode plot can be obtained by measuring the frequency 
response Hopes (jo). An equivalent diagram that is very useful for determining the 
stability of the closed loop is the Nyquist plot. It is obtained by plotting the curve 


Hopen (jæ) = Re{ Hopen Cj0)) +j Im{ Hopen (j0)j 
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Fig. 7.8 Nyquist plot of the amplitude feedback example 


in the complex plane for œ € R. The Nyquist plot of the amplitude feedback 
example is shown in Fig. 7.8. 
Due to 


Hope (~ jæ) = Hos (jO), 


the part of the Nyquist plot for negative frequencies o is always axially symmetric to 
the part for positive frequencies. For this reason, the Nyquist plot is usually analyzed 
for only positive frequencies. From the discussion of the Bode plot, it is already 
known that the Nyquist plot begins at Hopen(j0) = 0.99 and approaches the origin 
for large c. Also, the phase approaches —zr, as can be observed from the closeup 
view in Fig. 7.8. The vector 


1+ Hopen( jæ) 


points from — 1 + 70 to the Nyquist plot, as shown in Fig. 7.8. Its behavior is essential 
for the stability of the closed loop. If we follow this vector from w = 0 tow — oo, 
we can define the change of its argument as 


A QNyquist = im 4 (1 T Hopen(j@)) — 4 (1 T Hopes (0)) . (7.21) 


The general Nyquist stability criterion can now be used to determine the stability 
of the closed loop: 


Theorem 7.7. The closed loop is asymptotically stable if and only if the continuous 
change of the argument as defined in Eq. (7.21) is equal to 


A QNyquist = Nunstable + Meritical >» 
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Fig. 7.9 Nyquist plot for AA S 
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where Nunstable i$ the number of (unstable) open-loop poles in the ORHP and Neriticat 
is the number of open-loop poles on the imaginary axis. 


(See, e.g., Unbehauen [14, p. 156].) 

Only the continuous change in the argument is considered. If, for example, the 
Nyquist plot consists of several branches due to open-loop poles on the imaginary 
axis, then A@nyquist can be determined for each branch separately, and the total 
change is the sum of these results. 

Since the amplitude feedback system in our example contains only stable open- 
loop poles, a necessary and sufficient condition for stability is 


A QNyquist — 0, 


as is the case for Ke = 1 in Fig. 7.8. Changing the gain K. will only scale the 
Nyquist plot, as shown in Fig. 7.9. For positive gains K. > 0, the closed loop will 
always be stable, because Agwyquis: = 0. In the case of negative Ke, the Nyquist 
plot is also rotated by 180°, and the critical point —1 + jO is crossed for 


1 


-— 5 meli 
Hopen CJ 0) 


K,— 


and the change in the argument is A@nyquist = +7. Thus, the closed loop is unstable 
for K, « —1.01,a result already obtained with the Hurwitz criterion. 


7.4.3 Time Delay 


If the feedback loop contains a considerable time delay Ty, this can be taken into 
account in the Laplace transform of the open loop Hopen(s). If, for example, the 
measurement of the output y (t) is delayed, this leads to 


Vaelay (t) = y(t E Ta). 


7.4 Analysis and Stability 355 


| 
| 
0 1 
7 
NA 
pam 
3 of 
8 -4 
p 
is 
= 
g 
z -1 
-8 
0 5 10 15 -1 0 1 


Re{ Hopen (jw)} (s!) 


Fig. 7.10 Nyquist plot (left) and closeup (right) of the amplitude feedback with delay Ty = 5 us 
and definition of the amplitude margin (AM) and phase margin (PM) 


Due to the shift theorem of the Laplace transform, every open loop with a single 
delay can be expressed by 


A open.delay(S) = Hopen(s) e Tw, 


The consequence of the exponential function is that the characteristic equation of 
the closed loop is no longer an algebraic equation, but a transcendental one. The 
number of poles becomes infinite, and the stability analysis is thus more involved. 
Fortunately, the Nyquist criterion can still be applied [15]. For the frequency 
response, 


| Hopen,detay (J €») | E | Hopen CJ») | 
£ Hopen,delay = 4 Hopen — Tao 


holds, i.e., the delay leads to a faster decrease of the phase, but does not affect the 
amplitude. Figure 7.10 shows the Nyquist plot of the amplitude feedback with the 
nominal feedback gain of K. = 14.9 and an additional time delay of Ty = 5 us. 
This time delay is a worst-case scenario for signal transit times due to a distance of 
about 100 m between the cavity and the LLRF unit [12]. The closeup shows that the 
closed loop is still stable, but not for arbitrary K, > 0. The Nyquist plot crosses the 
horizontal axis at —0.237. Increasing the gain K, by a factor of 


1 
AM = 20108 (5) = 12.5dB 
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will therefore lead to a crossing of the critical point —1 + jO and to instability. 
This factor is called the amplitude margin and is a measure for variations in the 
amplitude of the process transfer function that can be tolerated. For larger amplitude 
margins, the feedback is more robust against such variations. In addition, Fig. 7.10 
shows that the Nyquist plot crosses the unit circle at an angle of about —83?. The 
frequency of this crossing is o = 34.2- 10? s !. The phase margin 


PM = 180° — 83° = 97° 
is defined as the distance to the critical point in terms of the phase, i.e., the tolerable 
variation in the phase of the process transfer function. A simple estimate? shows 
that an additional time delay of T4 = 50 us would lead to a phase decrease of 


oT, © 34.2- 10° s7! - 50 us ~ 98°, 


i.e., the feedback will remain stable for time delays up to this order of magnitude. 


7.4.4 Steady-State Accuracy 
The standard closed loop in Fig. 7.2 on p. 341 is said to have no steady-state error if 
Xe(co0) :— lim x,(t) = lim (yr(t) — ym(t)) = 0 
too too 


is guaranteed, i.e., if the measured value converges to the reference value. From 
Fig. 7.2, the following expression for the steady-state error can be obtained: 


X,(s) = Vii a 
1+ Hy(S) Hc(s) Hm(s) 1+ Hy(s) Hc(s) Ha(s) 


E Ha(5) 
1+ Hp(s)H.(s)Hm(s) 


Xai(s)— 


(Xax(s) + Xa3(s)). (7.22) 


In the following, it is assumed that all transfer functions in this expression are stable, 
i.e., have only poles in the OLHP. In this case, we can use the final-value theorem 
for Laplace transforms (cf. Sect. 2.2). Without disturbances, this leads to 


_ y HET s Yi (s) E s Y,(s) 
xe(oo) ei lim (s X.(s)) zd lim (, Ns monons) ii lim (, is) . 


$Because the amplitude does not depend on the time delay, the crossing of the unit circle always 
occurs at the same frequency. 
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It is now particularly important which type of reference signal y; (f) is assumed. For 
a step function, we have Y,(s) = K/s and’ 


T A 
x.(oo) = 4 TF Foren) for | Hopen(0)| < oo, 


otherwise. 


This shows that an integrator (1/s) in the feedback loop—in the controller, the 
process, or the measurement transfer function—is sufficient for a vanishing steady- 
state error. For other reference signals, this may not be sufficient. For example, 
a ramp signal (1/52) requires at least two integrators in the transfer functions of 
the feedback loop. However, too many integrators may lead to stability problems, 
because each integrator lowers the phase of the open-loop transfer function by 
—n/2. 

If significant disturbances are present, it is usually necessary that the integrator 
be contained in the controller, as can be seen from the other transfer functions in 
Eq. (7.22). Assuming that the process and measurement transfer functions have 
no integrator, H,(0) and Hm(0) are finite, and an integral controller will lead to 
Xe (oo) = 0 for stepwise disturbances. 
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7.5.1 Tradeoff Between Performance and Robustness 


The transfer function Hy(s) in Fig. 7.2 on p. 341 usually describes the physical 
behavior of the real process only approximately. Reasons for model errors can 
be nonlinearities, dependence on time or operating conditions, and unmodeled 
high-frequency dynamics. In many cases, the model errors may be described by 
parameter variations in the numerator and denominator of the transfer function 
H,(s). These variations will lead to a change in performance of the closed-loop 
control. To estimate this effect, the sensitivity function 


__ 9Hy Ap 
EAE Hes 
is defined as the relative change of the closed-loop transfer function H,y(s) with 
respect to variations of the process transfer function Hp(s). With Eq. (7.15), this 
leads to 


?Note that 1 + Hope (0) = 0 is impossible, since that would imply that s = 0 would be a pole, 
and this has been excluded by considering stable transfer functions. 
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Fig. 7.11 Sensitivity of i i i 
function of the amplitude LT | 


feedback (74 = 0) 


-10 + 


|Hs(jw)| (dB) 


100 10? 106 
w (s-1) 


H, He 
ð (atm) Hp — H.(1+ HpHeHm) — HpH?Hm Hy + HH. Hm) 


H, = = 
i dp Hy (1+ HH. Ha)? HH, 


and finally to the sensitivity function 


1 


His) x 1+ Hp(s)He(s)Hm(s) 


This is exactly the disturbance-to-output transfer function Hay(s) (cf. Eq. (7.16)) 
that was derived from Fig. 7.2. It is apparent that a sufficiently large feedback gain 
| H.| will lead to both a small sensitivity | H,| and a good disturbance rejection. 
However, a large feedback decreases the amplitude margin AM in many cases 
and may lead to instability. This shows that a tradeoff between performance and 
robustness specifications is usually necessary. Please note that for the open-loop 
system, H, = 0, and the sensitivity equals 1. For the closed-loop system, | H,| also 
approaches 1 for large frequencies, because for most practical cases, | Hp H. Hm] 
tends to zero. 
For our amplitude feedback example, the sensitivity function is equal to 


(s — z)(s — z2)(s — z3) 


H,(s) = 
(s — pi) s — pa)(s — pa) 
with 
z2-25.10s!, z2-2.10s!, z,—-—2.05-1035 s^, 
pi = —2.42- 10fs7!, p3 = (—2.14 + j 144)- 10? s^. 


Its amplitude | H,(j@)| is shown in Fig. 7.11. In contrast to | Hopen,delay(j@)|, the 
amplitude of the sensitivity function depends on the time delay. 

The sensitivity shows that the amplitude feedback rejects disturbances or noise 
with frequency components up to about 10kHz. The closed loop is also less 
sensitive with respect to model variations than the open loop in this frequency range. 
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However, the sensitivity is not zero for œ — 0. This implies that the closed loop 
does not reject DC offsets completely and may thus have a steady-state error. This 
can be shown as follows. From the standard feedback loop, the control error can be 
calculated as 


Xe(s) = Yi(s) — Hm(s) - Y(s) 
H,(s) Hy(s) 
1+ An(s) Hc(s) Hp(s) 


= Y,(s) — Hn (s) - - Ys) 


1 


~ 14 Ha) Hels) Hy). Yas): 


If we assume that the closed loop is stable and the reference signal is equal to a unit 
step, i.e., Y; = 1/s, then the final value of the control error is given by 


. Js 1 l : 
Jim, xe(t) = lim (= 1+ Hn(s) He(s) Hy(s) - ) 
1 

~ 14 Ay) H0) H,(0) 


Thus, the value of the sensitivity function for œ = 0 is equal to the relative steady- 
state error of the closed-loop system. For the amplitude feedback loop, a value of 
6.4%, or —23.9 dB, is obtained. This steady-state error will also be apparent in the 
simulation results in the next section. 


7.5.2 Design Goals and Specifications 


The main design goals of feedback are stability, a fast dynamic response, distur- 
bance rejection, a small tracking error, and robustness against parameter variations. 
In addition, the control effort should comply with the physical limitations of the 
process. There exist several parameters to describe these specifications quantita- 
tively. In the time domain, the response to a step disturbance or reference signal 
is often considered, and the following quantities are used to describe the dynamic 
response: 


* Rise time: transit time from 10% to 90% of the final value, i.e., of the output step 
size. 

* Percentage of overshoot. 

* Settling time: time after which the output stays inside a +5% or +2% interval 
around the final value. 

* Steady-state error between the reference signal and the output. 
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Fig. 7.12 Performance of the amplitude feedback 


The performance of the amplitude feedback example is shown in Fig.7.12. The 
curve V pas ae is obtained from a simulation model from [12], which is in good 
agreement with measurements. The reference signal Veer is initially raised from zero 
to 1 V. Due to a prefilter with a time constant of 43 us, the reference signal is raised 
not stepwise, but smoothly. The simulation model includes not only the amplitude 
feedback, but also a resonance frequency feedback to ensure that the cavity is in 
resonance. At the beginning of the simulation, the resonance frequency feedback 
has to settle and has a strong coupling with E: Att ~ 3 ms, both feedback loops 
have reached their equilibrium. 

The amplitude feedback is excited at £ = 3.5 ms with a stepwise disturbance 
of the measurement Prap det. The dynamic response of the simulation model is 
compared to the response of the linear closed loop Hy (s) with Ta = O (Fig. 7.12, 
bottom left). This shows that the transfer function H;,(s) describes the behavior 
very well for small deviations from equilibrium. From the simulation results, a rise 
time of 73 us, a 5% settling time of 103 us, and a steady-state error of 6.4% are 
obtained. 

At f = 4.5ms, the cavity is detuned, so that the gap voltage drops by about 
0.5 kV. This time, the simulation model shows a different behavior due to the 
interaction of the resonance frequency feedback with the amplitude feedback. This 
demonstrates that nested control loops are dynamically coupled in general. If the 
coupling is strong, it is necessary to take this into account during the analysis 
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and design of the feedback. Nested control loops can be described by MIMO or 
multivariable control systems [16]. 

In addition to the mentioned parameters, there also exist specifications in the 
frequency domain: 


e Resonant peak: the maximum of the closed-loop frequency response | Hry(j@)| 
indicates relative stability and is recommended to be between 1.1 and 1.5 [1]. 

* Bandwidth: the frequency at which |H,y(jw)| has decreased by —3 dB with 
respect to the zero-frequency value. 

e Cutoff rate: the slope of | H,y| at high frequencies. 

* Amplitude margin and phase margin (cf. Sect. 7.4.3): an AM larger than 
6dB and a PM between 30° and 60° are regarded as a good tradeoff between 
robustness and performance [1]. 


In our example, the bandwidth of H;,(j«) equals 30.3 - 10? s^! (which corresponds 
to Af = 4831 Hz), and the cutoff-rate is —20 dB/decade. 


7.5.3 PID Control 


A general proper PID control algorithm is given by 


U(s) 1 s 
= Kp + Kı- + Ko; 
Xe(s) p E T P Tos 4-1 


H.(s) = 
it is a combination of a proportional, an integral, and a derivative controller. The 


transfer function can also be written as 


= (KpTp + Kp)s? + (Kp + KiTp)s + Ki (7 23) 
s(Tps 4- 1) ; ` 


H.(s) 


it has two zeros and two poles. A pure derivative is obtained for Tp = 0. However, 
this leads to an improper transfer function. In the time domain, the controller is 
described by the differential equation 


Toit) + u(t) = (Ke Tp + Ko) (f) + (Kp + KiTo)xs (f) + Ki f x,(r) dr. 
0 


In steady state, the control error x, must be zero due to the integration. 
The controller of the amplitude feedback example is of PDT, type. This can be 
shown as follows. A general PDT, controller can be written as 


Kas s(To fp) +1 


H) =K =K 
BUE d 7 m 
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With 


K 
K: = Kp, Ta =To+ =, Ter = Tp, 
Kp 


we obtain the amplitude controller that is shown in Fig. 7.4. 

To design a general PID controller, it is necessary to determine the four degrees 
of freedom Kp, Kp, Ki, and Tp so that the specifications are met. If the open-loop 
system is stable, the two zeros of H,(s) may be used to compensate open-loop poles. 
The time constant Tp should not be chosen too small, because that would amplify 
high-frequency noise. 

Several so-called tuning rules exist for the design of PI and PID controllers [5]. 
A simple tuning rule is described in [16] that is based on the approximation of the 
process transfer function with a first-order model 


K 
Happrox(S) = T.541 e 


—Ta:s 
, 


with the gain K, the time constant 7', and a time delay 74. For a PI controller, the 
tuning rule is (cf. [16, p. 57]) 


1 T Kp 


Kp = ——————, Kj = — g 
P — K Tame + Ta F^ min(T, 4(Tune + Ta)} 


with a single tuning parameter Tune. A small value of this parameter will lead to fast 
output performance, whereas a large value implies a high robustness and smaller 
values of the input. A typical tradeoff is the choice Tu. = Ta. 

This tuning rule can be applied to the amplitude feedback loop example. From 
Fig. 7.4, the open-loop transfer function 


AVeap det (5) = K moa G vgain K vgain Rp Kca 
ATY.(s) (s Teav =} 1)(s Tae + 1) 


is obtained. For this type of transfer function, the following first-order approxima- 
tion may be used; cf. [16, p. 58]: 
1 
K = K moa G Vgain Kv gain Rp Kea = 0.9877, T = Taa + 5 Few =7 LS, 


1 
Ta = 2 cay = 2 us. 


With Tune = Ta as the choice of the tuning parameter, the coefficients of the 
resulting PI controller are 


1 
Kp = 1.7718, Kı = 2.5312. 10? -. 
S 
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The settling time of the linear amplitude feedback with this controller is 16.4 jus 
for a 5% interval around the set point. This is considerably faster than the PDT, 
controller. Furthermore, the PI controller leads to a zero steady-state error. Note, 
however, that for the design in this section, we have neglected any interaction of the 
amplitude loop with the resonance frequency feedback loop. 

For the practical implementation of a PID controller, some issues should be taken 
into account. If the process is stable, it is often sufficient to use a PI controller. 
Derivative action, i.e., Kp 0, will lead to an increased sensitivity with respect 
to measurement noise. If the reference signal y,(f) contains steps and a derivative 
action is needed, it is usually better to use the measured output ym(¢) as input of 
the derivative part of the controller instead of the control error xe(t); cf. [16, p. 56] 
and [5, p. 317]. One challenge for the integral action is the so-called integrator 
windup [5], a nonlinear effect. 

We can illustrate this effect by means of Fig. 7.3. We assume that the controller 
has integral action and generates a value that exceeds the constraints of the 
subsequent saturation function. In this case, the output of the feedback will be a 
constant value as long as the saturation function is active. This may be interpreted 
as a feedback loop that is no longer closed, because the output of the controller 
does not depend on the control error. The integral controller will, however, continue 
to integrate the control error, and this may result in a poor overall feedback 
performance. Measures that prevent windup are known as antiwindup. 


7.5.4 Stability Issues for Nonlinear Systems 


As described in Sect. 7.1.3, almost every practical feedback system is, in fact, a 
nonlinear system 


a0 = v (X(t), u(t), (7.24a) 
Im) = VEA), (7.24b) 


where Ym is the output vector with the measured quantities of the process. A 
common approach is to calculate the linearization 


ao = A- AX(t) + B - Ait), (7.25a) 
AJa(t) = C - AX(t) (7.25b) 


of the system for a certain equilibrium and to use it for the analysis or design of 
a linear controller so that the closed-loop behavior is stable. This approach has 
also been chosen in the previous sections. An important question that now arises 
is whether the linear controller will also be able to stabilize the nonlinear system. 
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The stability theory of Lyapunov that was described in Sect. 2.8.5 is useful to obtain 
some conclusions concerning this question. In order to use the theory of Lyapunov, it 
is necessary to analyze the feedback loop in the time domain, because the frequency 
domain approach is in general not applicable to nonlinear systems. 

Consider first a very general linear controller in state-space representation 


dx, (t N " 
A m Ac : Xc(t) + Be- Xe(t), (7.26) 
u(t) = Ce + X«(t) + Dc - Xe (t), (7.26b) 
where X, = Ay, — AYm denotes the vector with measured control errors, i, is 


the actuator value that can be used as input to the process (i.e., Au = úc), and Xe 
contains the internal states of the controller. This type of controller is also known 
as a dynamic output feedback, because the controller has a dynamic structure and 
it uses the output vector Ym as the only information about the process. This type of 
controller also contains the PID controller as a special case: rewriting the transfer 
function (7.23) as the sum of a constant and a remaining polynomial leads to 


Ki- £)s.- & 
U: K I 2 Ti 
H.(s) = (s) E (se^ 3m :J ae 


Xe(s) Tp 


Using the results of Sect. 7.1.2 and taking the additional direct feedthrough into 
account leads to the following state-space representation of the controller: 


ax) [o1], 0 
sO _ f M 80 + [1] 200. 


D 


«0 = [8 (Ki- $8) ] x + (Ke + 72) s. 


This is a dynamic output feedback. Note that the case of a pure derivative controller 
(Tp = 0) is not included in this representation. Due to Eq. (7.26), the transfer 
function of the controller can be obtained by 


H,(s) = Ce- (SI — A !- Be + De. 


Connecting the controller (7.26) with system (7.25) (i.e., by Au = úe) leads directly 
to the following dynamics of the closed loop: 


8This is, however, not a serious limitation, since a pure derivative would be both undesirable in the 
presence of noise and is not realizable on any physical hardware. 
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+ 


dt | x,(t) —B,. C Ac Xe(t) 


d E _ ie BD B- à l E 
B. 


i 4 ZO 


Aa 
(7.21) 


We assume that the controller is designed properly, so that the closed-loop dynamics 
are stable. According to the results of Sect. 7.1.5, this is the case if A, has only 
eigenvalues with negative real parts. 

After the controller design, the controller will be connected to the real nonlinear 
process. One possible choice for the input of the nonlinear system (7.24) is then 


u(t) = Up + c(t) = ug + Cc: Xc(t) + Dc - X(t), 


where ip is a feedforward value that equals the input value at the equilibrium point 
X = Xp. In other words, 


vı (XF, ug) = 0 


is assumed, and the controller has only to correct deviations from the equilibrium. 
The control error is now given by 


= 


Xe — X = Yn = X — V(X). 


These choices of the closed-loop connection lead to the following dynamics: 


ad Px@)] _ iG), a) | 
i: [o F n X) + Be (FO) — 2G) SIE) 


A linearization around X = Xp, 4 = up, X; = 0, and y, = V2(Xp) leads to the 
same linear dynamics as Eq. (7.27). This is reasonable, because it means that the 
same result is obtained either by linearizing the nonlinear closed-loop dynamics or 
by using the linearization (7.25) of the open-loop system (7.24) to obtain the linear 
closed-loop model (7.27). 

We already assumed that Eq. (7.27) is stable, and we can now use theorem 2.18. 
For Ay, = 0 and the previous assumption of a strictly stable matrix A, (the real 
parts of all eigenvalues are negative), the theorem can be applied to Eq. (7.28), and 
the consequence is a stable equilibrium of the nonlinear setup. This is an important 
motivation for using linear control design in many cases, even for systems that are 
practically nonlinear. 

Note, however, that the linear system (7.27) is asymptotically stable in the global 
sense, i.e., for arbitrary initial values, whereas in general, the asymptotic stability 
of the nonlinear system (7.28) is given only in a local neighborhood around the 
equilibrium. This neighborhood, also called a region of attraction, may be so small 
that from a practical point of view, the equilibrium is in fact unstable. The size of 
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the region of attraction can be estimated using Lyapunov functions as defined in 
Sect. 2.8.5. 

A nonzero reference value Ay, Æ 0 acts as an excitation. As long as it is not too 
large, the closed loop will be stable. 

If further disturbances act on the system (7.24) or the model is inaccurate, this 
may lead to a steady-state error. In most cases, an integral controller will help to 
avoid such an error. A pure integral controller can be written as 


ORE 


uc(t) = Kixc(t). 


Therefore, A, = 0, B, = 1, C; = Ky, and D, = 0. The closed-loop dynamics for a 
SISO system are then 


E epe mom 
dt Xe(t) y: — va(X (t)) , 


and from the bottom row, we have the equilibrium 


d . 
ee 0 yr = v2(X) = ym. 


and the steady-state error will therefore tend to zero for stepwise reference signals. 
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Appendix 


A.1 Description of an Ellipse in the Plane 


If the semiaxes a,b > 0 of an ellipse are oriented in parallel to the X- and j-axes 
of a Cartesian coordinate system, one may describe the ellipse by 


X =a coso, (A.1) 
y — b sing, (A.2) 


where 0 < @ < 2z is the range of the parameter ø. This obviously leads to the 
equation 
22 2 
x y 
a h 
a p 
which does not include the parameterization. 
In general, the ellipse may, of course, have a different orientation. Therefore, we 
will now use a rotation matrix according to 


Me Ades 


in order to move the points of the ellipse counterclockwise (cf. Fig. A.1). We obtain 


x = acosģ coso — bsin£ sing, 


y = asin£cosqo + bcos£ sing, 


as a parametric description of the rotated ellipse. This description includes a very 
special parameterization, because the angle o is used as a parameter. One could 
alternatively use the path length or a parameter without any special meaning. 
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Fig. A.1 Ellipse with 
arbitrary orientation 


Therefore, the objective of the following calculation is to find a description that 
is free of parameters. This may be achieved by eliminating the parameter ø. To this 
end, we first calculate the following expressions: 


x? = a? cos? t cos? o + D? sin? ( sin? o — 2ab sin ¢ cost sing cos g, 


y? = a? sin? t cos? o + b? cos? t sin? o + 2absin ¢ cost sing cos q, 


xy = a? sin ¢ cost cos? o — b? sint cos ¢ sin? o + absing cos (cos? ¢ — sin? C). 


We now use the trigonometric identities 


1 1 
sin? o = DNE. cos(29), (A.3) 
1 1 
cos’ y = 2 + 2 cos(2¢), (A.4) 
1 
sing cos o = 5 sin(29), (A.5) 


to obtain 


2 a cost +b*sin?t | a?co? t — D? sin? € 


= 2 + 5 cos(29) 
—ab sin ¢ cos £ sin(29), 
a? sin? € + b? cos? a? sin? t — b? cog? 
jupe eae un 


+ab sin £ cos € sin(29), 


A.l Description of an Ellipse in the Plane 371 


(a? — b?)sintcost | (a? + b?) sin ¢ cos ¢ 
= + 
2 2 
ab(cos? € — sin? £) 
2 


xy cos(29) 


sin(2¢). 


Using Eqs. (A.3)-(A.5) for £, this may also be written as 


24 h2 2_ p2 2_ p2 24 p2 
ee - 25d -Z coset) + (* : ga x eost) ) eost) 


B ab sin(2¢) sine) 


24 p 3.52 2. 2 724 72 
y= add "n. Z coset) + (* ri m. = cos(24) ) costo 


4 4 
pene sin29), 

"m (a? — P) sin(2¢) ds (a? 4- 2 sin(2¢) cos(29) 
, 85005 sin(29). 


We now combine the first and the last equations in order to eliminate sin(2¢): 


& = x? cos(2¢) + xysin(2¢) = 


a? +b? 


az - p? a = p? 2 2 
= 3 cos(2£) + 7 + ( 1 cos(2£) + 


a+b 


) cos(29). 


Also, to eliminate sin(29), the combination of the second and the third equations 
yields 


E, = y? cos(2¢) — xy sin(2¢) = 


a 2 


2_ 42 2_ p2 24 72 
= +t cos(2t) +2 D «(2 : cos(2¢) — Ĉ 2 


) cos(2Q). 


Now we see that cos(29) can be eliminated by generating the following expression: 
a? — b? a? + b? a? — b? a? + b? 
& ( P £08(26) — —] ) -5 ( P cost) + —] ) = 


qat — b+ 5 (a? — b?)? (a? + b?)? at = b4 
=i cos (2) + —]1e 8) — —]1e L DE 


+ 
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(a? 4. py at = bt B 


+ cos(2¢) — EE XA cos(2£) + T 


4_ 44 2. 422 
b < coe Qo + CO 


252 252 
222 ? cos(2¢) -4 = m cos(2¢) 


cee a? + b? b? — a? a? + b? a? — b? 4 
* \ 2a2b? cos(2£) T 2a?p? ui 2a2b? cos(2£) i 2a2b2 ] ` 


If we now insert the definitions of £x and &,, we obtain the implicit equation of the 
ellipse that we were looking for: 


Ax? + 2Bxy + Cy = 1. (A.6) 


The constants are obviously given by the following equations: 


a+b? bga? 


A= Xp + Ap cos(2£), (A.7) 
b-a 
2B = "MES sin(2¢), (A.8) 


a? + b2 a? — b? 
C= 2p + Fab? cos(2£). (A.9) 


These constants obviously satisfy the inequalities 
A>=0 and C - 0. (A.10) 


We now determine how to return from the implicit equation (A.6) to the original 
parameters a, b, C. We find that 


b? — a? 
A-C = -gap 9500. (A.11) 


so that in combination with Eq. (A.8), we have 


2B 


tan(2£) = FN 


Without loss of generality, we now assume that b > a > 0 holds (the case a = 
b > 0 is analyzed below). According to Eqs. (A.8) and (A.11), the signs of the 
expressions 2B and A — C may be used to determine 25 € |—z, +7] in a unique 
way. Hence, the rotation angle is in the range 


"Heg 
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This is sufficient to describe an arbitrary ellipse, because a rotation by +90° leads 
to the same ellipse as a rotation by —90°. Finally, we reconstruct a and b. Due to 


A p (b? — a2)? FI s A — a? 
(A- CY + 2B) = = a ec Cy QBP = —- 
and 
a? + b2 . 
we obtain 
A / 3 zo b? _ 2 
+C+V(A-C)*+ (2B) = 2p m 
and 
5 z a? 2 
Aq Go (AO CP OB? 2 m 
which leads to 
2 
a= ; (A.12) 
? +C + J(A-CY + QBY 
2 
b= : (A.13) 
A-C-V(A- CY -QBY 
The area of the ellipse is 
i 27 = 27 
V(4+C}-[(4-C} -QBy] [Țv4AC-4B? 
= xab E (A.14) 
tab = —————.. : 
VAC — B? 


This result may also be found, for example, in [1, volume 2, Sect. 339.6]. This 


implies that Eq. (A.6) describes an ellipse only if 


AC— B?>0 


holds. As shown above and in order to make a and P real, 


A+C>0 


(A.15) 


(A.16) 
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must be valid. The first inequality implies AC > 0, so that the constants A and C 
must either both be positive or both be negative. Together with the second inequality, 
this leads to 


A, C » 0. 


As a conclusion, the two conditions (A.15) and (A.16) imply all the conditions 
mentioned above. If the matrices 


r4) *-üo) 


are defined, Eq. (A.6) may also be written in the form 


XT.M.X-1. 


The conditions (A.15) and (A.16) for an ellipse are obviously equivalent! to 


det M > 0, tr M — 0. 


The transformation to the original ellipse may also be performed by means of a 
principal axis transformation. One may easily check that the eigenvalues of M 
are A; = 1/a? and A = 1/P?. The eigenvectors correspond to the direction of the 
principal axes. 


We now analyze the case of a circle with radius a = b > 0. According to 
Eqs. (A.7)-(A.9), we obtain 


The parameter ¢ can no longer be determined, because the rotation matrix does not 
modify the circle. However, the equations and inequalities (A.12)-(A.16) are still 
valid. Therefore, the circle is included in the treatment as a special ellipse. 

We have analyzed only ellipses that are centered at the origin of the coordinate 
system. In order to cover the most general case of an ellipse in the plane, one 
may add a translation in Eq. (A.6) if x and y are replaced by x — xo and y — yo, 


lFor det M < 0, a hyperbola is obtained. 
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respectively. This leads to the general equation 
Ax? + 2Bxy + Cy? + 2Dx + 2Ey + F = 0, 


for which the decision whether it represents an ellipse becomes more complicated 
(cf. Burg et al. [2, volume II, Sect. 3.9.9]). 


A.2 Path Length and Curvature 


In this section, we determine the path length of a particle. 


A.2.1 Path Length 


As shown in Fig. A.2, the path is given by F(t), where f is an arbitrary parameter. 
According to Fig. A.2, we obtain 


AT = F(t + At) — r(t). 


If we divide this equation by Af, the left-hand side will change its absolute value 
but not its direction. If one then considers the limit as At — 0, it is clear that a 
tangent vector of arbitrary length is obtained: 


_ T(t- AD) —rT(t) dr 
lim = : 
At>0 At dt 


According to 


dr 
dt 


dr 


a 


> 


er, 


this tangent vector may be normalized in order to get the unit vector é;. The path 
length is obviously given by 
"EMI 9 at 
s= —| dt, 
dt 


where ds = |dr|. 
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Fig. A.2 Calculation of path 
length 


T(trAt) 


A.2.2 Curvature 


It is well known that the curvature is the inverse of the local radius and that it is 
given by 


dr 
ds? 


1 
Keoury = a 
Tourv 


(A.17) 


Here ds denotes the arc-length element of the curve. We will now check how 
this formula must be modified if the dependence of 7 on s is not known but the 
dependence on an arbitrary parameter f is given as above. For the derivative with 
respect to t, we use a dot from now on. For the first derivative, we obtain 


dr + dt 
— =f —. 
ds S 
Since 
ds — dř = iF 
dt di 
holds, we obtain 
dr 
ds j} 


As the second derivative, we now obtain 


- ee 
d TOE par au 


2 3 TUE z — MEUS a 
ds? dt Ay ds qr. FP Ir? n 


In the second step, we made use of 
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We obtain 
dz| du PF FP (py phot gag 
- . = —2— -T 
2 2 2 3 3 3 
ds ds* ds Ir|4 |r|8 |r|6 
dro (FPR P- GFP 
ds?| — n ) 
Finally, we obtain 
grj vyirPrp-Gc-rp 
kouv = dg = p f (A.18) 
PIE 


For the sake of simplicity, we assume from now on that the whole path is located in 
a two-dimensional plane. In this case, we get 


FP =P y", 
FP =P? +, 
POP = AK py. 
This leads to: 
lw TE py = xx ES xe 4 yx 4 yy — y??? eg _ 2XyXyj ES 
= Xy .y)-oxyxy- 
= &j - ji}. 


As a special form of Eq. (A.18), we therefore get 


TWO (A.19) 
x“ + y 


Kcurv,signed = 


The sign was chosen in such a way that the curvature Keurv,signea iS positive for a 
convex curve. 


We finally analyze the unit vectors that are tangential or normal to the curve. With 
the results derived above, we obtain 
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Fig. A.3 Normal and 
tangential unit vectors 


2 LoT (A.20) 


dr -2 52 
£l VX T y 


Figure A.3 shows that the corresponding normal unit vector ê, that satisfies &, -e, = 
0 may be obtained from é, by exchanging the components in the following way: 


"MP 
En = S—_. 
(x? + y? 


We now calculate the derivative of this normal unit vector: 


(A.21) 


S 2 2xX-c2yy 
dë, H (Gi e €x — T6, Ty 3 e(y €, — X ey) 2 i252 
dt -— X2 + y? 


|». ex — ¥ by) (KR? -y)-G &-x&)GX + O 

= G2 + p2)3/2 — 

By QU + yy — 9x3 yY) + Ey (GAR x, AOR SVS) 
(x2 ES y2y2 >= 


_ by X(PX — PX) + by (Xy + EY) 
Q2 + y2y2 


According to Eq. (A.19), this is equivalent to 


de, 


dt = Keury,signed (X ey = y ey) = Kcury, signed |r| &. (A.22) 


The derivative of the tangential unit vector is 


2 - 2xX-2yy 
gy Pere ys GFX 
dt -— x2-y? 


|» HE +H ey)? -)-GZ--»&)QGX--y»» _ 
m (x2 ES y2y m 
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à, (#4? Ex -xs-ijypr» GEA IP —HHE- PH) _ 
(x2 + y2y = 
Es 9G — $3) +8, AGE — 93) 
(x2 + p2)3/2 


de, 


dt = Keury signed(—) ex + x éy) = —Keurv,signed |r| ĉn. (A.23) 


Similar formulas exist for curves in three dimensions. They are known as Frenet- 
Serret formulas. 


A.2.3 Centripetal Force 


As a simple application of the formulas derived so far, we briefly calculate the 
centripetal force for a particle that follows an arbitrary curve in the xy-plane. We 
shall assume that the particle has a constant kinetic energy, so that m = 0 holds. 
Due to 


=ë +j >u= P+}, 
we obtain, by means of Eq. (A.19), 


mu yx—Xy 
2 — LB 
+ ——-—mu Kcurv,signed =m ` 
Tourv u 


(A.24) 


On the other hand, we get 


m 


F=mu=m (Xe, + fey). 


The center of the osculating circle is located in the direction normal to the tangent 
vector. Therefore, we calculate the normal component of F. By means of Eq. (A.21), 
we see that 

"T HET 

F H en =m 2d dimi ds 
u 


holds. If we compare this with Eq. (A.24), we obtain 


as expected. 
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A.3 Some Results Concerning Transverse Optics 
in Synchrotrons 


In this section, some results concerning transverse beam dynamics (linear case) are 
summarized. They may be found, for instance, in [3—5]. As discussed before, a 
reference particle with reference momentum pg travels on the reference path (closed 
orbit) of length /p. In transverse optics, one often uses the coordinates x, y, s. Here 
x is the horizontal coordinate (positive for larger radii), y is the vertical coordinate 
(positive for a larger height), and s € [0, /a] measures the length on the reference 
path. For the reference path, we have x = y = O. Instead of s € [0, Jp], one may 
use an angle variable 0 € [0,27] describing the azimuthal position in the ring. A 
particle with momentum pg + Ap will experience a displacement 


^ 
Ax = ODE 
DR 


from the reference orbit (cf. Edwards/Syphers [3, Sect.3.3.1]) if Ap « pm 
holds. The function D, (s) is called the momentum dispersion function or simply 
dispersion function. From D,(s) = D, (s --Ig), we see that it is a periodic function 
for typical synchrotron lattices. 

Let us assume that the reference path is given by r(@). In this case, the length of 


the reference path is 
2x 
lg = f dro = / 
0 


The path for 6 = Ap/pr # 0 is given by 


dro 


dé. AA 
dà (A.25) 


r(0) = ro(8) + D.(0)6e, (0). 
The derivative with respect to 0 is 


dr — df, n dë, " dD, 
dð da ~“ do dé 


bey. 
For the sake of simplicity, we write derivatives with respect to 0 with a dot: 
È = 7% + Dy 56, + Dy 86,. 
Due to Eq. (A.22) we have 
ë, = é, k|řol, 


where k(0) = Kov signed = 1/p(0) is the local curvature. This leads to 
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F = Fo + D, ô k|řolës + D, bey. 


Taking into account that 


is valid, one obtains 


v o3 i 7 2 " 
P. = (Fue Ds 8 KIPI) + (De 8)? 


5 5 Dig 
> |F| = |řol T + Dy ô k? + 


[Fo]? 


The term with D, is usually much smaller than that with Dx, so that 
IFI « [Fo] (1 + Dy à k) 


holds. Hence, as the path length of the off-momentum particle, we obtain 


27 Qn, 2m, Qn , 
i al dé al HEL =f [?o| d0 +f Pol Dydk dð: 
0 0 0 0 


According to Eq. (A.25), the first integral on the right-hand side equals lp. There- 
fore, taking into account that ds = |7o| d@ holds, we see that 


dr 


dé 


20 , Ig 
Al =1-In= f I7] Dök ab =5 | D;k ds 
0 0 


is valid. The quantity A/ obviously specifies the length difference between the 
closed orbit of an off-momentum particle and that of a particle with the reference 
momentum. 

This leads to the momentum compaction factor 


~ Ap/pR — 


Oc 


Al/I Al/I ] f^ 
[Te LS I D, (s) k(s) ds. 
ó R Jo 


Since the curvature equals the inverse local radius (k(s) = 1/p(s)), we obtain 


1 [f^ D,(s) 
es ds. A.26 
E x p) MER 


Hence the momentum compaction factor is the average of the fraction D,.(s)/ p(s). 
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The particles perform betatron oscillations around their closed orbit in the 
transverse case in a manner similar to the synchrotron oscillation in the longitudinal 
case: 


x(s) = Av/BxG) cos [Vx (s) + Yx]. (A.27) 


This formula satisfies the Mathieu-Hill differential equation, or Hill's differen- 
tial equation 


d?x f 
— + K,(s) x =0 with K,(s +r) = Kx(s) 
ds? 
if 
a 1 /da6\ 1 df, 
k,GgO- 5 (FE) + 58S = 1 
and 
dy, = 1 = ds 
iv RO ° Vx(s) = B.G) (A.28) 


are valid. The periodic function K,(s) is determined by the lattice. The function 
V. (s) is the phase function, while the function f, (s) is the amplitude function, 
betatron function, or beta function. The beta function obviously determines the 
envelope of the beam. For standard synchrotron lattices, it is a periodic function 
with B (s + lr) = f (s). 

The number of betatron oscillations per revolution (which is not an integer for 
proper synchrotron operation)? is called the (horizontal or vertical) tune: 


Tr _ Sox Tr _ Shy 


= 5 Vy = = . 
Tx fr i Tg. fn 


Due to Eq. (A.28), it is obtained by 


Vx 


1 f ds 
yy = — == 
27 0 Bx(s) 


If the momentum of the particle differs from the reference momentum pr, the tune 
will change according to 


?Moreover, fractions consisting of small integers have to be avoided, because the beam is then 
repeatedly subject to transverse kicks in a similar state of oscillation, so that it becomes unstable 
(resonance). The pair (vx, vy) is the working point of the machine, and it is usually visualized in 
a working diagram showing the resonance lines of different orders (cf. [5, Sect. 6.4.1]). 
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Ap Ap 
Avy = &(p) —, Av, = & (p) EL 
DR PR 


Here &;, & denotes the chromaticity. 
If the derivative with respect to s is denoted by a prime, Eq. (A.27) leads to 


man de B's) E 1 , 
x (s) "p ADB. cos [Wx(s) + Wr] “Ts sin [V (s) + Vo] 
(A.29) 


if Eq. (A.28) is taken into account. The pair (x, x^) defines the phase space? in the 
horizontal plane. If one uses Eqs. (A.27) and (A.29) to eliminate the sine and cosine 
functions, one obtains 


x s 1 E 
ya Ps — 2xx' p +x? E + s. =1. (A.30) 


This is the equation 
~ a ~ 7 Q 42.. 
Vex” + 2ü,xx' + xx = 1 
of an ellipse in the (x, x’)-plane GB. —àà 0, By > 0), whose area is 


T 
= TA’, 


72 
X 


n — 
~ 5 ~ B 72 
Vib- + hGH 


as we found in Eq. (A.14). If the outermost particle with maximum A is considered, 
the total phase space area enclosed by all particles can (similar to the longitudinal 
case) be used to define the transverse emittance €,, 


me, = 1A’, 


in the (x, x’)-plane.* In this case, one may set A = ./€x in Eqs. (A.27) and (A.29), 
and Eq. (A.30) can be written as the Courant-Snyder invariant 


Vex? + 2o,xx! + Bux"? = € 


3The (x, x^)-plane is sometimes called trace space (cf. [6]) in order to distinguish it from the 
overall phase space, which has six dimensions and whose volume is conserved due to the choice 
of canonical coordinates. 


^Sometimes, the emittance is defined with different constant factors. Similarly to the longitudinal 
case, one may define a transverse RMS emittance to cope with the difficulties in defining an area 
for a finite number of particles. 
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with Courant-Snyder parameters or Twiss parameters 


"E 21 Be 
CS Bx, «x 3! 


In the main chapters of this book, we pointed out that the area in the phase space 
(At, AW) is preserved if no synchrotron radiation or other damping or blowup 
mechanisms are present. Due to 


As = vrAt = BreoAt, 


a simple scale transformation converts the (At, AW) phase space into the (s, ps) 
phase space? (cf. Sect. 5.1.3: one coordinate is multiplied by cofp, and the other 
one is divided by the same factor). Therefore, the phase space (s, ps) also leads to 
area preservation. 

In the transverse case, area preservation is given in an analogous way if the phase 
space (x, px) is used. However, we have used the pair (x, x’) so far. According to 


dx dx ds 


Px = Mg = MoYR Ty dt = moCoyRPnx', 


we also have to multiply the (x, x^) area obtained above by yg fg in order to obtain 
an invariant quantity: 


7€xygDn = const. 
Therefore, one defines the normalized transverse emittance 
Enx = yRPRéx , 


which is preserved (also during acceleration) if no synchrotron radiation or other 
damping or blowup effects are present. According to Eq. (A.27), the maximum 
amplitude of the betatron oscillation is 


Smx(5) = Av Bx(8) = VerBx(s) = eo 
yrBr 


Therefore, the betatron oscillations are damped during acceleration. This is called 
adiabatic damping. 


Here the coordinates from our longitudinal phase space considerations were renamed according 
to ps = Ap,s = As. 
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A.4 Characterization of Fixed Points for the Longitudinal 
Beam Dynamics System 


The starting point for the classification of fixed points is the Hamiltonian in 
Eq. (3.29), 


AW? Y(1 
g= -E 


— At — At si ; 
Ws Bi 5 Tr [cos(wrr At + gr) — cos gn] + sing 


(A.31) 
which depends on g = AW and p = At. We calculate the partial derivatives: 


ORF 


oH NR 
— — = —— AW, 
JAW We Be 
dH y 
JAZ = E (— sin(OggAt + Qn) + sin QR) . 


This leads to the following second-order partial derivatives: 


oH 20 
dAWOAt | 
9H NR 


JAW? WaBe’ 


oH f ) 
= — Q COS(MprA +o E 
JNE T, RF RF R 


By means of 


First, we consider the fixed point rri, for which At = 0 and AW = 0 hold. The 
corresponding Jacobian matrix is 
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"m 0 ov ORF COS GR 
Dv(rgi)) = ( mR i 0 : 
Wa f 


For its eigenvalues, one obtains 


y 
= TA er ORF COS Qg = 0 
RPR 4R 
Y 
=>} m OV WRF COS Gr. 


B WRP? Tr 


Due to 7RQ cos gg < 0 (Eq. (3.26)), two imaginary eigenvalues exist. Hence, the 
linearized problem has a center at Ff, i.e., a stable fixed point. 

As we discussed in Sect. 2.11.5, one cannot conclude that the nonlinear system 
also has a center at rrj. However, the alternative approach that was presented in 
Sect. 2.11.5 is successful, as the following discussion demonstrates. 

We would like to show that H is a Lyapunov function. For the sake of simplicity, 
we shall consider only Q > 0, yg < 0. The term in Eq. (A.31) that depends on 
AW is then always greater than or equal to zero. The term that depends on At has 
a minimum at At = 0 for —1/2 < gp < z/2, since we have 


oH 
oAt 


At=0 
and 


9H 
QA? 


At=0 


Therefore, this term is greater than zero in a neighborhood of A? = 0. It is clear 
from the general statements presented in Sect. 2.11.5 that H is a Lyapunov function 
and that 7, is a stable fixed point. Therefore, the nonlinear Hamiltonian system also 
has a center at 7}. 


Now we consider the fixed point rr? at At = E and AW = 0. Due to 


^ 


9H 
9At? 


; V 
= — (gr cos(zsign GR — PR) = ——— «gp COS QR, 
TR Tg 


orFAt=z sign QR—29R 


the Jacobian matrix is 
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Fig. A.4 Hamiltonian 


H(AW, At) as a surface Saddle point 


MR 0 ms ORF COS GR 
DV(Fr2) =| np R 0 . 


Wa Ba 


For the eigenvalues, one obtains 


NR 
Wafz Ti 


AS ae ——— (gr COS Qg = 0 


y 
>V= UR = WRF COS QR. 


WRB? Ti 


Due to z& Q. cosgg < 0, there are two real eigenvalues with opposite signs; F F2 is 
a saddle point of the linearized system. Since the saddle point is a hyperbolic fixed 
point, the nonlinear system also has a saddle point (see Sect. 2.8.9). 

In Fig. A.4, the Hamiltonian H(AW, At) is drawn as a surface in three- 
dimensional space for gg = 20°. The particles move on the level curves of this 
mountain-like surface, because an autonomous system was assumed such that the 
Hamiltonian remains constant along the trajectory. If these level curves are drawn 
in the (AW, At) plane, a diagram like the upper one shown in Fig. 3.7 is obtained 
(except for the different choice of gg). 


A.5 Change of Variables for Multiple Integrals 


Consider a surface integral for which the surface is parameterized by o and f: 


F= J fo% naas f [7 


min min 


a(x, y) 
d(a, B) 


(a, B) | da dp. 
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Now we transform the coordinates x and y into new coordinates x’ and y', and we 
consider an analogous surface integral: 


Bmax 
F' = f [9595 dx’ dy’ = I 


min 


Omax ð g 1 
[| 9e» | "t 2 


do df. 


min 


We define 


p= EY) _ ae 
o(a, B) 


E dx, y) _ 
ala, p) 


~ da dB dB da 


ax L1 | _ ax’ dy’ dx’ dy’ 


p= e ox " ax! =) (> Ox " ay’ =) 7 
dx da dy da dx OB ody op 
dx’ dx | dx’ dy\ (Əy dx | dy’ dy\ _ 
= e 9B əy =) Gs Qe ay =) 
_ Ox! dy’ (dx dy ax dy dx’ dy’ (dx dy | Ox dy 
~ Ox dy (s ap op z) dy ox E da da z) 


, (x ay’  àx ay’ oe oe 
= Ox dy dy Ox 83$ ay’ ay’ | 
Ox dy 


If we write this in a different way, we obtain the chain rule for Jacobian 
determinants: 


(x,y) — AQ", y") Ax, y) 
d, p) I, y) O(a, B) 


Hence we have shown that 


Bmax max 0 / / 
F= | [owy ax av= f f $6. o) 
min Amin (x, y) 
d(x’, y^) 
= P(x, y) | dx dy 
/ J d(x, y) 
holds. This is the transformation rule for double integrals, which may be 


generalized to multiple integrals. 
The surface integral obviously keeps its value according to 


Ila, B) da dp = 


m 


F-F 
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if the absolute value of the Jacobian equals 1: 


/ if 
E e 


d(x, y) 


This is the condition for area preservation in two dimensions. For higher dimensions, 
one speaks of volume preservation in n-dimensional space: 


=1. 


Imm eat) 


Cl ne oe eee Xn) 


A.6 Characteristic Equation and Companion Matrix 


In Sect. 2.8.10, the relationship between the characteristic equation and the com- 

panion matrix of an ODE was presented. Here, we will show that the roots of the 

characteristic equation are in fact equal to the eigenvalues of the companion matrix. 
For this purpose, we will need the following n x n determinant: 


—à 1 0...0 0 
0 —4 1...0 0 
oh 0 0-A... 0 0 
0 0 0 —AÀ 1 
0.0 0 0 -A 


One way to calculate this determinant is to consider a Laplace expansion along the 
first column. This leads directly to 


D? = —À DŻ}. 
Since Di = —A is obvious, we obtain 
D? = (-A)". 


We begin with the proof that the eigenvalues of the companion matrix are 
identical to the solutions of the characteristic equation. We use mathematical 
induction. In Sect. 2.8.10, we showed that the statement (Eq. (2.114)) is true for 
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n = 2andn = 3 (basis). For the inductive step, we now assume that the statement 
is true for n — 1, so that we have to show that it holds for n. 
According to Eqs. (2.112) and (2.113), we obtain 


—A 1 0 0°. 0 0 
0 —AÀ 1 0 -- 0 0 
0 0 -A 1.. 0 0 
D; -de(A-AMD)-| : : i1 ice [d : ; 
0 0 0 0... 1 0 
0 0 0 0... -A 1 
80 _ 41 _ 42 _ 43 ll —ün—2 | ün—l .. À 


where the determinant is an n x n array. We expand the determinant along the last 
column: 


—A 1 0 0 *— 0 0 

0 -A 1 0 0 0 

0 0 —AÀ 1 0 0 

Doce mcr muc o3 ZEE 

0 0 0 0 1 0 

0 0 0 0 —À 1 
_ 40 ay a2 a3 ün—3 ün—2 

—A 1 00.. 0 O0 

0—A4 10:0 0 

PR 0 0-Al--- 0 0 

«(CERA V Tu. (A.32) 

0.0 00 —A 1 

0.0 00 0 —AÀ 


These are (n — 1) x (n — 1) determinants. The second determinant obviously equals 
DŻ = (—A)""!. The first determinant is similar—but not equal—to DE One 
difference is that in DE .., an additional term —A in the last element is present. The 
other difference is that in the last row of DI the denominator is a,—; instead of 
an. We therefore now regard the last column of D as the sum of two column 
vectors, one with —/ as the last element, the other with —2"— as the last element. 


an—1 
Therefore, we obtain 
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—A 1 0 0 0 0 
0 —A 1 0 0 0 
0 0 —A 1 0 0 
Dia-| : : 3B E : = 
0 0 0 0 1 0 
0 0 0 0 —A 1 
do a 82 _ 43 — 4n—3 | (n—2 À 
an—-1 an—-1 ün—| ün—| an—-1 an—-1 
—A 1 0 0 0 0 
0 —A 1 0 0 0 
0 0 —A 1 0 0 
0 0 0 0 1 0 
0 0 0 0 —A 1 
ap at |» 02 X d3 Lo0g—3 | ün—2 
an—-1 an—-1 an—-1 an—-1 an—-1 an—-1 
—A 1 0 0 0 0 
0 —A 1 0 0 0 
0 0 —A 1 0 0 
+ 
0 0 0 0 ... 1 0 
0 0 0 0 ... -A 0 
...90 _ 4 _ @ , 43 enc 2). 
n—] n—] an—-1 an= 577 n—] 


The last determinant may be expanded along the last column, which leads directly to 
—A-: DA = (—A)""1. If we multiply the last row of the first of the two determinants 
on the right-hand side by =, we get the determinant that we need in Eq. (A.32). 


an 


Hence, this determinant equals 


n (DE E (-Ay*!) . 


an 


which may be used in Eq. (A.32): 


aAn— n— an— n— an- n 
pp=-9! (pi, - cay! (- 3 = 2) cay =e «cay. 


n n 


According to the assumption of our induction step, 


n—l 
ak 
F _ n—l k 
D, ,-—(-1) ) — À 
k=0 an-1 
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is valid, so that 


n—l n=l 
DF = —(—| n—l dk Ak —AÀy = (-1)" ak us —1)y"4" 
ied rh aa) RD 


Il 
— 
e 
— 
= 
SJs 
> 
> 


follows. This completes the induction step and the proof. 


A.7 Cavity Response to Excitations 


In this section, we analyze how an ideal cavity with the standard lumped element 
circuit shown in Fig. 4.5 on p. 181 reacts to different types of excitation. 


A.7.1 Amplitude Jumps 


First of all, we consider the case that the generator current is switched on and that the 
beam current is negligible. We are interested in the resulting change in the voltage. 
In other words, we have to solve the ODE (4.28), 


ld 


m VT 
Vis — Vaa 2 Va = -U — hem) 
gap + Z Veap + Ores Vea = G Gy Ce beam) 


for the generator current 


0 t <0, 


Igent) = i 
gent) Igen sin(wt) t0, 


with 


Toeam (f) = 0. 


A.7.1.1 Solution of the Homogeneous Equation 


We use the ansatz 
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and insert it into the homogeneous ODE: 


2 
a? + =a be, 0 


so that 


holds. Therefore, the argument of the square root is always negative. 
We obtain 


1 1 
a=—--t4— 5-2, 
T T 

Ian 
>Q = —- + joa 


with 


2 1 1 1 
Od = y res — D = Wes ,/ 1 — vu = Ores [1— 402° (A.33) 
P 


res 


Thus, we may write the ansatz given above in the following form: 


Vzap = e '/ (A cos(wat) + B. sin(œat)), (A.34) 


Ve ap 


ous (coston) E + Bo | + sin(@at) |-= — 2 ; 


Boa Bog 


5 A 
Vinee he (coson | — 


T2 T 


B A Aw 
+ sinon | zd UE soi) ; 
t t T 


aei + (A.35) 


We may easily verify that this ansatz satisfies the homogeneous differential equation 
if we insert it and compare the cosine coefficients: 
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A 2B 2A 2B 
Se Age Sep adu Er Ru EE 
T T 

The sine coefficients lead to 
B 2Aw 2B 2Aw, 
tL - Bo} — > - —* + 02, B = 0 
T T 


A.7.1.2 Particular Solution 


The particular solution Vas is the one that is obtained if the standard AC circuit 


theory with phasors is used. We obtain 


V gap = Leen ' Z 
with 
Z=1/Y, 
$ 1 
Y = — + joC + —, 
P oLy 
and 


For the generator current 
à : ^ m 
Igen(t) = Igen Sin(cot) = Igen COS c — =) i 


we get the phasor 


and therefore 


A T A : 
Veap(t) = Va cos (or +z- 5) = Va Sin(wt + qz) 


with 


A 


y 


im = gen| Z| 
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and 


oC — gr R 
gz = KZ = —XY = —arctan ——— —- = arctan (= - oC) ; 
e 


A.7.1.3 Overall Solution and Initial Conditions 


The total solution for £ > 0 is obtained as the sum of the homogeneous and the 
particular solution: 


Veap(t) = e (A cos(wat) + B. sin(wat)) + VA sin(ot +z). . (A.36) 


ap 


Now we have to take the initial conditions into account. First of all, it is clear that 
the voltage at the capacitor, i.e., Vsap, may not jump: 


Vap(0—) = Veap(0+) = 0 
=> A + VL, sin(gz) = 0 


=E -Ply sin(gz). 


Due to 
in(arctan(x)) = —— 
sin(arctan(x)) = ————. 
V1+ x? 
the equation 
Rp 1 
oL, 7 YRC oT 


sin(gz) = 


= = -|Z| Im{Y} 


is valid, and we obtain 
A = fa Z|? Im{Y}. 
Also, the current inside the inductor cannot jump. Therefore, 
IL = Igen — Ic — In 
must be continuous. The reason that 7, must be continuous is that we have already 


shown that V;4, is continuous. Also, Jen is continuous at / = 0. In conclusion, Ic 
must be continuous, which implies the continuity of Vgap. In general, we have 
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Veap(t) Le (coston) |-: + Bon + sin(ot) |-= — z 


+0: 


wp? COS(wt + yz). 


For t = 0, we must therefore require 


A » 
|-= + 21 4 Vieap® cos(qz) = 0 
T 


1 fA s, 
= B=—|——V,,,@ cos(ez)]. 


Wa T 
Due to 
(arctan(x)) = —— 
cos(arctan(x)) = ———— 
VI + x2. 
we obtain 
1 1 Z 
cos(gz) = = = | | 
R 2 i i 2 Rp 
1+ (3 -oR C) Rp 5t( oC) 
leading to 


PEE. (ze d) 


Wa TU Ry 
A Im{Y wo 
> B = fal ZP( wi | 
WaT wa Rp 


This completely determines the solution: 


ONE 


7 izi (s +z) re |a Im{Y} cos(wat) (A.37) 
gen 


(Ene LE z) ino] 
Wat wa Rp 


Finally, we consider the special case that the cavity is excited with the resonant 
frequency according to 
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w = Ores. 
Then we obtain 
^ w 
Im{Y} = 0, gz = 9, |Z| = Rp, A=0, B = —Igen|Z|—, 
Od 
and the total solution 
y. E. " —t/t oO , 
gap(t) = Igen Rp | sin(wt) — e = sin(@at) |. 
d 
For sufficiently high Q factors, one gets wg ~ c, and our excitation 
Ig (f) = La sin(ct) 
for t > 0 leads to the response 
Veap(t) = Igen(t)Rp (1 — €). 
Hence, under these simplifications, an amplitude step of the generator current 
Teen (t) = Leno O(t) 
leads to a gap voltage amplitude response 
Veap(t) = fo O(t) Rp (1 — e), 


so that the transfer function 


PS 1 1 
ap (S ss l R 


sis) I s+t ~ L4st 


is obtained in the Laplace domain; this is a PT, behavior for the amplitudes. 


A.7.2 Phase Jumps 


In this section, we analyze how the phase of the gap voltage reacts to a jump in 
the phase of the beam current A@peam. The resulting change in the phase of the gap 
voltage is denoted by Ag. We will determine this quantity in this section. 

We consider only small phase jumps, since that is what is relevant for typical 
stability considerations. 
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Let us assume that the cavity is in a steady-state condition for t « 0, so that the 
following signals are present: 


Veap(t) = Veap sin(wt — qo). (A.38) 
Tbeam(t) = ream cos(ot — Übeam — 90). (A.39) 


Tgen(t) = bu cos(wt — Qgen — P0). 


Please note that according to the choice of the sine and cosine functions, for @peam = 
0 the maximum of the beam current is located at the positive zero crossing of the 
gap voltage (stationary conditions for Q > 0 and nr < 0). 

Att = 0, the phase of the beam current will jump from @peam tO Ppeam + A Qpeam- 
Since this jump will in principle be able to hit any phase of the listed signals, the 
phase qo was introduced. 


A.7.2.A4A Particular Solution 


For t > 0, we have 


Ibeam(t) = een cos(wt — (beam — A Qbeam = o), (A.40) 


Igen(t) = To cos(wt — Qgen — P0). 


The generator current remains unchanged, but the beam current performs a phase 
jump according to our formulation of the problem. In the steady state for t — oo, 
we obtain the following particular solution: 


TM A x 
Veap(t) = Va, Sin(@t—A@gap—Po) = Vj, cos (wr — A@gap — Yo — 5) . (A.41) 


Of course, not only a different steady-state phase has to be assumed here, but also 


an amplitude Ys that differs from the original amplitude os 


If we convert these time signals into complex amplitudes, we get 


—j am + Abeam + 
yam = [beam € J (beam beam 90). 
^ 00$ z + 
Ii = [gen e J gen 90). 
Ex = Plo e JG t po). 


The equivalent circuit leads to 


^ = nC. Soz 
d yan T scan NE Y cab IY | e z 


For the real part of this equation, one obtains 
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Lui cos (Peen + $0) = Fess COs (Pbeam + A Qbeam + Q0) = 
x T 
- Vip |Y| cos (-5 — AQgap — Po — ez) . 
The imaginary part is 
ay sin (Gen + $0) + p sin (Pbeam + A beam + Qo) = 
^, . T 
= Voss |Y | sin (-5 — Afgap — Yo — ez) : 
The last two equations may be written in the following form: 


xs Lus cos (Peen + $0) + Tein cos (Pbeam + A beam + Qo) = 


4 sin (Aqgap + Po + gz). (A.42) 
Pn sin (sen + $0) = j sin (Pbeam + A (beam + po) = 
= Veal cos (Aggap + qo + oz). (A.43) 


The quotient of these two results is 


gen COS (Gen + po) + Tus cos (Pbeam T A (beam us po) 
gen sin (Pen + po) — Joan sin (Pbeam + A Qbe; am + Qo) 


zi 
tan (Aggap- 9o-9z) = n 


=> p sin (den + $0) — foeam Sin (Qoam + A@beam + 2 
- sin (A gap + po + oz) = 
= |- fren COS (Pgen + P0) + focam COS (Qoeam + AQoeam + go) | 
- cos (Aggap + Yo + Qz) - 


The derivative of this equation with respect to A pea, is? 


—Tyeam cos (Pbeam F A Pbeam + 0) sin (A@eap + Po + pz) + 
+ DT sin (Gen + po) = jm sin (beam + A@beam + po) | x 


dA9g 
< COS (Ageap + po + oz) TEA = 


6We assume that øz remains unchanged, because the operating frequency and the cavity 
parameters Rp, Lp, and C will not be modified by the phase jump. 
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= — feam sin (beam * A beam F Yo) cos (Ageap + Po + 9z) = 
= [fen cos (Gen + po) + Teac cos (Qbeam + A beam + po) | ` 


dA Qgap 


- sin (APgap + Yo + 9z) 2 


It follows that 


ME. 
dA Qbeam A Qbeam =0 


Jam COS (Qbeam + P0) sin (Po + ez) — Tcal Sin (Ypeam + Yo) cos (Yo + ez) 
Igen sin (Pgen $ po) COS (po + GZ) — Ibeam Sin (beam + Yo) cos (po + YZ) —:-- 


= Toes cos (Ygen + po) sin (go + ez) + Tiegni COS (Qbeam + Yo) sin (po + ez) 


Here we used the fact that for AØpeam = 0, we also have Ag,45 = O by definition. 
Now we see that the trigonometric sum and difference identities may be applied, 
and we finally obtain 


Posi sin (gz = Pbeam) 


K = = = s 
Igen sin (Pgen xad 9z) + Theam sin (gz iari Qbeam) 


This factor K obviously has to be multiplied by A@peam to determine the phase 
deviation Agap when an equilibrium is reached after a small phase jump A beam 
has occurred: 


Agap = K AGpeam- (A.44) 


The expression for K may be converted into a form that does not depend on @gen. For 
this purpose, we multiply Eq. (A.42) by sin(gz + po) and Eq. (A.43) by cos(@z + 
po). The sum of the resulting equations leads to 


[m sin (sen = 9z) + Tocam sin (gz ~*~ Qbeam) = Vd |Y | 


if Agbeam = A@gap = O, Plo = Paap is considered the “operating point.” We 
therefore obtain 


= Tosan sin (gz E Pbeam) 
Veap |Y | 
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Sometimes, the relative beam loading factor" 


Toon Tecan 
f= == 0h (A.45) 
Veap Vp [Y| cos yz 


is defined, so that we obtain 


on i ud eam 
y us rb Sm uoc Peu 


T beam 


=> |K-—E cosgz sin(9z — Qpeam) - (A.46) 


Now we determine the change in the amplitude at steady state that is caused by 
the phase jump. For this purpose, we add the squares of Eqs. (A.42) and (A.43): 


TA + Iu = 7 HEN AE [cos (Gen + po) cos (Qbeam + A beam + Qo) + 


+ sin (Pgen + 0) sin (Pbeam + AQbeam + 9) | = (Oll Y|}? 


> Yos = |Z] fbn "b Ee —2 Joss ee COS(Qbeam E A (beam — Qgen)- 


If no phase jump occurs, we have 


> Vo = PA V fà. F N =2 Íren focam COS(Qbeam n Pegen). (A.47) 
By means of 


COS(Qbeam + AQbeam p (gen) A COS(Qbeam — (sen) — Sin(Qbeam — Pgen) A beam, 


we obtain 


2 I gen locam Sin(Qbeam n (gen) 


A 2 A A 
Is + Tei =2 T aen {beam COS(Qbeam = gen) 


Plo Veap | 1+ 


gap A Qbeam . 


Finally, we obtain 


TIn the literature, this factor is usually denoted by Y, which we have avoided, since Y is the 
admittance here. 
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y È Pas] + J A Qbeam) (A.48) 
with 
ja ; Sin (focum = (gen) (A.49) 
LM jp qu =2 COS(Qbeam = gen) 


Not only K, but also J may be written in a form that is independent of @gen. 
For this purpose, we multiply Eq. (A.42) by sin(@peam + qo) and Eq. (A.43) by 
COS(Ypeam + Go). The sum of the resulting equations is (Agpeam = AGgap = 0, 
Von zy Veap) 


Lu Sin(gsen = Pbeam) = Vasgl Y | COS(Qbeam = gz). (A.50) 


Now we multiply Eq. (A.42) by — cos(@peam +o) and Eq. (A.43) by sin(Qpeam + Qo). 


The sum of the resulting equations is (Agpeam = A@gap = 0, Voip = Veap): 


bus COS(Pgen — (beam) — Trein = Veap|Y | Sin(Qbeam = gz). (A.5 1) 
The two equations (A.50) and (A.51) are now inserted into Eq. (A.49): 


= "4 COS(Qbeam — PZ) 


i24 T T $ : 
ae Team —2 (s + Veap|Y | Sin(Qbeam — 9z )) 


Tbeam 


J= 


Due to Eq. (A.45), we obtain 


Peal Yl 1 
= = ; (A.52) 
Theam 3 COS OZ 
and it follows that 
J= — cos(Pegn— (z) (A.53) 


beam E SOS pz 


In sin(gpeam—z) | 
E cos gz na —]—2—umn—2- 


In order to substitute the fraction (4, gen/ Team), we make use of Eq. (A.47): 
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Vil | i I 
gap gen gen 

—x = 2) + 1-2 TA. COS(Qbeam = Qgen)- 
Theam beam beam 


Now we insert Eq. (A.51): 


pur D. Poal Yl 
zap | = = +1-2 1+ YeælY| Sin(Qbeam — PZ) . 
Theam beam beam 


Equation (A.52) may now be applied twice: 


1 i Is —1— 5 Sin (Poeam = gz) 
E cosgz i. e. E cosgz 


The argument of the square root is exactly the expression that is needed in 
Eq. (A.53): 


J= —§ COS pz COS(Qbeam = oz). (A.54) 


A.7.2.2 Overall Solution and Initial Conditions 


The homogeneous solution is the same one that we derived in Sect. A.7.1.1, since 
only the excitation differs in the two cases (amplitude jumps vs. phase jumps). 

The total solution for £ > O0 is the sum of the homogeneous solution (A.34) and 
the particular solution (A.41): 


Voap(t) = e™/ (A cos(wat) + B sin(wat)) + V. sin(@t—A@gap—Yo) — (A.55) 


Now we have to incorporate the initial conditions. First of all, it is clear that the 
voltage at the capacitor Vzap cannot have any steps (the voltage for £ < 0 is given by 
Eq. (A.38)): 
Veap (O—) = Vyap(O+) 
> =e sing = A— jos sin(A@gap + Go) 
>A= Vay sin(Aqgap + Q0) — Veap sin qo. (A.56) 
Also, the current 77, of the inductance cannot have any steps. Since the gap voltage 


and the generator current are continuous as well, Eq. (4.27) shows that Ic + loeam 
must be continuous, too. Based on Eqs. (A.38) and (A.39), we obtain for t < 0, 
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Ic =C os — oC Van cos(wt — qo), 
Tbeam = Theam cos(wt — beam — Qo). 


Due to Eqs. (A.55) and (A.40), we have for t > 0, 


Ic =C Voap =C e" (coston) |-* + Bos | + sin(wat) |-= = aw] 
ToC Yu cos(wt — Aqgap — Yo), 
Tyeam = Team COS(@t — Poeam — A team — P0). 
The continuity requirement 
Ic (0—) + Ibeam(O—) = Ic (0+) + Ibeam(0+) 
leads to the following condition: 
OC Veap COS Go + Tyeam COS(Pream + 90) = 


A ^ x 
= C E + Bo, |+ wC V; COS( A Qgap + Qo) + Theam COS(Pbeam + A beam + po) 


gap 


1 A pe 
=> B = — É ge (COS(Ypeam + Yo) — COS(Pbeam + AQbeam + Go)) + 
al t C 
cto (Paa COS Qo — Ve cos(Aggap + ¢0)) | (A.57) 


Now we determine approximations for the expressions A and B that are valid for 
small A@peam and small Aga. Together with Eq. (A.48), Eq. (A.56) leads to 


Az Vent +J A Qbeam) (AQgap COS Qo + sin po) = Prap sin Po 


— Ax Vas (Aggap COS Po + J Adseam Sin Yo) 


= | A ~ Prap Atem (K cos po + J sin go). (A.58) 


In the last step, we used Eq. (A.44). 
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In an analogous way, Eq. (A.57) leads to 


l|A m ; 
BR wa É F E (cos(Ypeam F Q0) = COS(Qbeam + (0) + A Qbeam Sin(Qbeam + €0)) + 


+o (fas, cos qo — (1 + J AQbeam) View [cos Q0 — Aggap Sin es]) | 


K cos qo + J sin qo " Judi Sin(Qbeam + 90) 


B ~ Paap Abe: 
gap eam ^ 
Td Veap @aC 


w " 
+— (K sin qo — J cos w). 
Qd 


In the second term, we may expand the fraction by Rp, so that the definition (A.45) 
for £ may be applied: 


K cosgo+ J sin go Je 2E sin(Pveam + Go) 
Td Td 


BY Paap Spm 


+Ê (K sin po — J ee) 
Od 


We finally use Eq. (A.46): 


K cos Po + J sin Po 4 2K Sin(Qbeam + po) 


Ta T@a Sin(QGz — Qbeam) COS Qz 


BHR Prap A Qbeam ( 


w 
+ —(K singo- J ese). 
Wd 


(A.59) 


A.7.2.3 Phase Jump of the Gap Voltage 


In order to determine the transient behavior Ag(t) of the phase jump of the gap 
voltage, we now write Voap(t) for t > 0 in the form 


Vas) = rol sin(wt — Ag — qo) = Ve sin(wt) cos(Ag + qo) 


-Y cos(wt) sin(Ag + 9o). 


We now define 
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wq = w + Aaa, 


and a comparison of the sin(wt) and cos(wt) terms with Eq. (A.55) yields 


cos(Ag +) = er (—A sin(Aogt)-- B cos(Awgt)) + V. al COS( A Qgap + 90) 


n 
Vis 
EM sin(Ag + po) =e!" (A cos(Awat)+B sin(Awat)) — Vap Sin(A gap + 90). 
The negative quotient of the right-hand side of these equations will be denoted by f 


7'/* (A sin(Awat) — B. cos(Aogt)) — M cos(A@gap + 90) 
y. sin( A gap + $0) 


f= e—/" (A cos(Awat) + B sin(Aogt)) — 
An approximation of the quotient of the left-hand sides for Ag « 1 leads to 


— Aq sin Qo ~ f'(sin qo + Aq cos Go) 


COS Qo — f sin qo 
=> AQ ; 
P sin qo + f cos qo 


COS Yo 


Here we insert the expression for f determined above 
e^! [A cos(Awat) cos qo + B sin(Awat) cos qo — 

—'/* [A cos(Awat) sin qo + B sin(Acgf) sin qo + 

—A sin(Acgt) sin go + B cos(Aq@at) sin qo] 

+A sin(Aq@gt) cos go — B cos(Aogt) cos qo] + 
[- sin(A@gap + Go) COS qo + cos(AQgap + qo) sin po] 


Ag 


T5. 
[—sin(AQgap + Yo) sin qo — cos(Aggap + Yo) cos qo] 


u^ 
The trigonometric addition and subtraction identities lead to a significant simplifi- 
cation: 
" e '/* [A cos(Awat + qo) + B sin(Awat + ¢o)] — Veep sin AQgap 
OEN 
e~/t[A sin(Awat + po) — B cos(Awat + po)] — V jap COS APgap 


For sufficiently large f, the exponential functions disappear, so that 


Ag > Agap 
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holds for Aggap K 1. This is a cross-check, since the phase jump of the overall 
solution must approach the phase jump of the particular solution asymptotically for 
large times t. 


Again, we make some approximations for Aggap < 1: 


—e t/t 5Á cos(Awat + qo) + 7 sin(Awat + 2] + AQeap 
gap 


gap 


Ag & 


—e^t/* | A sin(Awat + po) — & cos(Aogt + po) | + 1 
Visop Vip 


* ^ / s / . 
If we now take into account that both A/ Veap and B / Veap are proportional to A Qbeam: 


i.e., very small, we may neglect the denominator: 


A 
AQ © Adgp — gi I cos(Aogt + po) + z, 


gap gap 


sin(Awat + J : 


Inserting the approximation (A.48), 
Vig x V sap (1 s J A Qbeam); 


would lead to only second-order terms, which can be neglected: 


A B 
Ag 7: K AQbeam — e E cos(Aogt + go) + ? sin(A@gt + J . 


gap gap 


(A.60) 


Equation (A.60) determines the time response of the phase of the gap voltage that 
results from a jump in the beam current phase. It has to be emphasized that the 
calculations presented here have to be regarded as exact for sufficiently small phase 
jumps. 


Finally, we show that the phase response corresponds to a PT; behavior under 
certain conditions. For this purpose, we assume that the cavity is excited at 
resonance and that the quality factor is high: 


OQ = Gus, Toa l, toa > E, (Gg 0, Awy x 0. (A.61) 


Equations (A.46), 
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K = E cosgz sin($z — beam) , 
and (A.54), 
J = —E cosgz cos(gz — Quan) . 


lead to the following expressions: 


K cosqo + J singo = E cosqz sin (z — Pveam — Q0) , 
K singo — J cosqo = & cosøz cos (Øz — Pbeam — Po) - 


According to Eq. (A.58), we get 

Ax Prap AQbeam E COS Qz sin (Pz — Qbeam — P0) - 
Using the approximations (A.61), Eq. (A.59) leads to 

Bx [m Aveam E COS Qz COS (PZ — Qbeam — P0) - 


These results allow us to determine the expression in brackets in Eq. (A.60): 


gap gap 


A B . 
l — cos(Aogt + qo) + —— sin(Aogt + J 
RI A Qbeam E cos pz sin (gz = Qbeam) = K A Qbeam- 
Hence, Eq. (A.60) takes the simplified form 
Ag 7 K AQpeam (1 — et) ; 


which actually is a PT, response. 


A.8 Example for Adiabaticity 


In this section, we construct an example of an exact solution of the ODE (5.8) in 
Sect. 5.2.2. For this purpose, we just define the solution 


Qo(t) = Qo cos? (ki), (A.62) 
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where Qo and k are constants. We obtain? 
Qo = —2Qok sin(kt) cos(kt), (A.63) 
Qo = —299K? [cos (kt) — sin? (kt)] = 29K? [2 cos*(kr) — 1], (A.64) 
Qo = —2Qok? 4k cos(kt)(— sin(kt)) = 8Qok* sin(kt) cos(kt) = —4k?Qo. 
(A.65) 
Using Eq. (5.9), we obtain 
R(t) = Q2 cos" (kr) — k*[1 — tan? (kr)] — 3k? tan? (kr) 
=> Q?(t) = Q2 cos^(kr) — k?[1 + 2 tan? (k)] (A.66) 


as the "original" frequency in the ODE. Solutions of the ODE 
ü + Q27(t)u — 0 


with this choice of Q are therefore (cf. Sect. 5.2.2) 


u(t) — Js. cos !(kt) cos (J Qo(t) ar) 
2 


0 
and 
u(t) — se cos! (kt) sin n Qo(t) ar). 
Ta 
Here 


g(t) = f Qo(t) dt = Qo IET dt = “ fo + cos(2kt)) dt = = ( + x sn(2k)) 


A 


> g(t) = %, (1 + si(2kr)) 


holds, where the integration constant is omitted, since we require 


8The higher-order derivatives are needed later. 
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p(0) = 0. 


For kt < 1, we have g ~ Qot as a zero-order approximation. This is not 
astonishing, since the time derivative of (29(¢) vanishes for £ = 0 and Qo ~% Qo 
is quasiconstant. 

One has to make sure that f is never so large that Q? < 0 becomes true. In any 
case, one has to choose kt < 2/2 in order to keep the tan function in Eq. (A.66) 
finite. Furthermore, 0 < k < Ds must hold in order to have Q?(0) > 0. 


Now we continue with an application of the test scenario. For this purpose, 
Eq. (3.15), 


dAt NR 
polea ume y. 
dí — BRyr 
is written in the form 
At = —a Ay, 
where 
a — (A.67) 
BRYR 


is defined. Here we assume that the energy of the synchronous particle remains 
constant, so that a does not depend on time. 
Equation (3.17), 


dAy | QV ,. l 
— = —— —. (sin(ogrAt + — sin ; 
di nos (ORF QR) QR) 


is linearized, which leads to 
Ay — b At. (A.68) 


The voltage amplitude V is assumed to be time-dependent, and therefore b also 
depends on time. Since a is constant, the ODE for At is simple: 


Af + ab At — 0. 
Due to the time dependence of 


Q(t) :— a b(t), 
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the ODE 
Af + Q)(t) At — 0 


for At that was discussed above for u(t) is obtained. For the choice of Q and Qo 
that served as an example above, the solution 


At = Ato cos ! (kt) cos ( I Qo(t) ar) (A.69) 
is obtained, where we have used the abbreviation 


Ato = At|:=0 = 


A 


9 


e 


It follows that 


Ai = Ato E cos (kt) sin(kt) cos ( J Qo(t) ar) 


— Qo cos™! (kt) sin (/ Qo(t) 2] = 


= Ato |: cos ?(kr) sin(kt) cos (J Qo(t) ar) 


zs cos(kf) sin (J Qo(t) 2] ; 


so that 


Ay = E = Ail cos (kt) sin(kt) cos (J Qo(t) 2 (A.70) 


+025 cos(kt) sin (J Qo(t) 2] 


is the result. 


For verification purposes, we now check the validity of the ODE for Ay (the 
reader may skip this calculation, which is printed only for the sake of completeness). 
Equation (A.68) leads to 


412 


Ay = bAt + bAi = Pay —abAy 


=> Ay- P A T abAy — 0. 
Due to 
TP" Q b 
Q? — ab => 2QQ = ab aa cs 
the differential equation is 
Ay E Ay + Q2Ay — 0, 
Or 
Q?Ay —29 Q Ay + Q*Ay — 0. 
In our example, we have (cf. Eq. (A.66)) 


Q?(r) = Q2 cos '(kr) — K?[1 + 2 tan? (kr)] 


> 222 = —4kQ2 cos*(kt) sin(kt) — 4k? cos ^ (kt) sin(kr). 


According to Eq. (A.70), the solution of the ODE is 


At ^ 
Ay = me |-« cos ?(kt) sin(kt) cos o + Qo cos(kt) sing]. 
a 


Appendix 


(A.71) 


At ^ 
Ay = P [ (24 cos 3(kt) sin?(kr) — k? cos! (kr) + Qo Qo cos(kt)) cos o+ 


+ (-o k sin(kt) + k Qo cos? (kr) sin(kr)) sin e| E 
Ato 


= — (22€ cos ?(kt) + k? cos ! (kr) + D cos'(kr)) COS Q, 


a 


At " 
Ay = € [ (6% cos ^(kt) + k? cos ? (kr) — 3kQ5 cos*(kt)) sin(kt) cos g— 


— Qo (-2x? cos ? (kt) + k? cos! (kr) + Qu cos? n) sin e| = 


At . 
Mei [ (6x cos ^(kt) + k? cos ?(kr) — 3kQ2 cos? (ki) sin(kt) cos g+ 
a 


+ 


(2? cos ! (kt) — Un cos(kt) — Q2 cos*(kt)) sin e| : 
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All these formulas are now inserted into the ODE (A.71). The abbreviations 
c — cos(Kt), s = sin(kr) 


are helpful. First we write down the coefficients of cos g: 


(&i« AT 2567] (- —6k? c^* + iG c? —3kQ2 2) s+ 
4k? c? s + 4k? es) (28 6 + k? eT! + Ê? c?) + 
+ ( *s)(- ) 
2 


+ (25 c —k[1 + 2s ie) (-k c? s). 
Here we analyze the coefficients of the powers of Qo: 


QS : c*(-3k c?)s + 4k P s P + c (-k c? s) = 0, 
Q2 : ct (C6k? c^* + k? c ?)s — 3k c?s( -K?[1 + 2s2c ?]) + 
+ 4k è s(-2k? c? + k? c7!) + e 4k? c™ò s + 
+ k eo? s 2c*k?[1 + 258207] = 
= —6k?s + k’c?s + 3k3c7s + 6k? — 
— 8k?s + AK? c? s + As + 
+ 2k? c?s + AK? = 
= —10k°s + 10k3c?s + 10$? = 
—10k°s + 109 cs + 105 — 10k3sc? = 0, 
> - [E + 23207] (26)? co 4 + k? 0?) 5 + 
+4 cs (—2k* co+k c!) + 
+ k*[1 + 28°c PP (-k 6? s) = 
= 6k? eo s — kò? oo s + 12k? 4 54-9 v. = 
— 8K?c 6s + 4k°c™*s — 
— kóc ? s — Ac 45° — Ak? c 65? = 
L-6bc':s-brtsICSs' s — 12k? ct s — 2k? ct s+2k° et s — 
— 8K?c 6s + 4k°c™*s — 
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— c? s — Alc s + A 7s — AÓc 68? + Ac ^ = 

= —4k°? c™ s + k? c™° s + 4k? c s— 

— kc ? s — AQc ^s + 4k 5 — Ak c 6s + 4k°c™s + AO 4s — 
— 4kóc ?s — Q. 


We have shown that the coefficients of cos g are equal to zero. Now we write down 
the coefficients of sin g in Eq. (A.71): 


(â c*- kL + 2s*e~*)) (2k T — k Êo c- e 8 + 


^ 24 
4 (93 ct — PUL + 2e) Qo c. 
The coefficients of the powers of Qo are 


Q5 : = +c? — 0, 
Qi : Ak? c! —k? c) + PE? [o + 2526 7] - 2c k [1 + 2526 7] e = 
= 2k?c3 — k?c + kc? 2? 8? — 2k? — AK? 0? = 
= 2K? — k?c? + Ko + 2k’°c? 2k? — 2k? ? — A + AK? CÓ = 0, 
Qi : —&[ + 2s°c77] (2k? c! - c) + k&fü -2s0?P c= 
--KE[1-2c?] (2k? c"! - k? o) + K'[-1 27]? e — 
= Qk* c^! — kt c) + (-4k* c?  2k* c7) + kte — Ak*c^! + Ak*c?— 0. 


In conclusion, we have shown that the coefficients of sin o are also equal to zero— 
the example solution indeed satisfies the ODE (A.71) without any approximations. 
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A.9 Tables and Diagrams 


Table A.1 Fundamental constants 


Speed of light in vacuum 
Permittivity of vacuum 
Permeability of vacuum 
Impedance of free space 
Elementary charge 

Rest mass of the electron 
Rest mass of the protons 
Rest mass of the neutron 
Unified atomic mass unit 
Planck's constant 
Boltzmann's constant 
Avogadro's number 

Molar volume of ideal gas 
Standard acceleration of gravity 
Gravitational constant 
Mass of the sun 

Mass of the earth 

Mass of the moon 

Average radius of the sun 
Average radius of the earth 
Average radius of the moon 
Average distance sun-earth 
Average distance earth-moon 


co = 2.99792458 - 105 2 

€o = 8.8541878176 - 10? As 

Ho = 4r - 1077 YS 

Zo = 376.73031346 Q 

e = 1.60218 - 107? C 

me = 9.1094 - 107! kg (= 510.999 keV /c2) 
mp = 1.67262 - 107” kg (= 938.27 MeV/c?) 
m, = 1.67493 - 1077 kg (= 939.565 MeV /cê) 
my, = 1.66054 - 10777 kg (= 931.49 MeV/c?) 
h = 6.6261 - 102^ Js 

kg = 1.381- 10773 1 

Na = 6.02214 - 1073 mol! 

Vo = 2.2414- 107? n (at 273.15 K, 1013.25 hPa) 
g —9.8152 

G = 6.67- 1071! a 

Moun = 1.99 - 10% kg 

Meath = 5.98 + 1074 kg 

Mmoon = 7.36: 1022 kg 

Tsun = 6.96- 108 m 

Feah = 6.37: 10° m 

Tmoon = 1.74- 10° m 

d, 4 = 1.496 - 10!! m 

de—m = 3.844* 105m 


Table A.2 Formulas for Bessel functions of the first kind J, (x) and Bessel functions of the second 
kind Y,, (x), modified Bessel functions of the first kind I, (x), and modified Bessel functions of 
the second kind K, (x) for x € IR and integers k 


Formula Meaning of Z 
Z4 (x) = (7D Z (x) (A.72) JorY 
Z—k(x) = Z(x) (A.73) IorK 

x [Zi (Œ) + Zi Q9)] = 2k Zi) (A.74) JorY 

x [k E) k )] = 2k er) (A.75) 

x [Kia (x) — Kei (x)] = —2k Kz (x) (A.76) 

x12 — By (x) — xZ (x) (A.77) LYorK 

x THO — KT, (x) + xl gi (x) (A.78) 


The equations in this table are based on [7, 8] 
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Fig. A.5 Bessel functions of 
the first kind J, (x) for 
m € {0,1,2, 3} 


Fig. A.6 Bessel functions of 
the second kind Y, (x) for 
m € {0,1,2, 3} 
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Fig. A.7 Modified Bessel 
functions of the first kind 

Ij, (x) and modified Bessel 
functions of the second kind 
K m(x) for m € (0,1,2,3) 


Table A.3 Some Fourier transforms 


x(t) 

ó(t) 

1 

a) = 0 fort <0 
1 fort >0 

cos(Qr) 

sin(Qr) 

eit 

e UP a 


—al|t| 


e cO 


co 


A 1 
Y epen p eee 


k=—oo k=—oo 
5 fo —-T«t«T 
x(t) = 


0 otherwise 


0 otherwise 
otherwise 
0 otherwise 


1 fora<t<b 


0 otherwise 


1 + cos(Qt) for—z «Qt«s 


cos? (2) for —z «Qt «m 


X(o) = Jos x(t) eJ"! dt 
1 
21 (o) 
zó(o) + ES 
jo 


zislo — Q) + ŝlo + Q)] 
7 lo Q) — 5(w + Q)] 


2T si(Tw) 


T si? To 
2 


2.5 3 
co 
D PLI 
k=—oo 
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Table A.4 Some one-sided Laplace transforms 


f) F(s) = fg. fOe dt 
ó(t) 1 
0 fort <0 1 
@(t) = ort < 1 
1 fort>0 s 
t” 1 
— O(t) -rp ”=0,1,... 
n! sS 
e *' O(t) 1 
s+a 
" =f 1 — 
me O(t) Gea? Sh 
1 n (at) a, 1 
gr [iEn Gre] 800 sep apt tt rm ees 
1 —at —bt 1 
a e(t —————— b 
ral «^J eo (Hp 
sin(at) Q(t) — 
s +a 
cos(at) O(t) 7 2 2 
s +a 
: a 
e t sin(at) O(t) GED Ha 
s a 
s +b 
et cos(at) O(t) CX» EZ 
s a 
s + b)cosc — asi 
e— cos(at + c) 8) ET 
sinh(at) O(t) =a 
cosh(at) O(t) — 
s2 —a 


s cosh b + a sinh b 


cosh(at + b) O(t) 2 2 
sea 
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Table A.5 Dependence of some bucket quantities on the reference phase gp 


gr C) Ag C) QRF.B.len ©) Y o gr C) Ag C) QRF.B.len C) Y o 

1 —154.95 332.95 0.98627 0.95410 2 —145.47 321.47 0.97252 0.91756 
3 —138.49 312.49 0.95873 0.88451 4 —132.79 304.79 0.94491 0.85374 
5 —127.89 297.89 0.93107 0.82468 6 —123.56 291.56 0.91721 0.79698 
7 —119.64 285.64 0.90333 0.77044 8 —116.06 280.06 0.88943 0.74491 
9 —112.74 274.74 0.87552 0.72026 10 —109.65 269.65 0.86160 0.69641 
11 —106.74 264.74 0.84767 0.67330 12 —103.99 259.99 0.83373 0.65087 
13 —101.38 255.38 0.81979 0.62908 14 —98.89 250.89 0.80585 0.60789 
15 —96.5] 246.51 0.79192 0.58726 16 —94.23 242.23 0.77799 0.56717 
17 —92.03 238.03 0.76407 0.54760 18 —89.9] 233.91 0.75016 0.52853 
19 —87.86 229.86 0.73626 0.50993 20 —85.88 225.88 0.72238 0.49180 
21 —83.96 221.96 0.70852 0.47411 22 —82.09 218.09 0.69469 0.45686 
23 —80.27 214.27 0.68088 0.44004 24 —78.50 210.50 0.66710 0.42363 
25 —76.77 206.77 0.65335 0.40762 26 —75.08 203.08 0.63963 0.39202 
2]. —73.43 199.43 0.62595 0.37679 28 —71.82 195.82 0.61232 0.36195 
29 —70.24 192.24 0.59872 0.34749 30 —68.69 188.69 0.58517 0.33339 
31 —67.17 185.17 0.57167 0.31966 32 —65.67 181.67 0.55823 0.30628 
33 —64.21 178.21 0.54483 0.29325 34 —62.76 174.76 0.53150 0.28057 
35 —61.34 171.34 0.51823 0.26823 36 —59.95 167.95 0.50502 0.25623 
37 —58.57 164.57 0.49188 0.24456 38 —57.2] 161.21 0.47880 0.23322 
39 —55.88 157.88 0.46581 0.22220 40 —54.56 154.56 0.45289 0.21151 
41 —53.25 151.25 0.44005 0.20113 42 —51.97 147.97 0.42729 0.19106 
43 —50.70 144.70 0.41462 0.18130 44 —49.44 141.44 0.40204 0.17185 
45 —48.20 138.20 0.38955 0.16270 46 —46.97 134.97 0.37715 0.15385 
47 —45.75 131.75 0.36486 0.14529 48 —44.55 128.55 0.35267 0.13702 
49 —43.36 125.36 0.34059 0.12904 50 —42.17 122.17 0.32861 0.12135 
51 —41.00 119.00 0.31676 0.11394 52 —39.84 115.84 0.30501 0.10680 
53 —38.69 112.69 0.29339 0.09994 54 —37.55 109.55 0.28190 0.09335 
55 —36.42 106.42 0.27053 0.08702 56 —35.29 103.29 0.25929 0.08096 
57 —34.18 100.18 0.24819 0.07516 58 —33.07 97.07 0.23723 0.06961 
59 —31.97 93.97 0.22642 0.06431 60 —30.87 90.87 0.21575 0.05927 
61 —29.79 87.79 0.20524 0.05446 62 —28.70 84.70 0.19489 0.04990 
63 —27.63 81.63 0.18470 0.04558 64 —26.56 78.56 0.17468 0.04148 
65 —25.50 75.50 0.16482 0.03762 66 —24.44 72.44 0.15515 0.03397 
67 —23.38 69.38 0.14566 0.03055 68 —22.33 66.33 0.13636 0.02734 
69 —21.29 63.29 0.12725 0.02435 70 —20.25 60.25 0.11835 0.02155 
71 —19.21 57.21 0.10965 0.01896 72 —18.18 54.18 0.10116 0.01657 
73 —17.15 51.15 0.09290 0.01437 74 —16.13 48.13 0.08487 0.01235 
75 —15.10 45.10 0.07707 0.01051 76 —14.08 42.08 0.06953 0.00885 
11 —13.07 39.07 0.06224 0.00735 78 —12.05 36.05 0.05522 0.00602 
79 —11.04 33.04 0.04848 0.00484 80 —10.03 30.03 0.04203 0.00382 
81 —9.02 27.02 0.03590 0.00293 82 —8.02 24.02 0.03009 0.00218 
83 —7.01 21.01 0.02464 0.00156 84 —6.01 18.01 0.01955 0.00106 
85 —5.00 15.00 0.01488 0.00067 86 —4.00 12.00 0.01065 0.00039 
87 —3.00 9.00 0.00692 0.00019 88 —2.00 6.00 0.00377 0.00007 


89 —1.00 3.00 0.00133 0.00001 90 0.00 0.00 0.00000 0.00000 
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Table A.6 Dependence of some trajectory parameters on Aggr for gg = 0 

AQnr (°) ae fill TAN] ECTS] j Aĝrr (°) E ui TAN] ECTS] 1 
2 0.99992 0.00024 0.99995 4 0.99970 0.00096 0.99980 
6 0.99931 0.00215 0.99954 8 0.99878 0.00382 0.99919 
10 0.99810 0.00597 0.99873 12 0.99726 0.00859 0.99817 
14 0.99627 0.01169 0.99751 16 0.99513 0.01525 0.99675 
18 0.99383 0.01928 0.99589 20 0.99239 0.02377 0.99493 
22 0.99079 0.02873 0.99387 24 0.98904 0.03414 0.99271 
26 0.98714 0.04000 0.99144 28 0.98509 0.04631 0.99008 
30 0.98289 0.05306 0.98862 32 0.98054 0.06025 0.98705 
34 0.97803 0.06788 0.98539 36 0.97537 0.07593 0.98363 
38 0.97257 0.08440 0.98177 40 0.96961 0.09328 0.97982 
42 0.96650 0.10257 0.97776 44 0.96325 0.11226 0.97561 
46 0.95984 0.12234 0.97336 48 0.95628 0.13280 0.97101 
50 0.95258 0.14364 0.96857 52 0.94872 0.15485 0.96603 
54 0.94472 0.16641 0.96340 56 0.94056 0.17832 0.96067 
58 0.93626 0.19057 0.95785 60 0.93181 0.20315 0.95493 
62 0.92721 0.21605 0.95192 64 0.92246 0.22925 0.94882 
66 0.91756 0.24276 0.94562 68 0.91252 0.25654 0.94234 
70 0.90732 0.27061 0.93896 72 0.90198 0.28493 0.93549 
74 0.89649 0.29951 0.93193 76 0.89085 0.31433 0.92828 
78 0.88506 0.32937 0.92455 80 0.87913 0.34462 0.92073 
82 0.87304 0.36007 0.91681 84 0.86681 0.37571 0.91282 
86 0.86043 0.39152 0.90874 88 0.85389 0.40749 0.90457 
90 0.84721 0.42361 0.90032 92 0.84038 0.43985 0.89598 
94 0.83340 0.45620 0.89156 96 0.82626 0.47266 0.88706 
98 0.81898 0.48920 0.88248 100 0.81154 0.50580 0.87782 
102 0.80394 0.52246 0.87308 104 0.79619 0.53915 0.86826 
106 0.78829 0.55587 0.86337 108 0.78022 0.57258 0.85839 
110 0.77200 0.58928 0.85334 112 0.76361 0.60595 0.84822 
114 0.75506 0.62256 0.84302 116 0.74634 0.63911 0.83775 
118 0.73746 0.65557 0.83241 120 0.72840 0.67193 0.82699 
122 0.71916 0.68816 0.82151 124 0.70974 0.70425 0.81595 
126 0.70014 0.72018 0.81033 128 0.69035 0.73592 0.80464 
130 0.68036 0.75146 0.79889 132 0.67016 0.76678 0.79307 
134 0.65976 0.78186 0.78718 136 0.64913 0.79667 0.78123 
138 0.63828 0.81119 0.77522 140 0.62718 0.82540 0.76915 
142 0.61582 0.83928 0.76302 144 0.60419 0.85280 0.75683 
146 0.59228 0.86594 0.75058 148 0.58004 0.87868 0.74427 
150 0.56747 0.89098 0.73791 152 0.55453 0.90282 0.73150 
154 0.54118 0.91418 0.72503 156 0.52737 0.92502 0.71851 
158 0.51304 0.93531 0.71194 160 0.49813 0.94503 0.70532 
162 0.48253 0.95413 0.69865 164 0.46613 0.96257 0.69193 
166 0.44874 0.97032 0.68517 168 0.43014 0.97734 0.67836 
170 0.40994 0.98356 0.67150 172 0.38759 0.98893 0.66461 
174 0.36205 0.99337 0.65767 176 0.33120 0.99681 0.65069 
178 0.28902 0.99910 0.64367 180 0.00000 1.00000 2/2 z 0.63662 
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Accelerating cavity. See cavity 
Accelerating cycle. See machine cycle 
Action-angle variables, 97-110 
Action variable, 101, 242-243 
Adiabatic capture, 162-165, 248 
Adiabatic damping, 384 
Adiabatic invariant, 243—245 
Adiabaticity, 242-250 
Adiabaticity parameter, 245, 248 
Adiabatic ramp. See isoadiabatic ramp 
Adjugate matrix, 340 
Air cooling. See cooling 
Ampére’s law, 37 
Amplifier 
driver (see driver amplifier) 
power (see power amplifier) 
solid-state (see solid-state amplifier) 
Amplitude control, 342-343 
Amplitude detector, 343 
Amplitude function. See beta function 
Amplitude margin, 356, 361 
Amplitude modulator, 343 
Amplitude response, 26 
of cavity (see cavity, amplitude response) 
Angle variable, 101 
and action variable (see action-angle 
variables) 
Anode, 300 
Anomalous loss effect, 192 
Antiwindup, 363 
Area preservation, 82-85, 92, 123-124, 
388—389 
in phase space (see Liouville's theorem) 
Asymptotic stability of fixed points, 59 
Asynchronous particle. See off-momentum 
particle 
Atomic mass unit. See unified atomic mass unit 


H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 


Atomic number, 48—49 
Attraction 

region (see region of attraction) 
Autonomous system, 50 


Bakeout, 199 
Bandwidth 
of cavity, 188 
of closed-loop transfer function, 361 
of open-loop transfer function, 352 
Barkhausen equation, 313 
Barrier 
moving (see moving barrier) 
Barrier bucket operation, 253-255 
BCT. See beam current transformer 
Beam cooling, 126 
Beam current, 6—7, 127, 169 
Beam current transformer, 6—7 
Beam diagnostics, 6—7 
Beam impedance, 180, 196, 199 
Beam loading, 180, 221 
Beam loading factor, 401 
Beam loss, 165 
Beam manipulation. See RF gymnastics 
Beam pipe, 2-3 
Beam position monitor, 6—7 
Beam signal, 6—7, 127 
Bending magnet. See dipole magnet 
Bessel function, 209, 415 
modified (see modified Bessel function) 
Bessel's differential equation, 208 
modified (see modified Bessel’s differential 
equation) 
Beta function, 382 
Betatron function. See beta function 
Betatron oscillation, 381—384 
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Bias current. See biasing 
Biasing, 175-176, 192 
longitudinal (see parallel biasing) 
parallel (see parallel biasing) 
perpendicular (see perpendicular biasing) 
transverse (see perpendicular biasing) 
BIBO stability, 339 
Bin, 170 
Bode plot, 348—354 
Boltzmann's constant, 302 
Bounded-input bounded-output stability. See 
BIBO stability 
BPM. See beam position monitor 
Broadband cavity, 255 
Bucket, 6, 139 
empty (see empty bucket) 
Bucket area, 141, 165 
Bucket filling factor, 154—155, 157, 165 
Bucket height, 140 
Bucket length, 145 
Bunch, 6, 126, 139 
matched (see matched bunch) 
unmatched (see unmatched bunch) 
Bunch area, 152-155 
Bunch compression, 250 
Bunched beam, 6, 131 
Bunch gymnastics. See RF gymnastics 
Bunching. See adiabatic capture 
Bunching factor, 35-37, 131, 253 
Bunch shape, 169-170 
Bunch shape mode number, 272 


Canonical transformation, 96-97, 227—232 
Capture 
adiabatic (see adiabatic capture) 
Cathode, 300 
Cavity 
amplitude response, 392-397 
bandwidth (see bandwidth, of cavity) 
broadband (see broadband cavity) 
equivalent circuit, 180—184, 194 
ferrite-loaded (see ferrite-loaded cavity) 
filling time, 190 
impedance, 187—190 
narrowband (see narrowband cavity) 
phase response, 397—408 
pillbox (see pillbox cavity) 
Q factor, 185-187 
shunt impedance (see shunt impedance) 
time constant, 189—190 
tuning (see tuning) 
Center, 73—76, 92—96, 386 
Centralized control system, 7 
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Central moment, 31 
Centripetal force, 115, 379 
Ceramic gap, 2, 117, 176-177, 203 
Chain rule for Jacobian determinants, 388 
Change of variables 
in multiple integral, 387—388 
Chaotic behavior, 111 
Characteristic equation, 78—80, 339—340, 
389—390 
Charge, 1, 38 
Charge density, 38, 277—296 
line (see line charge density) 
surface (see surface charge density) 
Charge number, 48—49 
Chemical element. See element 
Child's law, 309 
Choke coil, 195, 315 
Chromaticity, 383 
Circular waveguide, 205-215 
Class A operation, 318 
Class AB operation, 319 
Class B operation, 319 
Class C operation, 319 
Classification of fixed points, 74 
Closed-loop control. See feedback system 
Closed-loop transfer function, 346 
Closed orbit, 380, 381 
Coasting beam, 6, 131, 161—162, 248, 299 
Coercive magnetizing field, 175 
Cofactor matrix, 340 
Coherent dipole oscillation. See dipole 
oscillation 
Companion matrix, 80, 389-392 
Complementary sensitivity function, 341 
Complete elliptic integral. See elliptic integral 
Complete vector field, 56 
Complex permeability, 176, 182 
Compression 
bunch (see bunch compression) 
Conductivity, 38 
Confidence interval, 30 
Conservative system, 91, 111, 124 
Constant of the motion, 111 
Constants 
fundamental, 415 
Continuity equation, 39, 43, 80 
Continuous function, 51 
Continuously differentiable function, 51 
Control 
amplitude (see amplitude control) 
closed-loop (see feedback system) 
resonant frequency (see resonant frequency 
control) 
Control grid, 194, 313, 315 
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Controllable canonical form, 331 
Control parameter, 242—248 
Control system 
centralized (see centralized control system) 
Convection current density, 81 
Convolution, 19—20, 25, 329 
Cooling, 191, 222, 324 
beam (see Beam cooling) 
Cooling media, 7 
Coulomb force, 1 
Coupled-bunch mode number, 272 
Coupling loop, 178, 192, 221 
Courant-Snyder invariant, 383 
Courant-Snyder parameters. See Twiss 
parameters 
Covariance, 44 
Covariant derivative, 43 
Critical point. See fixed point 
Curie temperature, 191 
Current, 38 
Current density, 37 
convection (see convection current density) 
Curvature, 376, 380 
Cutoff frequency, 211, 215, 352 
Cutoff rate, 352, 361 
Cycle 
machine (see machine cycle) 
Cyclic coordinate, 100 
Cylindrical waveguide. See circular waveguide 


Damped natural frequency, 190 
Damping 
adiabatic (see adiabatic damping) 
Landau (see Landau damping) 
DC beam. See coasting beam 
Dead-time element, 27 
Debunching, 250 
Degenerate fixed point, 72-73, 78 
Delay 
group (see Group delay) 
Detector 
amplitude (see amplitude detector) 
phase (see phase detector) 
DFT, 13-18 
Diagonalization, 61, 65, 68—69 
Differential equation. See ordinary differential 
equation 
Differential permeability, 175-176 
Dilution 
of phase space (see phase space dilution) 
Diode 
vacuum (see vacuum diode) 
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Dipole magnet, 2-3, 116 
Dipole oscillation, 260—261, 270—271, 
273-277 
Dirac comb, 10-11, 21-23 
Direct heating, 301 
Discrete Fourier transform. See DFT 
Dispersion function, 380 
Distribution 
Fermi-Dirac (see Fermi-Dirac statistics) 
Gaussian (see Gaussian distribution) 
normal (see Gaussian distribution) 
Distribution function. See bunch shape 
Double integral, 387—388 
Doublet. See quadrupole doublet 
Drift tube, 2 
Driver amplifier, 299—300, 315, 343 
Dual-harmonic operation, 253, 255-257 
Dynamical system, 49 
nonlinear (see nonlinear system) 
Dynamic output feedback, 364 


Eddy current loss, 176 
Ehrenfest adiabatic invariant. See adiabatic 
invariant 
Eigenvalue, 61 
Eigenvector, 61, 65 
generalized (see generalized eigenvector) 
Einstein's summation convention, 42 
Electric displacement field, 37 
Electric energy, 217—218 
Electric field, 38 
Electrode, 300 
Electromagnetic compatibility. See EMC 
Electromagnetic field tensor, 43 
Electromagnetism, 37—40 
Electron, 48-49 
Electron tube. See vacuum tube 
Element, 48—49 
Ellipse, 369-375 
Elliptic fixed point. See center 
Elliptic integral, 108 
EMC, 199 
Emission 
thermionic (see thermionic emission) 
Emittance 
longitudinal (see longitudinal emittance) 
normalized transverse (see normalized 
transverse emittance) 
RMS (see RMS emittance) 
transverse (see transverse emittance) 
Emittance preservation, 124—127 
Empty bucket, 6 
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Energy 
electric (see electric energy) 
extraction (see extraction plateau) 
Fermi (see Fermi energy) 
injection (see injection plateau) 
kinetic (see kinetic energy) 
magnetic (see magnetic energy) 
rest (see rest energy) 
total (see total energy) 
Equilibrium point. See fixed point 
Equivalent circuit 
of cavity (see cavity, equivalent circuit) 
Estimator 
unbiased (see unbiased estimator) 
Euclidean norm, 57 
Euler-Cauchy differential equation, 283 
Euler method, 53 
Event, 42 
E wave. See TM wave 
Existence of solutions, 53 
Expected value, 30, 269 
Explicit Euler method. See Euler method 
Exponential function 
matrix (see matrix exponential function) 
Extraction, 3, 131, 162, 164 
fast (see fast extraction) 
slow (see slow extraction) 
Extraction energy. See extraction plateau 
Extraction plateau, 131, 164 
Extremum 
local (see Relative extremum) 
relative (see Relative extremum) 


Faraday's law, 37 
Fast bunch compression. See bunch 
compression 

Fast extraction, 164 
Fast Fourier Transform. See FFT 
Feedback loop 

standard (see standard feedback loop) 
Feedback system, 273, 327—366 
Fermi-Dirac statistics, 302 
Fermi energy, 302 
Ferrite-loaded cavity, 174—200 
FFT, 18 
Filament, 301 
Filamentation, 126, 252—253, 261, 263 
Filling time 

cavity (see cavity, filling time) 
First moment, 31 
Fixed point, 58 

BIBO stable (see BIBO stability) 
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classification (see classification of fixed 
points) 
degenerate (see degenerate fixed point) 
elliptic (see center) 
hyperbolic (see hyperbolic fixed point) 
isolated (see isolated fixed point) 
stability (see stability of fixed points) 
Flat top energy, 131, 164 
Flow, 56, 61, 64—65 
global (see global flow) 
incompressible (see incompressible flow) 
Flux 
magnetic (see magnetic flux) 
Focus. See spiral point 
Force 
centripetal (see centripetal force) 
Coulomb (see Coulomb force) 
Lorentz (see Lorentz force) 
Forced air cooling. See cooling 
Four-current density, 43 
Fourier series, 9-13 
Fourier transform, 18-23, 417 
discrete (see DFT) 
fast (see FFT) 
Four-potential, 42 
Four-tensor, 41 
Four-vector, 41 
Frenet-Serret formulas, 379 
Frequency response, 26, 338 
Frequency slip factor. See phase slip factor 
Frobenius companion matrix. See companion 
matrix 
Frobenius norm, 57 
Full width at half maximum. See FWHM value 
Fundamental constants, 415 
FWHM value, 28 


Gap 
ceramic (see ceramic gap) 
Gap relay, 198-199 
Gap switch, 198—199 
Gap voltage divider, 198-199 
Gauge condition, 39—40, 212 
Lorenz (see Lorenz gauge condition) 
Gaussian distribution, 27 
Gauss's law, 38 
Gauss's theorem, 81 
Generalized coordinate, 90—91 
Generalized eigenvector, 65 
Generalized momentum, 90—91 
Generating function, 96, 230 
Geometry factor, 292 
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Global flow, 56, 61, 64—65 
Global solution, 56 
Grid, 310 
control (see control grid) 
screen (see screen grid) 
Gridded vacuum tube. See vacuum tube 
Group delay, 26 
Gun, 299 
Gymnastics 
RF (see RF gymnastics) 


Hamiltonian, 88, 90—91 
Hamiltonian system, 86-111 
Hamilton’s equations, 88, 90-91 
Hard magnetic material, 174—175 
Harmonic number, 5, 147-148, 167-168 
Hartman-Grobman (theorem), 77, 95 
Heating 

direct (see direct heating) 

indirect (see indirect heating) 
Heating jacket, 199 
Heaviside step function, 26, 328 
Helmholtz equation, 205, 212 
Hessian matrix, 93—95 
High loss effect, 192 
Higher-order mode. See HOM 
Hill's differential equation, 234, 382 
HOM, 221 
Homeomorphism, 68 
Hurwitz criterion. See Routh-Hurwitz criterion 
Hurwitz matrix. See strictly stable matrix 
Hurwitz polynomial, 345 
H wave. See TE wave 
Hyperbolic fixed point, 77, 95, 386—387 
Hysteresis, 174—176 
Hysteresis loss, 176 


Ignitron, 324 
Impedance 
beam (see beam impedance) 
cavity (see cavity, impedance) 
of free space, 220, 294 
longitudinal space charge (see longitudinal 
space charge impedance) 
Improper transfer function, 361 
Impulse response, 26, 328, 334—335 
Incompressible flow, 84, 92, 110 
Incremental permeability, 175-176 
Indefinite matrix, 93-95 
Independent random variables, 34 
Index, 73 
Indirect heating, 301 
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Induction 

residual (see residual induction) 
Inductive output tube, 299—300 
Inertial frame, 40 
Initial value problem, 53 
Injection, 2, 131, 162, 163 
Injection energy. See injection plateau 
Injection plateau, 131, 163 
Integrable system, 111 
Integral 

elliptic (see elliptic integral) 

multiple (see multiple integral) 
Integral curve. See solution curve 
Integrator windup, 363 
Intersection 

of orbits (see orbit, intersection) 
Interval 

confidence (see confidence interval) 
Invariant 

adiabatic (see adiabatic invariant) 
Inverse DFT, 16-17 
Ion species, 48—49 
IOT. See inductive output tube 
Isoadiabatic ramp, 248—250 
Isolated fixed point, 59, 72-73 
Isotope, 48-49 


Jacobian (determinant), 76, 228, 387—389 
chain rule (see chain rule for Jacobian 
determinants) 
Jacobian matrix, 76, 265, 332, 385—386 
Jordan canonical form, 65 


Kinetic energy, 46, 48-49, 158-161 
Klystrode. See inductive output tube 
Klystron, 299-300 


Landau damping, 252—253 

Langmuir-Child law. See Child's law 
Laplace transform, 23—25, 187, 254, 328, 418 
Lattice, 120, 380—383 

Leapfrog scheme, 124 

Leibniz's sector formula, 239 

Lens. See quadrupole magnet 

Level curve, 387 

LHP, 330 

LINAC, 2 

Linear accelerator. See LINAC 

Linear ODE, 50-51 

Linear system of ODEs, 50—51, 57 

Linear time-invariant system. See LTI system 
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Linearization, 76, 261, 265—266, 332-333, 
363 
Line charge density, 278 
Line power, 299 
Liouville's theorem, 85, 92, 123, 123, 124—127, 
162, 252-253 
Lipschitz condition, 54—55 
Lipschitz continuous, 54—55 
LLRF system, 327 
Loaded Q factor, 191 
Load line, 318 
Local flow, 65 
Local maximum. See Relative maximum 
Local minimum. See Relative minimum 
Local radius, 376 
Longitudinal biasing. See parallel biasing 
Longitudinal emittance, 126, 160—162, 165, 
168—169, 252-253, 266 
RMS (see RMS emittance) 
Longitudinal phase space, 124 
Longitudinal space charge, 277—296 
Longitudinal space charge impedance, 294 
Lorentz-Einstein pendulum. See Rayleigh 
pendulum 
Lorentz factor, 41 
Lorentz force, 1 
Lorenz gauge condition, 39, 42, 206 
Lorentz transformation, 40—41, 281, 285, 287 
Loss 
eddy current (see eddy current loss) 
hysteresis (see hysteresis loss) 
magnetic (see magnetic loss) 
power (see power loss) 
residual (see residual loss) 
Low-level RF system. See LLRF system 
LTI system, 327 
Lumped element circuit 
of cavity (see cavity, equivalent circuit) 
Lyapunov, 59 
Lyapunov function, 59-60, 95—96, 366, 
386 


Machine cycle, 162 

Magnet 

dipole (see dipole magnet) 
quadrupole (see quadrupole magnet) 
Magnetic energy, 218—219 

Magnetic field, 38 

Magnetic flux, 39 

Magnetic loss, 176 

Magnetic material, 199—200 

hard (see hard magnetic material) 
soft (see soft magnetic material) 
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Magnetic rigidity, 117, 162 
Magnetizing field, 37 
coercive (see coercive magnetizing field) 
Manipulation 
beam (see RF gymnastics) 
Margin 
amplitude (see amplitude margin) 
phase (see phase margin) 
Mass number, 48-49 
Mass unit 
atomic (see unified atomic mass unit) 
Matched bunch, 127, 163 
Mathematical pendulum, 105-110 
Mathieu-Hill differential equation. See Hill's 
differential equation 
Matrix exponential function, 64, 338-339 
Matrix norm, 57 
Maximal interval of existence, 55 
Maximum 
local (see Relative maximum) 
relative (see Relative maximum) 
Maxwell's equations, 37—40 
Mean, 31, 260 
sample (see sample mean) 
Metric tensor, 42 
MeV/u, 48-49, 159, 161 
MIMO system, 338, 361 
Minimum 
local (see Relative minimum) 
relative (see Relative minimum) 
Minor, 340 
Mode number 
bunch shape (see bunch shape mode 
number) 
coupled-bunch (see coupled-bunch mode 
number) 
Modified Bessel function, 280, 415 
Modified Bessel’s differential equation, 279 
Modular angle, 108 
Modulator 
amplitude (see amplitude modulator) 
Modulus, 108 
Moment, 30 
central (see central moment) 
first (see first moment) 
Momentum compaction factor, 120, 381 
Momentum dispersion function. See dispersion 
function 
Momentum spread, 161 
Moving barrier, 253 
Ax Qf product, 184 
Multiple-input multiple-output system. See 
MIMO system 
Multiple integral, 387—388 
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Narrowband cavity, 255 
Natural frequency 
damped (see damped natural frequency) 
undamped (see undamped natural 
frequency) 
Negative definite matrix, 93-95 
Negative stable matrix. See strictly stable 
matrix 
Neumann function, 209 
Neutron, 48—49 
Node, 73-76 
Nondegenerate fixed point. See isolated fixed 
point 
Nonlinear system, 76—78, 332—333 
Norm 
Euclidean (see Euclidean norm) 
Frobenius (see Frobenius norm) 
matrix (see matrix norm) 
Normal distribution. See Gaussian distribution 
Normalized transverse emittance, 384 
Nucleon, 48—49 
Nucleus, 48—49 
Nuclide, 49 
Nyquist criterion, 348-354 
Nyquist plot, 352 
Nyquist-Shannon sampling theorem, 15-16 


Octupole oscillation, 271 
ODE. See ordinary differential equation 
Off-momentum particle, 118, 381 
Offset pulse, 255 
OLHP, 330 
Open-loop transfer function, 347 
Operating point, 176, 198, 265, 318, 332, 
342 
Orbit, 53 
closed (see closed orbit) 
intersection, 58 
Ordinary differential equation, 49-50 
Bessel's (see Bessel's differential equation) 
Euler-Cauchy (see Euler-Cauchy 
differential equation) 
existence of solutions (see existence of 
solutions) 
Hill's (see Hill's differential equation) 
linear (see linear ODE) 
Modified Bessel's (see modified Bessel's 
differential equation) 
system (see system, of ordinary differential 
equations) 
ORHP, 330 
Oscillation 
betatron (see betatron oscillation) 
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dipole (see dipole oscillation) 
quadrupole (see quadrupole oscillation) 
synchrotron (see synchrotron oscillation) 
Osculating circle, 379 
Overshoot, 359 


Parallel biasing, 192 
Particle tracking. See tracking equations 
PDT, controller, 361 
Peano (theorem), 54 
Pendulum 
Lorentz-Einstein (see Rayleigh pendulum) 
mathematical (see mathematical pendulum) 
Rayleigh (see Rayleigh pendulum) 
Pentode, 315 
Permeability, 38 
complex (see complex permeability) 
Permittivity, 38 
Perpendicular biasing, 192 
Phase detector, 194 
Phase flow. See flow 
Phase focusing, 5, 131, 253 
Phase function, 382 
Phase margin, 356, 361 
Phase oscillation. See dipole oscillation 
Phase portrait, 53 
Phase response, 26 
of cavity (see cavity, phase response) 
Phase slip factor, 127—129 
Phase space, 53, 91 
longitudinal (see longitudinal phase space) 
transverse (see transverse phase space) 
Phase space dilution, 126, 252—253 
Phase stability. See phase focusing 
Phasor, 178 
Picard-Lindelóf (theorem), 55 
PI controller, 362—363 
PID controller, 361—363 
Pillbox cavity, 174, 205-223 
Planck's constant, 302 
Plate. See anode 
Plateau 
extraction (see extraction plateau) 
injection (see injection plateau) 
Poisson equation, 40, 306 
Pole, 330 
Positive definite matrix, 93-95 
Positron, 48—49 
Potential 
scalar (see scalar potential) 
vector (see vector potential) 
Power amplifier, 191, 299, 314—324 
Power loss, 219—221 
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Power loss method, 219 
Preisach model, 176 
Preservation 
of area (see area preservation) 
of emittance (see emittance preservation) 
of volume (see volume preservation) 
Principal axes, 134, 374 
Principal axis transformation, 374 
Probability, 28 
Probability density function, 27 
Projection, 127 
Proper transfer function, 329 
Proton, 48-49 
PT, system, 342, 397, 407—408 


Q factor, 180-188 
of a cavity (see cavity, Q factor) 
loaded (see loaded Q factor) 
of pillbox cavity, 220 
unloaded (see unloaded Q factor) 
Q loss effect, 192 
Quadrupole doublet, 2-3 
Quadrupole lens. See quadrupole magnet 
Quadrupole magnet, 2-3 
Quadrupole oscillation, 263—264, 271 
Quadrupole triplet, 2-3 
Quality factor. See Q factor 


Radius 

local (see local radius) 
Ramp, 162-166 
Ramp rate, 147 
Random variable, 29 
Rayleigh pendulum, 245—248 
Reference particle, 4, 117—118 
Reference phase, 5, 122, 131 
Region of attraction, 365 
Relative extremum, 93-95 
Relative maximum, 93-95 
Relative minimum, 93-95 
Relativistic particle, 173-174 
Relativity 

special (see special relativity) 
Residual induction, 175 
Residual loss, 176 
Resonance, 382 
Resonant frequency, 185-188 
Resonant frequency control, 193 
Resonant peak, 361 
Rest energy, 46 
Rest mass, 46 
RF cavity. See cavity 
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RF gymnastics, 250 
RF power amplifier. See power amplifier 
RHP, 330 
Ricci calculus, 42 
Richardson constant, 304 
Richardson equation, 304 
Rigidity 

magnetic (see magnetic rigidity) 
Ring core, 177, 188-189 
Rise time, 359 
RMS. See root mean square 
RMS emittance, 126, 266—270, 383 
Root locus, 347 
Root mean square, 32-33, 169, 262 
Rotation matrix, 369 
Routh-Hurwitz criterion, 345—347 


Saddle point, 73—76, 78, 92-95, 386—387 
Sample mean, 32 
Sample variance, 32 
Scalar Helmholtz equation. See Helmholtz 
equation 

Scalar potential, 39-40, 205, 212 
Schottky effect, 304 
Schottky measurement, 7, 163 
Screen grid, 313, 315 
Semiaxis, 369 
Semiflow, 65 
Sensitivity function, 341, 357 
Separatrix, 78, 135-137 
Settling time, 359 
Sextupole oscillation, 271 
Shannon. See Nyquist-Shannon 
Shape 

of bunch (see bunch shape) 
Shunt impedance, 187, 221 

of pillbox cavity, 221, 223 
Si function, 19 
Signature, 42 
Sign function, 136 
Similarity transformation, 66 
Sinc function, 19 
Single-input single-output system. See SISO 

system 

Single-sine pulse, 253-255 
SISO system, 332, 340 
Skin depth, 219 
Slip factor. See phase slip factor 
Slippage factor. See phase slip factor 
Slow extraction, 164 
Soft magnetic material, 174—175 
Solid-state amplifier, 299-300 
Solution curve, 53 
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Space charge 
density (see charge density) 
in vacuum tubes, 305—309 
longitudinal (see longitudinal space charge) 
Space charge impedance 
longitudinal (see longitudinal space charge 
impedance) 
Space-time, 41 
Special relativity, 40—49 
Spectrum analyzer, 7 
Spill, 164 
Spiral point, 73-76 
Spring-mass system, 86 
Stability 
asymptotic (see asymptotic stability of 
fixed points) 
BIBO (see BIBO stability) 
Stability criterion, 345 
Stability of fixed points, 58—59 
Stability of systems, 339-340, 344—354 
Stable fixed point. See classification of fixed 
points or stability of fixed points 
Stable matrix, 80 
Stable system, 330 
Standard deviation, 32 
Standard feedback loop, 340 
Star, 73—76 
State space representation, 265, 331, 364 
State vector, 265, 331 
Stationary case, 137, 140 
Stationary point. See fixed point 
Steady-state error, 356, 359, 366 
Step response, 26, 328, 336-337 
Storage ring, 2 
Strict Lyapunov function, 59-60 
Strictly proper transfer function, 329 
Strictly stable matrix, 80 
Surface charge density, 283 
Surface resistivity, 219 
Synchronous particle. See reference particle 
Synchronous phase. See reference phase 
Synchrotron, 2, 116 
Synchrotron frequency, 132, 148-152 
Synchrotron lattice. See lattice 
Synchrotron oscillation, 6, 125, 132 
System 
autonomous (see autonomous system) 
conservative (see conservative system) 
dynamical (see dynamical system) 
feedback (see feedback system) 
Hamiltonian (see Hamiltonian system) 
of linear ODEs (see linear system of ODEs) 
nonlinear (see nonlinear system) 
of ordinary differential equations, 49—50 
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stable (see stable system) 
unstable (see unstable system) 


Tables, 415 
Tensor 
electromagnetic field (see electromagnetic 
field tensor) 
metric (see metric tensor) 
Tetrode, 313, 315 
Tetrode amplifier. See power amplifier 
TE wave, 211-216 
Thermionic emission, 300 
Thermionic valve. See vacuum tube 
3-dB bandwidth. See bandwidth, of cavity 
Time constant 
cavity (see cavity, time constant) 
TM wave, 205-212 
TOE. See topological orbit equivalence 
Topological orbit equivalence, 65 
Total energy, 46, 123, 161 
Trace space, 383 
Tracking equations, 123-127 
Transfer function, 25—27, 328 
closed-loop (see closed-loop transfer 
function) 
improper (see improper transfer function) 
open-loop (see open-loop transfer function) 
proper (see proper transfer function) 
Transformation rule 
for integrals (see change of variables) 
Transformer 
beam current (see beam current 
transformer) 
model (see ferrite-loaded cavity) 
Transition crossing, 138 
Transition energy, 5—6, 127—129, 138, 138 
Transition gamma, 127-129 
Transit time factor, 173, 203—205, 221, 
223 
Transverse biasing. See perpendicular biasing 
Transverse electric wave. See TE wave 
Transverse emittance, 383 
Transverse magnetic wave. See TM wave 
Transverse phase space, 383—384 
Triode, 310 
Triplet. See quadrupole triplet 
Tube 
drift (see drift tube) 
vacuum (see vacuum tube) 
Tube amplifier. See power amplifier 
Tune, 382 
Tungsten, 302, 304 
Tuning, 173-174, 191-194 
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Tuning rule, 362 
Twiss parameters, 384 


nbiased estimator, 33 

nbiasedness, 33—34 

ndamped natural frequency, 190 

nified atomic mass unit, 48—49 

niqueness of solutions, 53 

nit-step response. See Step response 

nity feedback system, 341 

nloaded Q factor, 191 

nmatched bunch, 163, 250—253, 263 

nstable fixed point. See classification of fixed 
points or stability of fixed points 

nstable system, 330 
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Vacuum diode, 300 
Vacuum system, 7 
Vacuum tube, 299-300 
Valve. See vacuum tube 
Variance, 31, 262 
sample (see sample variance) 


Index 


Vector field 
complete (see complete vector field) 
Vector Helmholtz equation. See Helmholtz 
equation 
Vector potential, 39-40, 205-207, 211—213 
Vlasov equation, 110 
Voltage, 38 
Volume preservation, 82—85, 92, 388-389 
in phase space (see Liouville’s theorem) 


Water cooling. See cooling 
Wave equation, 40 
Waveguide 

circular (see circular waveguide) 
Windup. See integrator windup 
Working diagram, 382 
Working point, 382 

of a tube (see operating point) 


Zero, 330 
Zero-pole-gain representation, 329, 343-344 


